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A Quadratic precision generalized nonlinear global
optimization migration velocity inversion method*

Zhao Taiyin', Hu Guangmin', He Zhenhua? and Huang Deji?

Abstract: An important research topic for prospecting seismology is to provide a fast
accurate velocity model from pre-stack depth migration. Aiming at such a problem, we
propose a quadratic precision generalized nonlinear global optimization migration velocity
inversion. First we discard the assumption that there is a linear relationship between residual
depth and residual velocity and propose a velocity model correction equation with quadratic
precision which enables the velocity model from each iteration to approach the real mode!
as quickly as possible. Second, we use a generalized noniinear inversion to get the global
optimal velocity perturbation model to all traces. This method can expedite the convergence
speed and also can decrease the probability of falling into a local minimum during inversion.
The synthetic data and Marmousi data examples show that our method has a higher precision
and needs only a few iterations and consequently enhances the practicability and accuracy of
migration velocity analysis (MVA) in complex areas.

Keywords: Pre-stack depth migration, migration velocity analysis, generalized nonlinear

inversion, common imaging gather.

Introduction

Pre-stack depth migration is regarded as an effective
tool for obtaining accurate images in complex areas.
With the development of migration theory and
advancement of computer technology, an important
research topic is the calculation of the pre-stack depth
migration velocity model by applying pre-stack depth
migration and achieving an accurate migrated section.
The basic idea of this method is that when downward
continuing to produce the migration depth image, we use
two imaging conditions: zero time and zero offset. If the
velocity model is correct, the two imaging conditions
cooperate to produce a perfect seismic image. If the
velocity model is incorrect, the zero offset and zero
time conditions are inconsistent and a distorted seismic

image is produced. However, using this distorted seismic
image, we can find the amount of distortion depending
on the migration velocity and update the velocity model.
After multiple iterations of pre-stack depth migration
and velocity model updating, we can finally obtain
an optimal migration velocity model. Presently, there
are two types of pre-stack depth migration velocity
analysis, depth focusing analysis (DFA) (MacKay and
Abma, 1992; Wang and Pann, 1998; Liu et al, 2001,
Liu et al., 2005) and residual velocity analysis (RVA)
{Al-Yahya, 1989; Liu and Bleistein, 1995, Liu, 1997;
Zhou et al, 2001; Biondi and Tisserant, 2004). Liu et
al. (2005) and Liu and Wang (2006) demonstrated that
event leveling in RVA is equivalent to equating imaging
depth and focusing depth in DFA. In other words, these
two methods constitutionally pursue the coherence of
imaging and focusing depths. There are two questions
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regarding the methods described above: (1) how to
establish a criterion for determining if a migration
velocity is acceptable and (2) how to update the velocity
model if there are errors. Regarding the first question,
DFA assumes that if the difference between migration
depth and focusing depth equals zero, then the migration
velocity is correct. RVA assumes that if the difference
between traces with difference offsets is zero, then
the migration velocity is correct. These two methods
give essentially equivalent answers. As to the second
problem, different pre-stack depth MVA methods deduce
many velocity model correction methods, based on the
criteria for the first question. A good approximation not
only reduces the number of iterations but also increases
the likelihood of convergence. Liu (1997) derived
an analytical approach to MVA, which imposes no
limitation on offset, dip, or velocity distribution. Meng et
al. (1999a, 1999b) extended the analytical MVA method
into 3-D. Liu et al. (2001) proposed a common image
gather velocity analysis in the angle domain. Sava and
Biondi (2004) advanced diffraction focusing velocity
analysis. Liu and Wang (2006) proposed time shift depth
focusing velocity analysis. Several problems exist with
these methods: (1) Almost all existing MVA methods
assume that there is a linear relationship between
residual depth and residual velocity. This leads to a
rough approximation to velocity since the equation for
computing the velocity correction is only accurate to the
first order. (2) While updating the velocity model, either
fewer seismic gathers are used and analytical equations
are used to calculate the new velocity model, which

Normal processing:
demultiplex,

static correction,
dynamic correction,
velocity analysis,
residual static correction

cannot make sufficient use of all gather information in
every pre-stack depth migration iteration; or a common
optimal method is used, which cannot deduce a perfect
velocity model correction. (3) If imaged depth picked
from field data isn’t accurate or there is some noise, the
situation will become even worse. These factors require
more iteration for the velocity model to converge to
the correct one. Thus, these methods are hard to use in
practice and restrict, not only the practicability of the
MVA, but also the veracity of the imaging in complex
structures.

In this paper, we propose a quadratic precision
generalized nonlinear global optimization for migration
velocity inversion. First, we discard the assumption that
there is a linear relationship between residual depth and
residual velocity and propose a velocity model correction
equation with quadratic precision which enables every
velocity model of every iteration to approach the real
model as closely as possible. Second, by applying a
generalized nonlinear inversion in pre-stack depth MVA,
we advance a method for pre-stack depth migration-
velocity inversion imaging. Such a method will not only
reduce the number of inversion iterations, but also reduce
the sensitivity to noise. The method effectively resolves
problems (2) and (3) described above. The method
proposed in this paper integrates pre-stack migration
with migration velocity inversion, which can be used
in complex media to get a precise velocity model and
pre-stack depth migration section. We will discuss the
theory, processing workflow, deduce the main equations,
and give examples of synthetic and Marmousi data.

Inifiate velocity model Velocity model expressed Using nonlinear optimal method to
hitialé velocily model — by simple equations compute the velocity module correction
) S Extract the depth focusing
Common offset section | | Prestack depth migration difference of main events

Ok?

Yes

No

( Exit )

Fig. 1 The pre-stack depth migration velocity inversion procedure.
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Pre-stack depth migration-velocity
inversion imaging

Our technology idea is, first, based on RVA, to solve the
problem described above, we discard the linear assumption
and deduce a quadratic precision velocity model correction
equation; and, second, we generate an initial velocity model
consisting of many layers defined by different polynomials
and variable velocity in both depth and lateral direction
within each layer. The ultimate aim of migration velocity
inversion is to obtain correct polynomials. In RVA, we
construct a data gather from all traces associated with the
same reflection layer. Then, we can acquire a globally
optimal velocity model correction for all gathers using
generalized nonlinear inversion. This approach is shown in
Figure [. The advantages of this procedure are: (1) we can
use reflection information from all traces associated with
the same reflection which not only improves the precision
of each iteration but also reduce the sensitivity to noise.
(2) Because using the quadratic velocity model correction
equation which can improve the precision of every iteration,
we are able to reduce the number of iterations. It is worth
mentioning that because there are so many calculations in
pre-stack depth migration, reducing the number of iterations
is profoundly significant.

Get the relationship of each gather migration

T results and velocity model

‘ Set inversion target functions

gradient vector for inversion

I

Calculate the velocity model

J

L Initial velocity model

Calculate the Hessian matrix and J

plus correction

The objective function
is acceptable?

Fig.2 The flow chart for migration velocity inversion.
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We use generalized nonlinear inversion for the
following reasons: compared to linear inversion,
generalized nonlinear inversion can achieve quadratic
precision using the Taylor expansion in each iteration,
greatly reducing the number of iterations. Although
there is more computation required in each iteration,
comparing with the normal computations of pre-stack
depth migration, the workload is negligible. Besides,
generalized nonlinear inversion has more advantages
compared to linear optimization in the aspect of the
solution space’s properties, state, and stability. The flow
chart for migration velocity inversion is shown in Figure 2.

Quadratic precision velocity model
correction equation

After sorting the pre-stack gathers into common image
gathers (CIGs), when migration velocity is correct, the
imaged depths of individual imaged points at a CIG
must be the same.

CIG imaging analysis

Considering the 2-D reflection geometry of the earth
(see Figure 3), we denote a 2-D vector by x. Let x,=
(x, (&), zL5)) be source positions and X, = (x, (&), z,(E)) be
receiver positions where & is the position parameter on
the surface. For example, in common offset, £ would be
the midpoint of a source-receiver pair. In common shot,
& would be a receiver location that is the distance from
the fixed shot to the receiver. r,(x, x,} denotes the travel
time for the down-going wave from the shot point x, to
reflect point x. 7,(x, x,} denotes the travel time for an up-
going wave from x to receiver point x,. #(¢) is the total
reflection travel time of both down-going and up-going
waves:

Ttr, =1 (l)

Surface

T(x. X,)

Reflector

Fig. 3 2-D Reflection geometry.

The reflection point x is also a function of ¢ and x(¢)
satisfies Snell’s law (Liu and Bleistein, 1995), which is
expressed as
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dx
V.r(x., V.r(x,x,})]—=0- )
[V.r, (X, x)+V 7.(x,X )]dg

From equation (2), we can get the imaging equation
T.\‘(X.x'7x)+z-r(x"xr):r(g)‘ (3)
Taking the derivative of equation (3) gives

or (x,,x) N or(x,x,) di
¢ o dg
Let x,=constant, and x, =&+ h where £ is the offset
from shot to receiver. In Figure 4, in the same CIG, we
fix the horizontal coordinate of the reflection point x.
The imaged depth z, the shot position x,, the receiver
position x,, and parameter & can all be considered to be
functions of the velocity c¢. That is, when the velocity
changes, the migration imaging point at a particular trace
location changes vertically. z is a function of migration
velocity ¢. When x is kept unchanged, the image at the
fixed x will come from different source-receiver pairs
for different choices of ¢. That is, ¢ is a function of ¢. We
use the image equation (Liu and Bleistein, 1995):

£ _ z
dc ccos(6—-g)cos(@+g)

4)

(3)

Equation (5) gives the quantitative relationship of
migration image depth and migration velocity and it shows
that the imaged depth increases with the migration velocity
for fixed x, no matter what the true medium velocity is.

Linear velocity model correction equation

For a given migration velocity ¢ and CIGs, let ¢’
denote the true medium velocity. When migration
velocity c=¢”, the imaged depths of the same reflector at
a CIG must be the same, i.e., z is independent of source-
receiver pairs. With no loss of generality, we suppose
that the source x, is to the left of the receiver x,, that is,
the offset is bigger than 0. In the common shot case,
different imaged traces in a CIG come from different
shot gathers (see Figure 4).

x, —x =—ztan(d — ¢). (6)

W, > i

Depth

(x,2z)

Fig.4 Raypath sketch where dip angle is ¢ and incidence
angle is 8.

If we change the shot position, the equation (6) is
derived with respect to x,, let c=c", we have

49 _ o509y %)
dx, z -
From Liu and Bleistein (1995), we have
0’z x,—x, )P
g o ®)
Ox Oc'™ c zP,

Expanding % in ¢=c¢" with the Taylor expansion

yields ox,
0z 0Oz 0’z '
|t _o(e=c)
ox, ox ' oxOc'
x,—x)P(c-c
- nonlitese), ©)
czP

where

P=y(x,—x)+2°, P=4(x,—x)" +2° -

Suppose that we have two shots: x,,, x,,, and x,,<x,,.
Then the difference in imaged depths between these two
shots at a CIG can be approximated by

Z(.X'.‘_Z) - Z(x_\»l) ~ (x,\-() — X )(X.‘-z — X, ) (C * < ) 5’

cz P
where x,, = (x,,+x,,}/2 and x, is the corresponding
receiver position. Thus, we find

(10)

*

c—c¢ Az-z P

C* ) Axs(x.\‘()_xr())Fr, (I])

where Ax, =x, —x,and Az = z(x_,) — z(x,)).

Quadratic precision velocity model correction
equation

To improve the correction equation precision, expand
0z . .
P at c=c", with the Taylor expansion to second-order
X,

accuracy, yielding

0z Oz o'z . -
—c— .+ _(e=c)H)+ = (c—c),
ox, oOx, ' Ox.0c' Ox 0c™ '
. . : (12)
Let
(Z: _M}\‘ M}r)P/* 1)1 (xr —x\‘ )2 Pr'w\' x" _x")
D, =2 r— + S ( —).
zc P zc P’ ¢ zP;
2 (‘:2 - MJ\‘ 1/Vr )PI })l (x/' _x\’ ):I
D, =——( r— + e
c zc P’ zc P’
Pw(x,—x) . PP
- 1 -—)
c zP z

8
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P(x.—-x,) PP (z2-ww,)P.
D7 :2 r (xl x\) +2 5 7[ (( vf‘\v‘:l) )
i} ot cz” zc P’
=" P, c'zP’
l _ 2P2
D= Lezx) (13)
- C*A-Z:; PX.
From Appendix A, we have
%:D(,(C—C‘H(D,+DZ+D3)(c—c*)3. (14)
X;

Suppose that we have three shots x,,, x,», and x; and
X <X, <xg, the imaged depth difference in CIGs can be
approximated by

Oz(x,) _ 0z(x,y) _02°(x,)

(x;—-x,)/2, (15)

Ox, Ox, ox?
Z(x\? ) - Z(x_vj) _ Z(xx?_) B Z(xxl ) ~ az—(x;]S) (xs3 —x [ )/2’
x‘\'l - xsZ x.vZ - x.\'] ax\.— ( 1 6)
where

X = (X, +x‘\-2)/2*xsZ3 =(xg3 +x.s'2)/2~

and
X3 =(x,+x,)/2.

Using equation (14), equation (16) becomes

A z(x,)—z2(x,,) _ 2(x;,)—2(x,)
X, —X, X, X,

53 §

=D, (c—c)+(D,+D, +D,)c-c), (17

Mx ;= x,)

Let
A, =D, +D,+D,,

AI = Dm
and

4 =2 z(x3) —2(x,)  2(x,) —z2(xy)

xsl - x.\'l

M xs = x,). (18)

x.\-3 - xxl
We have
A4, = Alc=c)+ A (c—c). (19)

Equation (19) is the quadratic precision velocity
model correction equation that we wanted (the particular
derivation is shown in Appendix A). On the face of it,
equation (19) is much more complex than the linear
equation and the velocity model correction solution is
not very direct. However, the added computations in
equation (19) are mainly simple calculations and the
increased computation is acceptable. Considering the
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enhanced computation precision, which may decrease
the number of pre-stack migration iterations, is well
worth the computation increase.

Migration velocity generalized
nonlinear inversion

Based on equation (19) and using only the CIG and
its k neighboring traces, where k is equal to three times
of the number of unknown quantities in the velocity
function, we can calculate the velocity model correction.
In fact, since each CIG usually has several traces,
normally equal to the fold, plus the traces neighboring
to this CIG, the number of traces of each layer is far
larger than k. Because of existing error of the seismic
data, if we combined every set of k traces and then use
equation (19) to calculate the velocity model correction,
we may not get identical results and may even get
additional errors. We also cannot get the same velocity
model correction by using the neighboring CIGs. At
times, abrupt changes appear in the horizontal direction
which are irregular and do not correspond to real
geological conditions. Such velocity model corrections
have low precision and high noise sensitivity, which
significantly influences practical use of the method. To
resolve such problems, we first parameterize the velocity
model. In other words, we use a set of relatively simple
functions to describe the layer velocity, which may have
both horizontal and vertical velocity variation. Then
using the generalized nonlinear inversion method and
the quadratic precision velocity correction equation, we
calculate the corrections of the unknown quantities in
velocity model or invert the globally optimal velocity
model correction.

The problems of migration velocity inversion

Traditional pre-stack depth MVA usually supposes that
the velocity in a layer is constant, which does not accord
with reality. If we want the inversion of the velocity
model to vary in both horizontal and vertical directions,
there are so many unknown quantities that the inversion
becomes unstable or difficult to converge. However,
for a given layer, the horizontal and vertical velocity
variations are not fully disordered or irregular. So, we
can assume that the lateral and vertical velocity variation
can be approximated by a simple function for a given
layer.

For example, let the velocity be a linear or second-
order function of abscissa x and depth z,
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v(x,z2)=a, tax+a,z+axz+ax’ +az’, (20)
or be a linear or second-order function of abscissa x,
w(x,2)=ay +ax+a,x. 21)

Thus, for a given layer, we only need to solve for
the six parameters a,, @), &, @3, 0, 05 or the three
parameters a,, d,, a4, which not only decreases the
number of unknown quantities and enhances the speed,
stability, and convergence of the inversion, but ensures a
reasonable precision.

The derivation in this paper is based on a given
layer, whereas real subsurface media can be divided
into a number of layers. In such multi-layer media, it
is theoretically possible to get a correction equation
for the velocity model with large offset, steep dip, and
horizontally variable velocity. Such a procedure is too
complex to use in practice. To calculate the migration
velocity of each layer, we usually use a method called
layer-stripping to calculate the velocity in each layer
one by one. In each layer, two initial velocity guesses
are used: one is larger than the true layer velocity and
the other one is smaller than the true layer velocity. We
set the final velocity model correction as a weighted
interpolation of these two models’ correction. The
weights are measured from the difference of the imaged
points’ horizontal location in the CIG. In velocity
inversion, we use the layer-stripping method, processing
operators with experience are needed to ascertain the
time position between these layers, get the layer velocity
by inversion, and then calculate the layer thicknesses.

The theory of migration velocity generalized

nonlinear inversion

Suppose there are m CIGs in a given interface and there
are n traces in each CIG. When the migration velocity
is incorrect, suppose the real velocity model correction
is 0. Let o=c-¢", o=aytro,xtazta;xz+ax +asx* and
A =[a,.a,,.....a;] . The n traces of each CIG are from

different shot gathers, among which, every three traces
can form an imaged group and » traces of each CIG can
make up #-2 imaged groups independent of each other.
There is a total of /=m(n-2) independent imaged groups.
For every imaged group, 4,4, 4., is not the same
and can be denoted by A4,,4,,4,(i=1...]) where x,z is
denoted by x; z;,(i=1...1).

In MVA, the calculated velocity model corrections
based on different imaged groups may be different. We
introduce the generalized nonlinear inversion method
with the aim to acquire an optimal velocity model
correction. Therefore, we form the objective function:

f(/i) = Z“Al),i - A]_,-O'— Az_,.O'ZH
- i(A(,i, ~4,0-4,0°) >min.  (22)
i=1

We expand the objective function at A = 4, by using
Taylor series

£ + ad)=qlad )= 74, )+ 27, Jad + L aH (7, )aT

where g(/io )= Vf(/io) is the gradient vector of f(/io) at
1, and H(ZO):VZ/'(ZO) is Hessian matrix of f(/i) at

A,- If the matrix H is symmetrical and positive definite,

there must be minimize points for q(A/i)
Differentiating with respect to A in the equation, we get

8f(i0 +AZ)
OAA

Then we can get AL = ~H 'g(4,). Let 4 = 4, + AL, ¥l
denotes the initial guess and repeat the procedure untit

= g(4 )+ HAL=0,

”AZH<8 where € is a given positive constant before

inversion. We believe that 1 at this time is the optimal
estimated solution.

The gradient vector is:
§=[go,g] ------ gs]a (23)

d , do
g =2,2(4,, -4, ,0-4,,0%)(24,,0+ AL,)E, (24)

i=1

0 i=0
X, i=1
do z, i=2
E: Xz, i=3 > (25
x,2 i=4
22 =

and the Hessian matrix is:

H= [h:k ]6><6 ’ (26)

L 35 8 . ,
=y —2—56 7T (641,07 -6d, A4, 0+ 24, A, ~ A,
il a. ca, ’ R '

(27)

Examples of synthetic and
Marmousi models

The derivation of the quadratic precision velocity
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mode! correction equation is not based on the assumption model rection procedure, we get an ¢ ted firs
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Marmousi model test

We use Marmousi model data to verify the validity
of our method for imaging complex structure. The
Marmousi model contains many reflectors, steep dips,
and strong horizontal and vertical velocity variations.
The minimum velocity is 1500 m/s and the maximum

velocity is 5500 m/s. The actual velocity model is
shown in Figure 9. The Marmousi data set contains
240 shot gathers with each shot including 96 receiver
traces. For the sake of speed computation, for velocity
analysis we selected 48 receiver gathers to analyze for
each shot.

Distance (m)

3000 4000 5000 6000 7000 8000

5400
5000
4600
4200
3800
3400
3000
2600
2200
1800
1400

Depth (m)

Fig. 9 The actual Marmousi velocity model.

Distance (m)

3000 4000 5000 6000 7000 8000

Depth (m)

wf“ .

Fig.11 The residual velocity section.

For computation convenience, we assume that the
velocity model consists of many models (i.e. contains
many velocity layers) and for each layer the velocity is
a linear function of x (abscissa) and z (depth), that is,
v(x,z) = o+ ax + a,z. In order to enhance migration
imaging precision and reduce the number of iterations,
we used extended local Rytov Fourier migration (Huang

Distance (m)

8000 4000 5000 6000 7000 8000

3000

Fig.12 The Marmousi pre-stack migrated
section using the estimated velocity model.

The common image gathers selected from migrated
data are shown in Figures 14 and 15. The CIGs in Figure
14 are migrated using the initiate velocity module. In
Figure 14 (a), the image location ranges from 5000 m to

Depth (m)

Depth (m)

Distance (m)

3000 4000 5000 6000 7000 8000
5400
5000
4600
4200
3800
3400
3000
2600
2200
1800
- 1400

Fig.10 The estimated Marmousi velocity model.

et al.,, 1999). After one or two pre-stack depth migration-
velocity model correction iterations for every layer, we
get the final velocity model which is shown in Figure 10.
The residual velocity section is shown in Figure 11, which
comes from the actual and estimated velocity models. In
each layer of the residual velocity section, we averaged
the absolute difference of the actual and estimated velocity
models. Though the estimated velocity is not the same
as the true model, it matches well not only in structure
but also the velocity values. The migrated section using
the estimated velocity model (Figure 10) and Marmousi
data is shown in Figure 12. The migrated section using
the actual velocity is shown in Figure 13. Comparing
these two results, we can deduce that the migrated section
using the estimated velocity model gives an acceptable
structural image, which indicates the capability of our
MVA approach for handling complex structures.

Distance (m)
5000

(;3000 4000 6000 7000 8000

Fig.13 The Marmousi prestack migrated
section using the actual velocity model.

5120 m and in Figure 14 (b) it ranges form 7000 meter
to 7120 meter. The CIGs in Figure 15 are migrated using
the corrected velocity module; the image location is the
same as Figure 14.
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Gathers

Depth (km)

Depth (km)

(b) The image location ranges from 7000 meter to 7120 meter.
Fig.14 Eleven CIGs from migrated data using the initiate velocity
module. Forty traces are selected in each CIG module.
Gathers

0 2 4 6 8 1

Depth (km)

N

Depth (km)

G T e

{b) The image location ranges from 7000 m to 7120 m.
Fig.15 Eleven CIGs from migrated data using the corrected
velocity. Forty traces are selected in each CIG.
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Conclusions

We can deduce following conclusions by the
theoretical analysis and the quadratic precision
generalized nonlinear migration velocity inversion
results of the theoretical model:

(1) By applying generalized nonlinear inversion
into the calculation of the velocity model
corrections, we are able to use the reflection
information of all traces associated with same
reflection layer. Therefore, we can not only resolve
the problem that the velocity model correction
equation is too complex to compute directly but also
improve the precision of every iteration and reduce
the sensitivity to noise.

(2) Compared to the linear equation, the quadratic
precision velocity model correction equation
discards the assumption that there is a linear
relationship between residual depth and residual
velocity. This method expedites the convergence
speed greatly (usually it only needs one or two
iterations for each velocity layer to achieve
acceptable results, whereas two to four iterations
are required in normal linear correction equations).
Because the main computations in pre-stack depth
migration are in the iterations of pre-stack depth
migration, our method can expedite the process of
MVA.

(3) Utilizing the method of generalized nonlinear
inversion, we can achieve Taylor series quadratic
precision in the iterations. This greatly expedites
the convergence speed and decreases the probability
of falling into a local minimum in the inversion
processing.
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Appendix

The deduction of the quadratic velocity model correction equation

.0z . .
Expanding — at c=c¢” with the Taylor series to
second order accuxracy, yields

o'z
ox oc?

s

0z z 0’z

S
ox, oOx ' oxoc'

>

(e -

(A-1)

(c—cH+

Differentiating with respect to x, in equation (5), we
have

o’z z sin 26 do
ox,0c ¢ cos’(0—@)cos’ (0 +¢) dx,
1 1 Oz

 C cos(0—g)cos@+) Bx. (A-2)
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when c=c¢" (¢’ is the real velocity), image depth has no
relationship to shot position.

0%z

? =" = 0 (A-3)

Differentiating with respect to x, in equation (6), here
we suppose x is fixed
- deo
__Z___ —tan(6 — ¢)_
cos* (8 — @) dx,
Differentiating with respect to x, in the equation above
and letting c=c’, we get
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Using equation (7), equation (A-4) becomes
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Difterentiating with respect to x, in equation (A-2), we
have
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Letting c=c", we get
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Using equations (A-6), (7), and (A-5), the equation (A-8):

oz | _2 cos26cos’ (§—¢) _ sin’ 20cos(6—¢)
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From Figure 4, we get
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Let w, denote the horizontal distance from the shot
position to x and w, denote the horizontal distance from
x to the receiver position, we have

sin(0 - ) = % sin(@ + ¢) = %. (A-12)
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Using equations (A-11), (A-10), (A-12), and (A-13),
equation (A-9) becomes
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Difterentiating with respect to ¢ in equation (A-7) and
letting c=c", we have
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Substituting equation (A-10), (A-11), and (A-14), we

have
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Taylor series, yields
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Using equation (A-3), (A-14), and (A-16), equation
(A-7) becomes
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Simplifying the equation above, we have
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Suppose that we have three shots: x,,, x,», and x,;, and
X;1<X2<X,3, the imaged depth difference in CIG can be
approximated by

0z(x,) _ 0z(x,,) ~ azz(x_‘_n)
Ox Ox, ox’

5 K} s

(x;-x,)/2, (A-19)
and

2
z(x,;) —2(x,)  2(x,)—2(x,)  0z°(x,;)
2
xs} _‘xSZ x.\'Z - x.\'l ax.\'

(x;—x,)/2,
(A-20)
where
X = (X + X))/ 2, x50, = (%, +X,,)/ 2,
and

X3 = (x5 +x,)/2,
Using equation (A-18), equation (A-20) can become
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For simplification, let: 4, =D, + D, + D,
A4 =Dy,
and

4, = 2(2(x53)—z(x_y2) _ Z()CSZ)—Z(X“))/(x” -x,).
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Using equations A4,, 4,, and Ay, equation (A-21)
becomes
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