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Three-dimensional conjugate gradient inversion of
magnetotelluric sounding data*

Lin Changhong"2 Tan Handong"2, and Tong Tuo"2

Abstract: Based on the analysis of the conjugate gradient algorithm, we implement a three-
dimensional (3D) conjugate gradient inversion algorithm with magnetotelluric impedance
data. During the inversion process, the 3D conjugate gradient inversion algorithm doesn’
t need to compute and store the Jacobian matrix but directly updates the model from the
computation of the Jacobian matrix. Requiring only one forward and four pseudo-forward
modeling applications per frequency to produce the model update at each iteration, this
algorithm efficiently reduces the computation of the inversion. From a trial inversion
with synthetic magnetotelluric data, the validity and stability of the 3D conjugate gradient

inversion algorithm is verified.
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Introduction

In recent years, 3D forward modeling and inversion
have been hot topics in the field of electromagnetics.
3D inversion of magnetotelluric data requires higher
computer hardware resources and more time for
computation because of large amounts of data and
many parameters. The key problem for the introduction
of magnetotelluric inversion into common practice is
how to rapidly and accurately obtain inversion results.
Therefore, many geophysicists focus on research of the
kinds of algorithms which can reduce compute time and
enhance the efficiency of the process. 2D magnetotelluric
inversion algorithms include nonlinear least-squares
solutions (Jupp and Vozoff, 1977), conjugate gradients
(Madden and Mackie, 1989), Occam’s inversion
(DeGroot-Hedlin and Constable, 1990), and rapid

relaxation (Smith and Booker, 1991). 3D inversion
methods include restricted 3D inversion methods, such
as maximum likelihood inversion using conjugate
gradients (Mackie and Madden, 1993), nonlinear
conjugate gradient inversion (Newman and Alumbaugh,
2000), artificial neural networks (Spichak and Popova,
2000), and approximate 3D inversion methods (Hu et
al., 2006) like quasi-linear approximation (Zhdanov et
al., 2000) and rapid relaxation (Tan et al., 2003b). Based
on the theoretical comparison of two conjugate gradients
methods (nonlinear conjugate gradient and Mackie-
Madden) and the Gauss-Newton algorithm for efficiency
using synthetic and field magnetotelluric data, Rodi
and Mackie (2001) concluded that conjugate gradient
method would be a much more feasible approach to 3D
electromagnetic inversion.

In this paper, we introduce a 3D conjugate gradient
inversion algorithm for magnetotelluric impedance

Manuscript received by the Editor September 20, 2008, revised manuscript received November 5, 2008.

*This work is jointly sponsored by National Natural Science Foundation of China (Grant Nos. 40774029, 40674037, and
40374024), the National Hi-tech Research and Development Program of China (863 Program) (No. 2007AA09Z310) and the
Program for New Century Excellent Talents in University (NCET).

1. State Key Lab of Geological Processes and Mineral Resources, China University of Geosciences, Beijing, 100083, China.
2. School of Geophysics and Information Technology, China University of Geosciences, Beijing, 100083, China.

314



Lin et al.

data. Forward modeling for computing the impedance
response will be discussed first. Second, we will discuss
the theory of the inversion, including the objective
function, a flowchart of the inversion process, and the
pseudo-forward problem (Rodi and Mackie, 2001).
Finally, the results of 3D inversion with synthetic data
will be shown.

The 3D Forward problem

The 3D forward problem needs to consider how to
correctly simulate the model response arising from
complex realistic 3D geology. The staggered-grid finite
difference method (Tan et al., 2003a) can solve this
problem well.

The magnetotelluric field satisfies the integral form of
the Maxwell equations:

fH-di=([1-as=[[oE-as, (1)
§E-di = [[ip,0H - as. )

With the discretization of the Maxwell equations with
a staggered grid (figure 1), a linear system results:

KH =s. 3)
O X
7 "
H, (i.j. k) o, (i,j,K)
oH, (i,j,k Ey(” ) Az (k)
X p ik
By (j)
Ax (i)

Fig. 1 The length, width, height, and resistivity of the
staggered grid cell labeled by (i, j, k) are Ax(i), Ay(j), Az(k),
and p(i,j, k). The six components of the electric and
magnetic fields in the cell are determined by the following
principle: the magnetic fields are sampled in the middle of
cell edges and the electric fields on the cell face centers.
H.i,j, k), Hi,j, k), and H.(i,j, k) are defined as the mean
value of the magnetic fields along cell edges and E,{i, , k),
E,(i,j, k), and E(i,j, k) as the mean value of the electric fields
along the cell faces.

K is a complex-symmetric sparse matrix with at most
13 non-zero elements per row, H is a vector composed of
the three magnetic field components, and s is the source
vector related to the boundary conditions. The magnetic
field H will be obtained using the conjugate gradients
method to solve equation (3). Then, the electric field E
will be obtained by the equation VxH=¢E. Finally, the
impedance response of the 3D model can be found from
equation (4) with H and E.

The magnetotelluric source S can always be divided
into two orthogonal sources, SX and SY (Tan et al.,
2004). Under the influence of SX, the component of the
electric field, the component of the magnetic field, and
the magnetic field can be denoted by E,,, E,;, H,1, H,
and H,. The corresponding value under the influence of
SY can be denoted by E,,, E,», H», H,, and H,. Then, the
expressions used to compute the impedance tensor are:

_ EXIHyZ - EXZHyl

ZXX - > (43)
Hx]HyZ - HxZHy]
E\’ H‘C _ E’( H‘C
Xy: x27 " xl x1 ,2’ (4b)
HleyZ - szHyl
_EH.-EH, , 40)
" HleyZ - HXZHyl
_ EyZHxl - Eylez (4d)

w H.H,-H,H, .
3D Inversion problem

If F(m) is defined as the forward modeling function to
calculate impedance vector Z, the observed impedance
vector Z°, model vector m, and error vector e satisfy the
equation:

Z" = F(m)+e. 5

Zobs = [zobst zobs2 | 70bsM|T i 3 data vector where Zo
denotes the real or imaginary part of the impedance
tensor for a particular observation site and frequency f
and N is the total number of the impedance values. We
have m=[m!,m?,...,m"] where M is the number of model
blocks and ¥ is the logarithm of resistivity for a unique
block (log p).

The objective function

Based on the “regularized solution” method of
Tikhonov and Arsenin (1977), the objective function can
be defined as:

315



Three-dimensional conjugate gradient inversion

l//(m) — (Zobs _ F(m))T V*l(zobs _ F(m))
+ A(m, —m)" L' L(m, —m). (6)
Where 4 is the regularization parameter, V is the
variance of error vector e, L is a simple second-difference

Laplacian, and m is the initial model. The objective function
has constraints on both the data error and the model.

Flowchart of the inversion process

A simple flowchart for the 3D conjugate gradient
iterative inversion is listed as:

(1) Set i=0, j=0 and input the initial model

(2) Set the reference model with updated model
parameters: M, =m; or m,,=m;

(3) Calculate data error e=Z"~F(m,,)

(4) Calculate the gradient of the objective function

g, =—24(m,, Y Ve +2AL" L(m, - m,)

(5) Calculate the objective function

w,=e'V'e+ Am, - m,, Y L' L(m, - M)

(6) If line search convergence fails, then
o;= (o1 +a;:1)/2. Update the model parameters m;=m; +o;
pi1,j=j+1 and return to step (2).

(7) hi=Cg;

(®) B =h/ (g ~g.)/h. g,

(9) Update the search direction p;, =, + B;p,

(10) f = A(m, . )p;

(11) Update the step

a,=-pleg, 120"V f+aplL"Lp,)

(12) Update the model parameters m, = m, | + &, p,

(13) i=i+1 and return to step (2).

In step (4) A(m,,,) is the Jacobian matrix. In step (7), C
is a pre-conditioner

C=(+AL'L)". @)

1 is a unit matrix and y is a specified scalar. With the

pre-conditioner and linear system (y./+ALTL)h=g,, the
initial search direction P;=h, will be obtained.

The pseudo-forward modeling problem

The main computations in the complete inversion
process are: the forward modeling F(m,,) in step (3),
computing the gradient of the objective function
gi=—2A(m,y)"V'e+2AL"L(m¢—m,,) in step (4), and
computing f=A(m,.)p; in step (10). If we take the normal
forward modeling F(m,,,) out of consideration, the model
update at each iteration will occur after evaluating the
quantities A(m,.)"V"'e and A(m,,)p. Our 3D conjugate
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gradient inversion algorithm doesn’t need computation
of every Jacobian matrix element A4(m,,) to calculate
A(m,)"V"'e and A(m,.)p, but it directly gets the A(m,.)"V"'e
and A(m,)p values from several pseudo-forward modeling
applications.

Since impedance data is used in the inversion,
A(m,)"V"'e can be expressed as:

N
A(m, )V e=Y(0Z,/om) (V'e),. k=12,..M.(8)

n=1

Following the ideas of Newman and Alumbaugh (2000),
differentiating each impedance tensor element at the jth

observation site (9z,,/omy, az,,/omy, az,/om; and az,,/amy)

with respect to the kth model parameter m, yields:
oz, om,='g, K (0K /om.H,)
+’gl K™ (0K /om H,)+C,,, (9a)
oZ,,;/om,='g K™'(0K/om H,)

Jxy

+2g" K™K /om H,) + C,

JXy Xy

(9b)
oZ,;/om,='gt K (0K /om H,)
+2g£!XK71(aK/8m,{H2) +C, (9¢)
azm. /Om, =1g‘;),K_1(6K/6mkH1)
+'¢}, K@K /om H,)+C,,.  (9d)
where
lg?x" - [(H“Hﬂ -H,H,)(-H,, eg;x +E, hg;')
H(ByH,y — EoH ) -H,y gl + H, )]
/(H»HHyZ _Hx2Hy1)2’ (10a)

zg;cx = [(HXIH}!Z _H)JZHyl)(_Exlhg_Z/ +Hyleg£c)

+ (EleyZ - EXZHyl)(_Hvl hgj; + Hxl hngv)]

(HH,,—H,H ), (10b)
lg;';y = [(Hleyz - HxZHyl )(_EXZ hg]]:c + H)(Z pngx)
+ (EXZH,\'I - Ex]H,\'Z)(_sz hg_g + Hyzhgi;):l
/(HXIHyZ - HXZHyl)Z ’ (IOC)
zg;(y = [(HleyZ - HxZHyl )(_Hxl egj:\ + Ex] hg;)
+ (EXZHXI - Elexz)(_Hyl hg;x + Hxl hgj]:y)]
(H.H,,—H,H,), (10d)

lgj;x = [(HleyZ - HXZHyl )(_HyZ eg(/ry + Ey2 hg{v)
+ (E_\/IH}?Z - EyzHy1)(_Hx2 hgfy + Hyz hg;)]

(HH,,—H,H,), (10e)
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e =\(HLH  —H o H )E, g+, g))
+ (EylHyZ - EyZHyI )(_Hy] hg;{ + Hx] hgi/):l
/(HleyQ _HXZH,VI)Z’ (IOf)

lg,zryy = [(Hx]HyZ _HxZHyl )(_EyZ hg?x + sz eg;)
(B H, ~EH ) -H, g +H ")
(H.H,-H,H,), (10g)

g" =|(H H,,-H,H, ~H, g +E, "g")

+(Ey2Hxl _Eylez)(_Hylhgic x1 gn )]
(H,H,,~H,H,), (10h)
C,.=(H,,0 g”/am,LH -H,0 g/l/amAH )
/(HleyZ - Hx2Hyl)5 (101)
C,=(H,0 gﬂ/amkH -H 0 gﬂ/amkH)
(HH,,~H,H,), (105)

=(H 0" gj} /omH, — H ,,0° gj‘ /om, H,)
/(HXIHyZ _H,xZHy1)7 (10k)

jl)(

C = (H,10 gjv/ﬁmkH —H ,0° gu /Omy H,)
(H.H,,-H,H,). (101)

where “g], and "g], are interpolator vectors between the
x and y components of the magnetic field (H,, H)) at
the jth observation site and the vector H : H), = gTH and
H,, = "gl H. While °g], and °g], are 1nterp01ator vectors
between the x and y components of the electric field (£,

E,) at the jth observation site and the vector H : E,=
g,XH and E;,=“g}, H.

Pluggmg equation (9) into equation (8), we get:

N
A(m,)'V'e=H0K/omK"Y 'g,(Ve),

n=1
N
+H, 0K /om K™Y 2, (Ve), +Z(C ) Ve,

n=1 n=1
(11
where, 'g,, 2g,, and C, are determined by equation (10).
For example, if Z,, is the nth data value, then 'g’ =g’ ,
°g1="gjy and C,= Gy,

N

If we set v=K" 'Z'gn(V e),
n=1
N

and v=K" ‘zzg (V'e),
n=l
then N

Klvzz]gn(Vile)n’ (12)

n=1

Kv=3 g ("), (13)

n=1
A(m, )V 'e=H,0K /om,'v

N
+H, 0K /om, v+ Y (C) (Ve),.
" (14)

N
If we take 'v as the vector to be solved and Z 'g,(V7e),

n=1
as the vector on the right side of the equation, equation
(12) is similar to the forward modeling equation (3).
Therefore, we call equation (12) a pseudo-forward
modeling equation. The value of 'v can be obtained by
solving the pseudo-forward modeling problem one time.
Similarly, the value of ?v can be acquired by solving
equation (13). Finally, A(m,.,)"V"'e in equation (14) can
be obtained with the values of 'v and ?v.

Similarly, A(m,.)p can be computed by solving the
pseudo-forward modeling problem two times.

The 3D conjugate gradient inversion algorithm
needs one forward modeling and four pseudo-forward
modeling applications per frequency to produce the
model update at each iteration. The vectors H, and
H, result from one forward modeling step for two
polarizations. The four pseudo-forward modeling
applications will result in A(m,)"V"'e and A(m,)p. If
the normal forward modeling is removed, our algorithm
only needs four pseudo-forward modeling applications.
The number of pseudo-forward modeling applications
in traditional inversion algorithms is usually the
number of model parameters (or data). Therefore, our
algorithm is one of the higher efficiency inversion
algorithms.

Synthetic example

Based on the theory and equations above, we have
developed a procedure to realize the 3D conjugate
gradient inversion algorithm. To verify the correctness of
this algorithm, we designed some 3D geologic models.
The impedance response was calculated by staggered-
grid finite difference modeling. Two percent Gaussian
random noise was added to the data. All results were
computed on a PC with an Intel 3.4 GHz Pentium (R) D
CPU with 2 GB of memory.

Model 1: a 3D rectangular prism

The 3D rectangular prism dimensions are 6 km X
6 km x 3 km (see figure. 2). The 10 Q-m prism body
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is embedded in a 100Q-m background with the top 6
3km below the earth’s surface. The 3D grid size is !
38 x 38 x 25. Zxy and Zyx data at four frequencies
(3.3 — 0.1 Hz) were measured at 256 sites and used
in the inversion. After 43 iterations (10 hours and 9
minutes), the Chi-square error was down to 1.12 and
the computations were stopped (see figure. 2). The .
results shown in Fig. 3 reflects the distribution of
the real model well. The comparison between input |
impedance data at 0.1 Hz and the impedance response 0

Chi-square error

of the model are shown in figure. 4. The input 0 10 Iterati%(r)m number30 40
impedance data matches well with the impedance

response of the model.
square error.

Test model Result for 3D inversion

(X-Y)
Z=-425km
Log 10p (Q -m)

2
1.9
1.8
1.7
1.6

(Y-2) 15

X=0km 14
1.3
1.2
1.1
1
0.9

(X-2)

Y=0km

-20 -
-0 0 10 -0 0 10
X (km) X (km)

Fig. 2 The X axis is iteration number and the Y axis is chi-

Fig. 3 The left side shows test model and the right side shows the result from the inversion. Black dotted lines shows the margin of
prisms. The top row is the horizontal slice at 4.25 km depth, the middle row is the vertical slice along axis Y, and the bottom row is

the vertical slice along axis X.
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ohms ohms
Calculated ReZxy Observed 0.007 Calculated ReZyx Observed 0.0042
0.0066 2y -0.0046
0.0062 -0.0050
0.0058 g 00054
0.0054 > -0.0058
0.0050 -0.0062
0.0046 -20 -20 -0.0066
0.0042 i 0 - — y 40 -0.0070

X (km) X (km) X (km) X (km)

Calculated ImZxy Observed ohms Calculated ImZyx Observed ohms
20 20 -0.0050 20 20 0.0068
-0.0052 0.0066
-0.0054 0.0064
_ — 00086 & 0.0062
= gy oo =0 = 0.0060
> > -0.0060 0.0058
-0.0062 0.0056
-0.0064 0.0054
-20 -20 -20 B 0.0052
20 0 20 20 0 20 oo 20 0 -2 00050

X (km) X (km) -0.0068 X (km) X (km)

Fig. 4 The second and fourth columns (Observed) show input impedance data and the first and third colums (Calculated) show the
impedance response of result model. ReZxy denotes the real part of Zxy and ReZyx denotes real part of Zyx; ImZxy denotes imaginary
part of Zxy and ImZyx denotes imaginary part of Zyx.

Model 2: 3D rectangular prism with buried layer

The model is the same as in Model 1 except for the 1 10
km deep 50 Q - m layer. The 3D grid size is 38 x 38 x I
27. Zxy and Zyx data at eight frequencies (3.33 — 0.01 _ 8:
Hz) were measured at 256 sites and used in the inversion. = 6*0
After 52 iterations (25 hours and 11 minutes), the Chi- e
square error was down to 1.15 and the computations s al”
were stopped (figure. 5). We see from figure. 6 that -S L.
the reflection of the prism is comparably reproduced ol
while the resistivity in the middle of the buried layer is
a bit higher because of the influence of the prism. The 0

comparison between input impedance data at 0.1 Hz 0 10 It§?ation njngber 40 50
and the impedance response of result model is shown in

figure 7. The input impedance data match well with the Fig. 5 The X axis is iterative number, the Y axis is chi-square

i error.
impedance response of the model.
) ) . .~ Log 10p (Q -m)
Test model Result for 3D inversion Test model Result for 3D inversion
10 2
1.9
1.8
Py Py 1.7
2 07 20 '
> > 15
14
1.3
1.2
-10 - - T -10 T T T 1.1
-10 0 10 -10 0 10

1
0.9

X (km) z=0625km X (km)
(a)
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Log 10p (Q -m)
Test model Result for 3D inversion Test model Result for 3D inversion

| T—
19
18
17
16
-10 15
14
13
12
11

10 -1
X (km) Y=0 km
(d)
Fig. 6 The left panels of figures (a), (b), (c), and (d) show test models and the right panels of figures (a), (b), (c), and (d) show the
results from inversion. The black dotted lines show the prism margins. The figure(a) is the horizontal slice at 0.625 km depth and
the figure (b) is the horizontal slice at 4.25 km depth; The figure (c) is the vertical slice along Y axis and the figure (d) is the vertical
slice along X axis.

Y (km)

ohm
Calculated ReZxy Observed 0.010 Calculated ReZyx Observed
20 20 20
0.0096
0.0092
g 00088 €
> 0.0084
0.0080
-20 0.0076
0.0072 X (km) X (km)
Calculated ImZxy Observed Calculated ImZyx Observed
20 20 -0.0073 20 s
-0.0075 | s
g, g, Q0071 E -
;_’ ;_’ 0 0079
-0.0081
20 . . n y -0.0083 ;
) X (km) oo X (km) X (km)

Fig. 7 The second and fourth columns (Observed) show input impedance data and the first and third colums (Calculated) show the
impedance response of result model. ReZxy denotes the real part of Zxy and ReZyx denotes real part of Zyx; ImZxy denotes imaginary
part of Zxy and ImZyx denotes imaginary part of Zyx.

Conclusions applications at each iteration. In this way, it efficiently
reduces the inversion computations. From the trial
inversion with synthetic magnetotelluric data, our

We have developed a 3D conjugate gradient method has verified its feasibility.

magnetotelluric inversion algorithm. During the In future work, we will research parallelizing the
inversion process, the algorithm doesn’t need to compute algorithm to further improve the efficiency of this
and store the Jacobian matrix A4 but directly updates method.

the model from the computation of the Jacobian matrix
A and its transpose A" multiplying the x vector. The
Jacobian matrix A4 (or its transpose A7) multiplying
one x vector is equal to two pseudo-forward modeling
applications. Therefore, this method needs only one
forward modeling and four pseudo-forward modeling
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