Ladislav Cemic¢

Thermodynamics
In Mineral
__Saencesm

5\ NTRO DU moN

...........
- -

ne

@ Springer




L. Cemic
Thermodynamics in Mineral Sciences



Ladislav Cemic¢

Thermodynamics
1n
Mineral Sciences

An Introduction

With 82 Figures and 23 Tables

@ Springer



Ladislav Cemi¢

Institut fiir Geowissenschaften

der Christian-Albrechts-Universitit
Abteilung Mineralogie
Olshausenstrasse 40

24098 Kiel

Germany

Emaillc@min.uni-kiel.de

Library of Congress Control Number: 2005929627

ISBN-10 3-540-24364-X Springer Berlin Heidelberg New York
ISBN-13 978-3-540-24364-9 Springer Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the
material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilm or in any other way, and storage in data
banks. Duplication of this publication or parts thereof is permitted only under the provisions
of the German Copyright Law of September 9, 1965, in its current version, and permission for
use must always be obtained from Springer-Verlag. Violations are liable to prosecution under
the German Copyright Law.

Springer is a part of Springer Science+Business Media
Springeronline.com

© Springer-Verlag Berlin Heidelberg 2005

Printed in The Netherlands

The use of general descriptive names, registered names, trademarks, etc. in this publication
does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.

Cover design: E. Kirchner, Heidelberg
Typesetting: camera-ready by author
Production: Almas Schimme
Printing: Krips bv, Meppel

Binding: Stiirtz AG, Wiirzburg

Printed on acid-free paper 30/3141/as 543210



Preface

Thermodynamics is an important tool to interpreting the conditions at which natural
geomaterial equilibrate. It allows one to determine, for example, the equilibrium
pressures and temperatures and the nature and chemical composition of phases in-
volved mineralogical and petrological processes. Simple chemical model systems,
which are often studied in the laboratory in order to understand more complicated
natural systems, generally consist of few chemical components. In order to use
phase equilibrium results obtained from model systems for interpreting the condi-
tions of formation of natural geologic materials, extrapolations in compositional
space and other P-T conditions are often required. This can only be done using the
mathematical formalism that is offered by thermodynamics.

An number of excellent books on thermodynamics with regards to the fields of
mineralogy, petrology and geochemistry have been published over past 40 years.
Many of them are, however, written for more advanced students and experienced re-
searchers and it is often assumed that the reader already possesses some prior
knowledge of the subject. Consequently, discussions and presentations of basic con-
cepts, which are necessary for beginning students and others attempting to learn
thermodynamics for the first time, are often given short shrift. Therefore, the aim of
this book is to explain the basic principles of thermodynamics at an introductory lev-
el, while trying not to loose much of the mathematical rigor that is one of the most
important and central aspects of this subject. Moreover, many students in geoscienc-
es are required to take thermodynamic courses in chemistry departments where they
are mostly confronted with treatments of gases and fluids. Thereby, the connection
to geological or mineralogical problems is often not perceived and, unfortunately,
students do not come to understand the importance of thermodynamics for a number
of different areas in the geosciences.Therefore, this introductory textbook was writ-
ten with the aim of reaching beginning geoscience students. In order to demonstrate
the usefulness and power of thermodynamics, various experimental phase equilibria
results, calorimetric data, etc. from geological literature are used to demonstrate dif-
ferent types thermodynamic calculations. The problems at the end of each chapter
are given in order that students can practice the more theoretical concepts that are
presented in text.
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Chapter 1 Definition of thermodynamic terms

1.1 Systems

A thermodynamic system is defined as the part of the universe that is subject of con-
sideration. The universe outside the chosen system is called the system’s surround-
ings. The system and its surroundings are separated from each other by walls, which
can be physical or in thought. A system may or may not interact with its surround-
ings. Whether or not an interaction takes place, depends on the nature of the walls
surrounding the system. Three kinds of systems can be distinguished based on the
permeability of the walls to energy and matter. They are:

a. Isolated systems,
b. Closed systems and
c. Open systems

Systems are referred to as isolated, if their boundaries or walls prevent any ex-
change of energy and matter between the system and its surroundings. This means,
their walls are rigid, unmovable and perfectly insulating. Systems of this kind have
constant energy and mass content. Along their boundaries discontinuities of matter
and energy can exist (Fig. 1.1a).

Isolated systems are not observable. They do not exist in nature, because all walls
allow some energy transfer. Whether or not a system can be considered isolated de-
pends on the time scale of observation.

The walls of a closed system allow energy transfer, but are impermeable to mat-
ter. Hence, these systems posses a constant mass and variable energy content. But
this does not exclude a change in internal composition caused by chemical reactions.
Along the walls of these systems discontinuities of matter but not energy are possi-
ble. Closed systems play an important role in the treatment of thermodynamic pro-
cesses (Fig. 1.1b).

Systems are called open, if energy and matter can pass into or out of the system.
Along their boundaries or walls neither energy nor matter discontinuities can exist
for long periods of time. Systems of this type are characteristic for the treatment of
metasomatic processes (Fig. 1.1c¢).

In mineralogy the systems are often subdivided in different parts, which then be-
long to different types. For example, the solid phases of a rock can be considered to
represent a closed system, but fluids like H,O, CH4 and CO, constitute an open sys-

tem.
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Surroundings

Surroundings
Surroundings

c)

Fig. 1.1 Types of thermodynamic systems. a) isolated, b) closed, and c) open. Symbols:
double arrow = exchange in both directions possible; single arrow = exchange not possi-
ble; E = energy, M = matter

1.2 Phase

A phase is defined as a chemically, physically and structurally homogeneous part of
a system. In a system phases are separated from each other by phase boundaries. On
the boundaries, the properties of the phases change discontinuously. A system can
consist of one or more phases. If it consists of only one phase, it is called somoge-
nious. Systems with more than one phase are referred to as heterogeneous. For ex-
ample, a monomineralic rock (e.g. marble) represents a homogeneous and a
polymineralic one (e.g. granite) a heterogeneous system.

Most substances can occur in at least three phases: solid, liquid and vapor. In ad-
dition to this, many solids exist in different forms having different crystal structures,
and are called polymorphs. For example, at temperatures below 571°C SiO, crystal-
lizes as low quartz, between 571°C and 870°C as high quartz, between 870 and
1470°C as tridymite and from 1470°C up to the melting point at 1713°C as cristo-
balite.

If the above definition of a phase would be taken in its strict sense, every feldspar
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grain, say, in a granite would represent a different phase, since every grain is sepa-
rated from its neighbor by a phase boundary, whose physical properties differ great-
ly from those of the bulk. Such a construct would be very impractical. We, therefore,
neglect the surfaces and consider that all minerals with the same composition and
the same structure form just one phase.

1.3 Components

The chemical entities that are required to describe the composition of a system in
equilibrium are called components. In contrast to the number of phases, which is rig-
orously determined by thermodynamics, the choice of chemical entities is arbitrary.
It depends ultimately upon the nature of the actual thermodynamic problem.

The choice of a component in the case of one single phase with fixed composition
is quite simple. The composition of the phase serves as the component. For example,
Al,S104 describes the composition of all three polymorphs: kyanite, andalusite, and

sillimanite. Similarly Mg,SiO,4 represents the composition of orthorhombic olivine
and the two high-pressure polymorphs, the B-phase and y-phase. Systems consisting
of only one component are referred to as unary.

Most natural olivines, (Mg,Fe),Si0y,, posses a variable composition. For their de-
scription two components, namely Mg,SiO4 and Fe,SiOy, are required. The same
is true in case of the orthopyroxene solid solution, (Mg,Fe),Si,0O¢. The components
here are Mg,Si,0g4 and Fe,Si,O4. Systems involving two components are called bi-
nary.

The Mg-Fe exchange between orthorhombic olivine and orthopyroxene can be
represented by the following reaction:

1/2Mg,Si0, + FeSiO; = 1/2Fe,Si0, + MgSiO;. (1.1)

The total number of components involved in reaction (1.1) is three, because only
three components are independent. The fourth component can be formulated in
terms of the other three, simply by rearrangement of Eq. (1.1). For example, the
component FeSiO; is given by:

FeSiO; = 1/2Fe,Si0, + MgSiO; — 1/2Mg,Si0,. 12)

As a rule, the number of components, C, is given by the number of species, N,
reduced by the number of independent reactions, R, among the species. That is:

C=N-R. (1.3)
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In the our example, the number of species is 4 and the number of independent re-
actions is 1, so that

C=4-1=3. (1.4)

A system consisting of three components is referred to as fernary.

Species are not necessarily identical with phases. In our case we have four spe-
cies (Mg,Si0y, FeSi03, Fe,Si0,4, MgSiO3) but only two phases, namely olivine and
orthopyroxene.

There is a straightforward algebraic approach for determining the number of in-
dependent reactions in a system for a given number of species. A discussion is be-
yond the scope of this book. For a detailed presentation of the method, the interested
reader is referred to the extensive literature (e.g Spear 1993 and references therein).

Generally, components are real chemical entities, such as oxides or compositions
of minerals. But this needs not always to be the case. It is also possible to define en-
tities with negative masses of elements. Components of this kind are particularly ad-
vantageous when phases, as in the above example, exhibit variable compositions
(see Thompson 1982). For example, the compositional variability of an Mg-Fe-or-
thopyroxene can be described with the components MgSiO5 and FeMgf)fj T Mgﬁ‘;7 *
represents -1 mole Mg2+. The composition of ferrosilite can then be given by the
following equation:

opx

FeSiOy = MgSiO; +FeMg ™. (1.5)

The same formalism can be used to describe the composition of fayalite, namely:

. o 1 . !
5Fe,Si0, = 3Mg,Si0, + FeMg”). (1.6)

Using the relationships (1.5) and (1.6), Eq. (1.1) becomes:
/
FeMgfIfx = FeMgfl. (1.7)

According to the above definition components designate chemical entities and
have physical meaning only in reference to phases, which are part of the physical
world. It should therefore, in principle, not bear a mineral name. Nonetheless this
kind of component notation is found very often in mineralogical literature. This is
not critical, as long as the considered component does not change its 'form of ap-
pearance’', but it becomes problematic as soon, as the mineral whose name is used to
describe the component undergoes some phase transition.



1.4 Functions and variables of state 5

Example: In the binary system Mg,SiOy - Fe,SiO,4 the components are designat-
ed very often as forsterite and fayalite. This denotation causes no problems as long
as processes at low and moderate pressures are considered. At high pressures, how-
ever, when olivine transforms first into 3-phase and later into y-phase, the usage of
mineral names becomes confusing.

1.4 Functions and variables of state

Classical thermodynamics is concerned only with macroscopic properties of a sys-
tem such as volume, pressure, temperature, electrical potential, etc. Microscopic
properties, for example the distances between atoms in a crystal structure, are not
considered. One distinguishes between two groups of properties:

Extensive properties are additive and mass dependent, that means, the property of
a system represents simply the sum of the properties of its constituent parts. To this
group belongs, for example, volume of a phase or system.

Intensive properties are not additive and do not depend on mass. Typical inten-
sive properties are temperature, pressure, density etc.

If a closed system consists of a pure single phase, only two intensive properties
determine completely the rest. For example, if the temperature and pressure of a
melt are fixed, then the density and viscosity of this melt are also fixed. One can
write:

I, = fi,, 1); k=3,4,..,n. (1.8)

Eq. (1.8) is called function of state and the arbitrarily chosen properties /; and /,
are the variables of state. Let the density of a phase, p, be the dependent variable and
temperature, 7, and pressure, P, the variables of state. For this case, the state func-
tion, p, reads:

p = A(T, P). (1.9)

The choice between dependent and independent variable of state is arbitrary. In
Eq. (1.9) the density was chosen as the dependent variable. But it could as well be
pressure or temperature. It is merely a question of convenience which variable is
taken as the dependent and which as independent one. Usually, pressure and tem-
perature act as independent variables, because they are relatively easy accessible in
experiment.

In case of a mixture additional variables are required in order to specify which
particular composition is under the consideration. For this purpose the molar pro-
portions of components composing the mixture must be given. If there are £ compo-
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nents present k - 1, molar fractions, x;, are needed. Instead of Eq. (1.8), we now have

Ik =.f(115[25x1’x25---xkfl)- (110)

For example, the density, p, of an Mg-Fe-olivine can be expressed as a function

. . . .. /
of temperature, pressure, and the molar fraction of Fe,Si0y in olivine, on 0,80,

1
p = AT, P.x}i, 5i0,)- (L11)

An extensive property of a pure phase is determined by three variable, one of
which is conveniently the mass. The other two are intensive variables.

E, = mxf,1,); k=3,4,..n. (1.12)

Example: The volume of a forsterite crystal is direct proportional to its mass. Be-
yond that, its volume depends also on temperature and pressure, that is

v?'= m” gl x AT, P). (1.13)
To determine an extensive property of a mixture the mole fractions of the com-
ponents must be introduced again. In place of Eq. (1.10) we obtain:

E, = mxfU, 1y, X, X5...%,_1)- (1.14)

If an extensive property , £, is divided by the mass of a phase or system, m, a

specific property is obtained. Multiplying the specific property by the molar mass
yields a molar property.

In order to calculate the numerical value of a function of state, the algebraic link
between the variables of state must be known. This is not an easy task, since classi-
cal thermodynamics does not offer any physical explanation describing the func-
tional interrelationships between variables. The problem can be overcome by
focusing the study on changes of the functions due to changes of state.

Changes in the functions are expressed mathematically by differentials, that is, a
function is differentiated with respect to its independent variables. The obtained
quantities are termed partial derivatives. They describe how changes of independent
variables influence the function of state. The total change of a function is expressed
by the total differential, that is, the sum of all partial derivatives multiplied by the
respective infinitesimal increments of the independent variables. Applied to Eq.
(1.8), the total differential, dI}, reads:
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di Oy di oy di 1.15
= |2 +| =
kAer) ! \e)" % (1.15)

The differentiation of a continuous single-valued function yields a total differen-
tial, which can be integrated to obtain the original function. In this case the integral
is always the same, no matter which path of integration was chosen. Expressions
whose integrals are independent of path of integration are called exact differentials.

Using these relationships a set of mathematical formulas, which can be applied
to predict the behavior of a system under all possible conditions, has been derived.
The starting point for their derivation are two laws which represent everyday expe-
rience. These are the first and the second law of thermodynamics.

1.5 The concept of thermodynamic equilibrium

A state of a system is determined by the values of the state variables. A change in
one or more variables causes time-dependent processes to take place. The processes
end as soon as the new state, which has its own values of variables, is reached. We
say, the system is at equilibrium again. It persists in this state, if no further distor-
tions occur. A more strict definition of an equilibrium reads: 4 system is at equilib-
rium if all variables such as pressure, temperature, volume, etc. remain constant,
independently of the time of observation. After being disturbed, such a system will
revert to its original state, after the disturbance comes to an end.

Example: At some pressure and temperature a forsterite crystal has a given vol-
ume. If the pressure is increased while the temperature is kept constant, its volume
decreases. However, as soon as the pressure is brought back to the original value,
the volume of the forsterite crystal will be exactly the same as it was before the
change in pressure.

1.6 Temperature

The term temperature originally stems from man’s sense for cold and warm. In the
field of thermodynamics it represents a property, whose value is fixed by two inde-
pendent variables. In order to define temperature, we must come back to the concept
of equilibrium. If two systems are brought in contact with each other, a number of
processes such as volume and pressure changes, take place. This happens in both
systems until an overall equilibrium is reached. We call this status thermal equilib-
rium. Experience shows that systems which are in equilibrium with a given system,
are also in equilibrium with each other. That is, no processes take place if they are
brought into contact with one another. This is the subject matter of the zeroth law of
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thermodynamics that reads: Systems that are in thermal equilibrium with each other
posses one common intensive property, namely temperature.

The time required to reach thermal equilibrium depends particularly on the nature
of shared walls. With respect to the permeability to heat, two types of walls can be
distinguished. The first is called diathermal. If two systems with this kind of walls
are brought into contact, their thermodynamic states can be influenced by the mutual
heat exchange. The second type of wall is called adiabatic. A system that is sur-
rounded by this kind of wall cannot be affected by heat transfer. It can only be in-
fluenced by moving the walls, shaking, or by other processes causing an internal
motion. In nature, there are no true adiabatic walls, but dewars approach this condi-
tion closely. Changes that take place in a system with adiabatic walls, are called adi-
abatic processes. In contrast, processes taking place in a system surrounded by
diathermal walls are referred to as isothermal if the heat exchange between the sys-
tem under consideration and the neighboring system occur so quickly that the over-
all temperature remains constant. The necessary prerequisite is that the neighboring
system is large enough so not to change its temperature, when heat is taken away or
added to it. Systems of this kind are called heat reservoirs.

Before one can measure temperature, an empirical temperature scale has to be de-
fined. For this purpose a suitable system is brought into contact with several other
systems in order to equilibrate. The chosen system must be small in comparison to
the system whose temperature is to be measured, so that it will not affect significant-
ly the properties of the measured system. Thus the value of an appropriate variable
of state (e.g. volume of a gas, expansion of a Hg-column in a glass capillary) is mea-
sured. It is assumed that this variable, x, is a linear function of temperature:

t(x) = ax+b. (1.16)

The coefficients @ and b in Eq. (1.16) are arbitrary, and are assigned to two easily
reproducible fixed points. In the case of the Celsius temperature scale, these points
are the freezing and boiling point of water at ambient pressure. Their values are 0
and 100, such that

ax,+b =0 and ax,+b = 100, (1.17)

The coefficients @ and b are obtained by solving Eq. (1.17)

(1.18)

Inserting a and b in Eq. (1.16) yields



1.6 Temperature 9

#(x) = 100 -

[°C]. (1.19)

)C—)CU
X —)CU

Generally, the relationship given in Eq. (1.19) does not hold strictly. Different
thermometers give slightly different temperatures. The differences depend on the
temperature, the reference system (thermometer type, e.g. gas, liquid etc.) and on
the state variable, x, that is measured. Temperatures determined by gas thermome-
ters, where volume, V, or pressure, P, as a function of temperature, is measured, de-
viate least from each other.

_ . O roc1- =
«(V) = 100 Vl_Vo[ C]; P = const, (1.20)
P) = 100 ) °Cl; ¥V 1.21
t(P) = ~P17P0[ 1; = const. (1.21)

At very low gas pressures Eq. (1.20) and Eq. (1.21) yield the same temperature
for all gases. This fact is the basis of thermodynamic temperature. 1f the coefficient

P
100 - °— for different values of P, is plotted versus P, and then extrapolated

1 )
to P, =0, a constant, 7, is obtained that holds for all gases:

P
T = lim 100 - —2—: V = const. 1.22
° P50 P, -P, (122)

The numerical value of 7}, is 273.16 K. It is the temperature where ice coexists
with water and vapor (triple point) in Kelvin (K). This temperature equals 0.01 de-
gree on the Celsius scale, whose zero is the freezing point of water at ambient pres-
sure. Hence, the Kelvin temperature scale is shifted by 273.15 relative to the Celsius
scale, such that:

T[K] = ([°C] +273.15. (1.23)

In thermodynamic calculations only the Kelvin temperature scale is used. It has
the advantage of being always positive and independent of a particular substance.

In experimental mineralogy thermocouples are often used for measuring the tem-
perature, where EMF vs. temperature curve is calibrated against the melting points
of standard substances such as different halogenides, nobel metals, etc.
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1.7 Pressure

Mineralogical processes inside the Earth often occur at high to very high pressures.
Some minerals are thermodynamically stable only at high pressures. A well known
example is ferrosilite, FeSiO5. Thus, the variable pressure plays an important role

in many mineralogical studies.

Pressure is defined as force per unit area. Its dimension is N/m? (Newtons per
square meter) or Pa (Pascal). This is a small unit. In order to avoid large numbers,

MPa (Megapascal = 100 Pa) or GPa (Gigapascal = 10° Pa) are used. In the older

mineralogical literature pressure is often given in bar or kbar (103 bar). The numer-
ical conversion between the two units is:

1 bar = 10° Pa. (1.24)

1.8 Composition

In addition to temperature and pressure, composition is the third important variable.
This variable is required to describe the state of a system consisting of more than
one component. The simplest way to do this, is to give the number of moles of each
constituent participating in the mixture. This procedure, however, is impractical. It
is more convenient to use normalized quantities such as mole fractions, weight per-
cent, molarities, and molalities.

The mole fraction of the i-th component in a solution is defined as the number of
moles of i divided by the sum of all moles of all the components in the solution, that
is:

. number of moles of i _ n; (1.25)
I total number of moles k ’ ’

Example: The mole fraction of grossular in a (Mg,Fe,Ca,Mn);Al,Si;0,, garnet
is calculated as follows:

grt _ o grt grt grt
XCasAL,Siy0py ~ MCaydlySis0,,” MCaya1y5is0,, ¥ Mg, 41,51,0,, (1.26)

grt art
Mo ALSis0py T "MnyALSi;0,,)"

The sum of all mole fractions present in a phase is always one,
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Yo ox=l (1.27)

The multiplication of the mole fraction by 100 yields the mole percent. This unit
of measure is used in the graphical presentation of compositions and in phase dia-
grams. Mole percent is not suitable for thermodynamic calculations.

Ceramists often use weight percent (wt%) instead of mole percent to specify the

composition of a phase or system. This unit is defined as the mass of the component
under consideration divided by the total mass of the phase or system times 100, i.e.

0p(f) — _MASS i o0 m; 1 12
Wi%(i) =~ 100 = ——— x 100. (1.28)

Molarity (c;) gives the concentration of a component i expressed by the number
of moles of solute per liter of solution, i.e.:

10007,

¢ =~ (1.29)

where V is the volume of the solution.
Molality (m;) gives the concentration of the ith-component in terms of numbers
of moles, per kg solvent, that is

n; 1000 n; (1.30)
m, = = s .
"ong o Myo  "wo Mpo

1000

where M H,0 is the molar mass of water.

Molarity and molality are mainly used to describe the concentrations of compo-
nents in aqueous solutions.

1.8. 1. Graphic representation of composition

For the graphic representation of composition, mole fractions, mole percent, or
weight percent can be used.

In a two-component system composition can be represented on a straight line.

The length of a line depends on the type of compositional specification. If the com-
position is expressed by the mole fraction, the line starts at zero and ends at 1. In the
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case that mole percent or weight percent are used as the compositional units, the line
starts also at zero, but it ends at 100. The components of the system are represented
at the endings of the concentration line. If temperature and pressure are not speci-
fied, the compositions of all phases belonging to the system under consideration are
represented on concentration line regardless their stability conditions. Polymorphs
plot at the same compositional point (see Fig. 1.2).

stihovite
a) o coesite
Ca-olivine cristobalite
larnite a-wollastonite tridymite
bredigite  p_wollastonite high-quartz
a-Ca,Sio, CaSio, low-quartz
I —t } i
Ca0 Ca,Si,0, Sio,
rankinite
0 Xsi0, ——§» 1
1 <4— Xca0 0
b)
CaySi04  CaSiO4
I +—+ } |
a0 Ca,Si,0; Si0,
0 wt%(Si0,) —pp» 100
100 ~@—— Wt%(Ca0) 0

Fig. 1.2 Graphic representation of the composition in the binary system CaO-SiO,. a)
concentration in mol fractions, b) concentration in weight percent.

The molar ratio of phases that constitute a given bulk composition, can be calcu-
lated using the /ever rule. According to this rule, the amount of a phase is directly
proportional to the distance between the bulk composition and the composition of
the coexisting phase, sitting on the other side of the bulk composition point. The va-
lidity of the lever rule can be demonstrated as follows:

Suppose a mixture consisting of the components 4 and B has the composition xg .

Suppose further that at some P and 7, 4 and B react with each other forming the

phases o and 3, with compositions x; and xg , respectively. The question to be an-

swered is: what are the molar proportions of the two phases.
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According to Eq. (1.25), the mole fraction of component B in the bulk composi-
tion reads:

b

b _ _"p
b b
nA+nB

=
|

(1.31)

. b b ..
with n, and np giving the number of moles for the components 4 and B, respec-
tively.

The following relations hold between the numbers of moles of the components A
and B in phases o and [ and the bulk composition:

”Z = nj-i-ng and ng = ng+ng. (1.32)

Inserting the expression of Eq. (1.32) into Eq. (1.31), one obtains

o, B
b _ nptng
) PRI (1.33)
(ny+ny)+(ng+ng.)

From the definition of mole fraction,

a B
n n
xg == B - andxg =3 B 5 (1.34)
nytng nytng
one derives the expressions for ng and ng, namely:
ng = xj;(l/zf;L + ng) and np = xlg(l/zE1 + ng). (1.35)

Replacing the number of moles ng and ng in the numerator of Eq. (1.33) by the

above expressions,
A% nDy xS nby = xS %+ %y + D+ b (1.36)

is obtained.

A small rearrangement of terms leads to a proof of the lever rule, namely:
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b
(1) ()

)
(nG+np)  (h-xp)

(1.37)

The sums (nf;L + ng) and (ng + ng) give the total compositions of the phases «

and B, respectively. The differences between the mole fractions, given on the right
side of Eq. (1.37), can be read off the line in Fig. 1.3. The numerator equals the dis-
tance a and the denominator the distance b, respectively.

1 a [IJbCI
a B
1 [ 1 [ ]
I 1 1 1 1
o b B
A Xg Xg xg B

Fig. 1.3 Illustration of the lever rule. The distances a an b are directly proportional to the

amount of the phases 3 and a, respectively. x; gives the mole fraction of the compo-

p

. . b . .
nent B in the phase o and xp that in the phase . x5 designates the mole fractions of the

component B in the bulk composition.

Example: An analysis of a phase mixture consisting of rankinite, Ca3Si, O, and
wollastonite, CaSiO3, yielded 45.455 wt% SiO, and 54.545 wt% CaO. What are the
molar proportions of rankinite and wollastonite in the mixture?

To solve this problem, first the given weight percents are to be converted into
mole percents. In this conversion weight percents are taken as masses and the mole
fractions are calculated according to Eq. (1.25) as follows:

wi(%)(Si0,) 45,455

¥ - MSiOz _ 60.084
Si0, wit(%)(Si0,) N wi(%)(CaO) 45.455 n 54.545

Mso, M.y 60.084 ' 56.077

= 0.4375.

According to Eq. (1.27), the mole fraction of CaO can be calculated directly from
the known mole fraction of SiO,, namely:



1.8 Composition 15

Xeqo = 1-04375 = 0.5625.

Aplotof xg; 0, O Xcqp ON the composition line shows that the bulk composition

lies between rankinite and wollastonite (see Fig. 1.4).

If we now make use of the lever rule (see Eq. (1.37), the molar proportions of the
phases present in the mixture are calculated as follows:

wo + wo
"ca0 ™ sio,

a
rnk rnk b
ncq0 T Msio,

_ 04375-04 _ 0.0375
0.5-0.4375  0.0625°

Since the maximum concentrations of CaO and SiO, at the ends of the composi-

tion line are 1, the calculated number of moles of wollastonite is one half and that
one of rankinite one fifth of the respective formula unit. In order to obtain the whole
formula units, the right side of the above equation has to be multiplied by 5/2. The
sums ngz ot ngvl.aoz and nrcnako + ng'izgz give the total amount of wollastonite and

rankinite, respectively and therefore

wo
"Casio; _ 0.0375 5 _3
nrnk 0.0625 2 2
Ca;Siy 0,
or
wo _ 3 rnk
"casioy = 5 " "CaySi,04
Yo}
>
< < 0
o 5, © b o
=
<4— CaOo rnk bulk wo SI02 —>

Fig. 1.4 The system CaO - SiO,. In agreement with the lever rule, the distance a is
directly proportional to the amount of wollastonite, CaSiO3, in the bulk composition.
Similarly, the distance b corresponds to the amount of rankinite, Ca3Si,O;. The numbers
give the mole fractions of SiO,.
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Thus, we are able to calculate the number of moles of rankinite for any arbitrarily
chosen mole number of moles of wollastonite and vice versa. For example, if we as-

. .. k
sume wollastonite nVCVZ Sioy ~ 3, the number of moles of rankinite, ann% 8,0,

equals 2. The corresponding mole fractions are therefore:

wo
wo 3 "casio, 3
xC“SiO3 T rnk wo B 3+2 B
"Ca,Si,0, T MCasio,

of wollastonite and

rnk o wo _ _
XCaySi,0, = 1*xcczs1'03 =1-06=04

of rankinite.

For the graphic representation of a ternary system Gibbs' compositional triangle
is used. It is an equilateral triangle with the components given at the corners. The
three sides represent the three binary subsystems. Compositions within the triangle
can be plotted in different ways:

a) First, one component of the ternary system or phase under consideration is
neglected and for the remaining two, the mole fractions are calculated and plotted
on the proper side of the compositional triangle. Next, a line is drawn from the
plotting position to the opposite corner, that is the corner with the component
neglected in the calculation of the mole fractions. This line divides the triangle into
two parts in constant proportions along its entire length. Thereafter, this procedure
is repeated for another two components. The intersection of the two lines defines
the plotting position of the ternary system or phase.

b) Another way to plot a ternary phase in a compositional triangle is to use the
mole fractions of all three components present in it. Since each component is fixed
by two other, each mole fraction appears on two sides of the triangle, such that a
line connecting the two plotting positions runs parallel to the third side of the trian-
gle. The intersection of such two lines gives again the plotting position of the ter-
nary phase.

Example: How can grossular, CazAl,Si301,, be represented in the ternary system
Ca0-Al,05-Si0,? To plot this phase in the Gibbs' compositional triangle, following
the method described in a), two subsystems, for example CaO-Al,O;, and
Al,03-Si0, are chosen. Next, the mole fractions of the components in these two
subsystems are calculated using the oxide based formula of grossular,
3Ca0-Al,05-35i0,. The calculations yield the following results:
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lim-cor 3 3 lim-cor lim-cor
Ycao T 3y7 g - 0T andxy o8 = l-xc,e = 1-075 =025

in the subsystem Ca0O-Al,05 and

cor-qtz
Xa,0, =

cor-qtz

1 _ - _
T35 = 025 and x5! = 1-025 = 0.75

in the subsystem Al,05-SiO,.
The mineral abbreviations in the superscript signify the binary subsystem to

which the mole fractions refer.

The mole fractions, as calculated above, are plotted on the corresponding sides
of the Gibbs' compositional triangle. Then, lines are drawn to the SiO, and CaO cor-
ners, respectively. The intersection of these lines gives the plotting position of gros-
sular (see Fig. 1.5).

Si0,

C63A|23i3012

|
Ca0 - > Al,O4

lim-cor
Xca0

Fig. 1.5 Graphic representation of a ternary phase in Gibbs' compositional triangle. The
plotting position of grossular, Ca3Al,Si301,, is determined using the mole fractions in

the subsystems CaO - Al,O5 and Al,O3 - SiO,.

To plot grossular according to method b) the ternary mole fractions are to be cal-
culated first. Using the oxide formula of grossular once again, we obtain:
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ca0 = 37133 7 04¥
and

grt 1L _1_

Al,04 3+1+3 7 0.143

As shown previously, the mole fractions of any two components suffice. The use
of the mole fraction of the third one is not necessary. If we plot the calculated mole
fractions, each one on the two appropriate sides of the compositional triangle, and
connect the two mole fractions with one another, a parallel line to the third side of
the triangle is obtained. The intersection of two lines yields the plotting position of
grossular (see Fig. 1.6).

CayAl,Siz0;,

L
Ca0 leor |
AlLO,

>~ > Al203
ar

X
Ca0

Fig. 1.6 Graphic representation of a ternary composition in a Gibbs’ triangle. The mole
fractions are calculated with respect to all three components. Each mole fraction is plot-
ted on two sides of the triangle.

In order to read the mole fractions of a ternary composition from the Gibbs' com-
positional triangle, the procedure described above has to be reversed. Another way
to arrive at the molar proportions is to drop perpendiculars from the plotting position
on the three sides of the triangle. The lengths of the three perpendiculars are directly
proportional to the three molar fractions. This method is demonstrated in Fig. 1.7.
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sio,

CayAl,Siz0;,

Xo:,
Sio,

N
CaO AlyO3

Fig. 1.7 Determination of mole fractions of a ternary phase from its position in a Gibbs'

. . . .. grt grt grt
compositional triangle. The lengths of the perpendiculars: x &, , X 1,0, > and xg; 0,

correspond to the mole fractions of the oxides: CaO, Al,O3, and SiO, respectively.

If compositions with more than three components are to be presented graphically,
a procedure is applied that is called compositional projection. This means that the
dimensionality of the full space is reduced by its projection onto a compositional
subspace.

Example: Consider kaolinite, Al,Si,O5(OH),4. The composition of this mineral
can be visualized in a ternary diagram with the components Al,O3, SiO, and H,O.
In addition, it can also be represented in a binary system. In this case, the plotting
position of kaolinite in the triangle has to be projected onto one of the three sides of
the Gibbs’ triangle. Thereby, three dimensions are reduced to two. For example, if
itis to be represented on the line Al,05-Si0, the projection is carried out by drawing
a line from the H,O corner of the triangle through the plotting position of kaolinite
to the basis line. The intersection of this line with basis of the triangle marks the

composition of kaolinite in the projection. This projection procedure is demonstrat-
ed in Fig. 1.8.

In a multi component systems with C >4 projections are carried out in the same
way. For example, a phase consisting of four components can be represented in a
Gibbs' compositional triangle as a projection from one of the four corners of a tetra-
hedron. Of course, it is not necessary to draw the three dimensional diagram first.
The plotting position in the projection is found simply by using the mole fractions
calculated disregarding the component from which the projection is to be carried
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out.

H,O
a)
Kaolinite
A|203 Kaolinite' Si02
+
b) H,0
A|2'03 Kaollinite‘ Si.02

Fig. 1.8 Projection of kaolinite composition from the H,O apex onto the A1,03-SiO,
base line. a) The plotting position of kaolinite, Al,Si,Os(OH),, in the compositional tri-
angle, b) kaolinite in projection.

Example: The four-component phase muscovite, KAl,[AlSi;O;(](OH),, can be
represented as a projection from the H,O apex onto the base of the tetrahedron, de-
fined by K,0-Al,03-Si0,. In order to do this, the molar fractions of the components

are calculated as though water was not part of the system. The following values for
the mol fractions are obtained:

ma 11 _
Y60 = 73356 10 b

and
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mu 6

xSi02 = m = 0.6.

The result of this projection is demonstrated in Fig. 1.9.

sio,

Kzo A|203

Fig. 1.9 Muscovite (mu') after projection from the H,O apex onto the base of the triangle
K50 - Al,Oj5 - SiO,. The distances a, b, and ¢ correspond to the mole fraction in the ter-
nary subsystem as follows: a oc (Al,03)/(K,0 + Al,03 + SiOy), b oc (Al,03)/(K,0
+AL, 05 + Si0;,) and ¢ oc (Si0,)/(K,0 + ALL,O5 + SiO,).

1.9 Problems

1. Show that the function z = ax/y possesses a total differential.
2. Calculate the mole fractions of MgO and SiO, for forsterite and enstatite.
3. Plot the forsterite and enstatite composition on the line MgO-SiO,.

4. Calculate the mole fractions of MgO, Al,05 and SiO, for a water-free cordierite,
Mg2A13A181508
» Convert the mole fractions of MgO, Al,O3 and SiO, into wt%.
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5. Plot the following compositions in the Gibbs compositional triangle
MgO-Al,05-Si0,: enstatite, MgSiO3, kyanite, Al,SiOs, spinel, MgAl,O4, and
sapphirine, Mg, Al4O4(Si0y).

6. Plot the tremolite composition, Ca,MgsSigO,,(OH),, as a projection from the
H,0 apex onto the base of the MgO-CaO-Si0,-H,0 tetrahedron.

7. The chemical analysis of a mechanical mixture consisting of kyanite, Al,SiOs,
and low quartz, Si0,, yielded 45.707 wt% SiO, and 54.293 wt% Al,05. Calcu-
late the mole fractions of kyanite and low quartz using the lever rule.
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For geochemical and geophysical calculations volume of minerals and fluids plays
an important role. It determines basically the direction in which reactions proceed
during the pressure changes. It belongs to one of the few relatively easily conceiv-
able thermodynamic properties.

3

The volume of a solid is normally given in m” or cm?. In older literature addition-

al volume dimensions such as calbar ! (calorie pro bar) or Jbar -1 (Joule pro bar) are
often found. The following relationships exist between different dimension specifi-
cations:

1 bar=10° Nm = 10> Pa (Pascal)

1bar ' = XM — 105m® = 10em”’.

Taking into account that
1 cal=4.1844]

the relationship

V[cal bar']= 10 x 4.8144 = 41.844 cm> = 41.844 x 10° m>

is obtained.

The volume given in [calbar'l] or [J bar'l] is occasionally referred to as volume
coefficient.

2.1 Volume of pure phases

In the case where the mass of a pure phase is kept constant, its volume is determined
completely by temperature and pressure. Changes in pressure result in definite
changes in temperature. The relationship between pressure, temperature, and vol-
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ume is given by the equation of state:
V=AP,T). 2.1

In a three-dimensional diagram with the coordinates temperature, 7, pressure, P
and volume, V, this function represents a surface (see Fig. 2.1).

P

Fig. 2.1 Schematic diagram of the volume of a pure phase as a function of state V' =
J(PT). V(T) = isotherm, V(P) = isobar, and P(7T) = isochore.

Experiments aimed at studying the relationships between the variables must be
designed such that all but one of the variables are kept constant. In respect to which
variable is changed and which one is kept constant, the following partial functions
of volume are obtained: V' = f(T)p and V = f{P)7. The curves given by the first func-
tion are called isobars. They represent the temperature dependence of volume at
constant pressure. The second function renders the isotherms. These curves repre-
sent the pressure dependence of the volume at constant temperature. In addition to
these two functions, a third additional one is possible. One can also keep volume
constant while the temperature changes. In this case changes in temperature cause
definite changes in pressure and one obtains the following partial function: P =
A(T)y. The resulting curve is referred to as an isochore. The three functions are de-

picted in Fig. 2.1.
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2.1.1 Thermal expansion and compressibility

Fig. 2.2 shows the volume of the unit cell, Vg, of diopside, CaMgSi,Og, as a func-
tion of temperature.

460 4+
455 +
=
A
a45 1 ]
/¢/ tan¢ = (aYElaT)P

- [ [ v [ [ [

1 1 1
1000 1200 1400 1600
TIK]

Fig. 2.2 The volume of the unit cell of diopside, CaMgSi,Og, as a function of tempera-
ture at 0.1 MPa. (After Richet et al. 1998).

The volume of the unit cell increases with increasing temperature non-linearly.
The slope of the volume vs. temperature curve, which is given by the derivative

(0Vy/0T) po is smaller at low temperatures and becomes greater at higher temper-

atures.

Fig. 2.3 shows the volume of the unit cell of deuterated synthetic chlorite,
MgsAl(SizAl)O;((OD)g, as a function of pressure at room temperature. Increasing
pressures results in a decrease in the volume of the unit cell. The slope of the volume
vs. pressure curve is given by the derivative (0V/ 8P)T. It decreases with increas-

ing pressure and approaches zero at very high pressures.

If both temperature and pressure change, the volume change is given by the total
differential:

dv = (2—9 AT+ (% dP. (2.2)
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In Eq. (2.2) the subscript E is dropped, because the relationship holds not only for
the volume of an unit cell but, generally, for the volume of an arbitrary mass of a
pure phase. The only precondition that must be fulfilled is that the mass of the phase
remains constant in the course of a thermodynamic process.
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\Y,
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Fig. 2.3 Volume of deuterated synthetic chlorite, MgsAl(Si3A1)O;((OD)g, as a function
of pressure at 298 K. (After Welch and Crichton 2002).

The fractional increase of volume with temperature at constant pressure is re-
ferred to as the coefficient of thermal expansion, o, that is

o= lV(g_;)P 2.3)

In a similar way the compressibility coefficient, B, is defined as the negative frac-
tional change of volume with pressure at constant temperature:

B=— %/@_I;) . (2.4)

The negative sign is taken to make the coefficient a positive number, because in-
creasing pressure leads to a decrease in volume. Strictly, V in the term 1/V is the vol-
ume of the phase at pressure P, that is at the point of differentiation. For the practical
use, however, it is often replaced by V, that is the volume in some reference state,
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e.g. at ambient pressure and temperature. If the substance under consideration is a
solid phase, and thus has relatively small changes with both temperature and pres-
sure, little error is introduced by this simplification.

In the mineralogical literature, the isothermal bulk modulus is often used instead
of the compressibility coefficient. It is defined as the reciprocal of the compressibil-
ity, that is:

5=5=-v()

) 2.5)

Generally, both thermal expansion and compressibility are pressure and temper-
ature dependent. In the case of solids, however, these dependences are relatively
small. At low and moderate pressures and temperatures both coefficients are often
considered to be constant. Moreover, the fact that pressure and temperature act in
opposite directions lowers the error, because many mineralogical processes take
place at elevated temperatures and pressures.

In order to describe the behavior of volume at very high pressures (above 1 GPa)
the Birch-Murnaghan equation is frequently used. This equation of state has the fol-
lowing form:

3 ) g T T G [ T

where V, designates the volume at ambient pressure. B,, is the bulk modulus and B’
its pressure derivative.

Using the definitions of thermal expansion and compressibility, Eq. (2.2) can be
rewritten as follows:

dv = aVdT—BVdP. @.7)

In isochoric processes the volume remains constant, that is &V = 0. Inserting this
in Eq. (2.7) yields:

oVdT—BVdP = 0. 2.8)

From Eq. (2.8) follows:

(‘2—};) = % (2.9)
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Eq. (2.9) describes the pressure change per unit temperature in the case where the
volume is kept constant.

In the examples presented above, we used the volume of one unit cell. For ther-
modynamic calculations, however, the molar volume, V, is the more appropriate
quantity. It is defined as the volume that is occupied by one mole of formula units
of the substance under consideration. The spatial arrangement of atoms is predeter-
mined by the crystal structure of the substance.

Examples of calculated thermal expansion and compressibility

Example 1: Tab. 2.1 gives and Fig. 2.4 shows the molar volume of a-eucryptite,
LiAlSiOy, as a function of temperature at a constant pressure of 1.94 GPa. The data
are taken from Zhang et al. (2002), who measured the lattice constants in the tem-
perature range 298-1073 K.

Table 2.1 Volume of a-eucryptite, LiAlSiOy, as a function of
temperature at 1.94 GPa (Zhang et al. 2002)

T[K] V [em>mole™]
300 209.083
373 209.357
473 209.622
573 210.107
673 210.592
773 211.243
873 211.731
923 212.014
973 212.250
1073 213.046

Although the molar volume clearly increases non-linearly, a straight line is first
fitted to the data points. The result is shown by the dotted line in Fig. 2.4. Of course,
this fit is only a rough approximation. Nonetheless, this procedure is frequently car-
ried out especially in the case where the average thermal expansion over a restricted
temperature interval is required. In our example the linear regression yields:
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V [em®mol™'] =207.35 + 5.0739 x 10T [K].

Because of the assumed linear relationship between the volume and temperature,
the thermal expansion is temperature independent. It is calculated as follows:

1 (Vp=Vieg)

- — : (2.10)
Vyos (T—298.15)

(03

where o is the average thermal expansion and V,og the volume at 298.15 K.

Using the coefficients determined by the regression procedure, one obtains:

Vygg = 207.35+5.0739x10 ° x 298.15 = 208.863 cm’mol |

for the volume at 298.15 K and

V, = Vogy = 207.35+5.0739x10 ° x 700 = 210.902 cm’mol '

for the molar volume at 700 K.
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Fig. 2.4 Molar volume of a-eucryptite as a function of temperature at a constant pres-
sure of 2.4 GPa (Zhang et al. 2002). A straight line and a second-order polynomial are
fitted to the data points.
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In this example 700 K is taken as the upper temperature limit. Because of the as-
sumed linear behavior, the choice of upper temperature is entirely arbitrary. Hence,
any other temperature within the measured interval could have been used as well.

The average thermal expansion coefficient, o, for ai-eucryptite is then

_ | (210,902 cm’mol ! —208.863 cm’mol )

g -
208.863 cm°mol | (700 K —298.15K)

= 243x10 °K '

If one uses a second-order polynomial of the form V' =a + bT + cT 2, instead of
a straight line, a much better fit is obtained. It yields the following coefficients:

a=208.34,
bh=17.087 x 10"* and
c=247x10°.

With these data, the thermal expansion is then calculated according to Eq. (2.3):

VS S—T Y 2.11)

(@t bTH T

Using the volume at 298.15 K as a reference the calculation reads:

4 6
Gsgy = 17.087><10_4 +2x247x10 ~ x 5_060 - 2.0><10_5K71
208.34 +17.087x10 "~ x298.15+2.47x10 ~ x 298.15
for 500 K and
4 o
_ 17.087x10 " +2 x2.47x10 ~ x 1000
Q1000 ~

208.34 + 17.087x10 " x 298.15 +2.47x10 ° x 298.15

= 3.18x10 °K '

for 1000 K, respectively.

A comparison of the two results reveals appreciable differences. As a general rule
it holds that higher temperatures give rise to greater thermal expansion coefficients.
It is necessary, therefore, to specify the temperature region over which a given ther-
mal expansion coefficient holds.
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Example 2: Yang et al. (1997) determined the unit-cell dimensions of kyanite,
Al,Si054, at room temperature and at various pressures up to 4.56 GPa. Their results
can be used to calculate the molar volume of kyanite as a function of pressure. The

pressures and the molar volumes are presented in Table 2.2 and displayed in Fig.
2.5.

Table 2.2 Molar volume of kyanite, Al;SiOs, as a
function of pressure (Yang et al. 1997)

Pressure [GPa] V[cm3mol'1]

0.00 44.1572
0.68 44.0186
1.35 43.8525
1.98 43.7175
2.54 43.6113
3.10 43.4725
3.73 43.3386
4.32 43.2212
4.56 43.1674

A plot of the data exhibits a linear relationship between the molar volume and
pressure (see Fig. 2.5) that can be described by the equation:

V [em®mol™'] = 44.156 - 0.218P [GPal.
The linear behavior suggests a constant compressibility over the entire pressure
regime.

Using the volume at 0.1 MPa (V, = 44.156 cm? mol'l) as a reference and that at

4.0 GPa (V4 (,=43.285 cm? mol'l) as the upper limit, the compressibility coefficient
is:
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| 43285 em>mol ! = 44.156 cm>mol !

44.156 cm>mol | 4.0x10° Pa

= 4.93x10 2 pa’!

B:,

and the bulk modulus

S S— 202.84 GPa.

B=-=
4.93x10 2 pal

=I—

44.2

Kyanite

44.0-
438+

43.6 1

V[cm3-mol_1]

434+

4321

43.0 ; ; ; ;

P[GPa]

Fig. 2.5 Volume of kyanite as a function of pressure at room temperature (Yang et al.
1997).

Example 3: The volume of the unit-cell versus pressure curve for chlorite (see
Fig. 2.3) shows a significant curvature. This means that the compressibility coeffi-
cient is pressure dependent within regime under consideration. In order to account
for this behavior, a polynomial of the second-order is fitted to the data. A least
squares best fit yields:

V,[A’] = 699.56—8.2814P+0.1601P°;  P[GPa].
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Using this polynomium, the compressibility coefficient can be calculated at any
a pressure within the pressure range over which the volume-pressure relationship
was measured. Using the volume of the unit-cell at 0.1 MPa (699.56 A3) as a refer-

ence, the compressibility coefficient at 1 GPa is calculated according to Eq. (2.4) as
follows:

1

Biora = ~ggg 5~ 82814 +2x0.1601 x 1)

= 11.38x10 ° GPa ' = 11.38x10 * Pa .
An analogous calculation for P =7 GPa yields:

Boop, = 8.63x10° 2 Pa ',

As expected, different compressibility coefficients are obtained depending upon
the pressure. The higher the pressure, the smaller the compressibility coefficient.

In Fig. 2.6 the calculated compressibility coefficient of chlorite is shown as a
function of pressure. Because a second-order polynomial is used to fit the experi-
mental data, a linear relationship between compressibility and pressure results.

12.0x10°

chlorite
11.0+

BGPa'] 10.0-

9.0

8.0 : : :
0 2 4 6 8
P[GPa]

Fig. 2.6 Compressibility coefficient for chlorite as a function of pressure at room tem-
perature. The second-order polynomial is used to describe the volume vs. pressure rela-
tionship. (Experimental data are taken from Welch and Crichton 2002)
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In thermodynamic tables used by geoscientists the compressibility is occasional-
ly given as a function of pressure, i.e. Sp = B, - B1P. In our case for chlorite 5, =

11.83 x10 GPa'! and B1=45.76 x10°® GPa is obtained. If the thermal expansion

is also given as a function of temperature in such tables, equations of this kind read:
or=o,+ o7

In this connection, it is necessary to emphasize that equations describing the pres-
sure and temperature behavior of compressibility and thermal expansion respective-
ly are purely, empirical in nature. The second-order polynomials that are used to fit
the experimental data, have no physical meaning. Therefore, any extrapolations out-
side the experimental data base should be viewed cautiously.

A better, although, empirical approach to describe the compressibility of solids
up to very high pressures offers the Birch-Murnaghan equation (see Eq. (2.6)). If
this equation is plotted to the experimental data of Welch and Crichton (2002), dis-
regarding the given uncertainties, a bulk modulus, B, of 82.9 GPa is obtained. Its

derivative B’ amounts to 4.7.

2.1.2 Volume of ideal gases as a state function

A mineralogist who is mainly concerned with solid rocks might think gases don’t
play such an important role in geosciences. However, a closer look at the subject un-
veils the immense importance of this group of substances. Any equilibria involving
solids involve also gases exerting a vapor pressure over the solids. In oxidation/re-
duction processes gases determine the direction in which reactions proceed.

The most important gas is H,O vapor consisting of the components O, and H,.
In carbonate bearing mineral assemblages CO, gas is the most important species. In
more reducing conditions CH, plays an essential role. H,S and gaseous sulfur play
an important role in the formation of ore deposits.

In 1802 Gay-Lussac observed that the volume of a gas at constant pressure (suf-
ficiently low) or the pressure of a gas at constant volume change linearly with tem-

perature. This observation, expressed in mathematical form, is known as the
Guy-Lussac’s law:

V="V, (1+at); P = const, (2.12)

where V, and o are the volume of the gas at 0°C and the coefficient of thermal ex-

pansion, respectively. 7 is the temperature in degree celsius. Gay-Lussac found o to
be constant having a value of 1/267. Experiments conducted by Regnault in 1847
yielded a value for a of 1/273. Later more precise measurements showed that some
gases obey Gay-Lussac better than others. However, the deviation from the law was
found to become smaller with decreasing pressure for all gases. If P in Eq. (2.12) is
set to ambient pressure (101325 Pa), o equals 1/273.15. With this value the
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Gay-Lussac law reads:

‘ Sy T
= + = -y =
v=1 273.15) 2 s ) Vo T @13)

In Eq. (2.13) T designates the thermodynamic temperature as defined in Eq.
(1.23).

According to the Gay-Lussac‘s law a gas would have zero volume at 0 K but this
is impossible, therefore, the absolute zero is physically not attainable. Hence, the
Gay-Lussac’s law is a limiting law and it holds strictly only for a hypothetical gas
consisting of molecules having negligible volume and no intermolecular interaction.
Such a gas is called ideal or perfect. Real gases approach this state at very low pres-
sures and high temperatures.

In the seventeenth century the British physicist Robert Boyle discovered that the
product between volume and pressure for the air is (nearly) constant. Somewhat lat-
er a French physicist Mariotte, who independently repeated Boyle’s experiments,
added the very important restriction that the inverse relationship between volume
and pressure holds only if the temperature of the gas is kept constant. The law, that
is called Boyle’s law (in the Anglo-Saxon part of the world) or Mariotte’s law (in
France) or Boyle-Mariotte’s law (in Germany), holds strictly only for the ideal gas-
es. It reads:

PV = const; T = const. (2.14)

Gay-Lussac’s and Boyle-Mariotte’s law describe partial volume changes with
temperature and pressure, respectively. To obtain the total state function of volume,
V(P,T), the two laws must be combined. Hence, an isobaric and an isothermal
change are performed subsequently. We start with V,, P,, and 7,, where P, =

101325 Pa and T,, = 273.15 K and ¥, is the volume of the gas. The final state will

be characterized by V, P, and 7. Following Gay-Lussac’s law, the increase of the
temperature form T, to T at constant pressure P, yields:

Vp 7= —. (2.15)

According to the Boyle-Mariotte law the subsequent change in pressure from P,
to P at constant temperature 7 gives:

PVp 1= PVp . (2.16)



36 2 Volume as a state function

Substituting for V', ;- by the expression given in Eq. (2.15) we obtain:

PV

PV = —2T = const x T. 2.17)
TO

Using the volume of one mole of a perfect gas, V', = 22.414x1073 m® at ambient
pressure conditions, P, = 101325 Pa and 7, =273.15 K, the constant assumes a val-
ue that is referred to as the gas constant, R, namely:

_ 101325 Pa x 22.414x10 °m’

_ -1,-1
315K = 8.3144 Jmol K .

R

Thus, for 1 mole of a perfect gas the volume as a function of state reads:
V=—. (2.18)

For an arbitrary amount of gas Eq. (2.18) has to be multiplied by the number of
moles, n. Since nV = V (total volume,) the state function then takes the following
form:

= n—. 2.1
V =n 2 (2.19)
If Eq. (2.18) is differentiated with respect to the variables 7 and P,

av = Rar L p (2.20)

is obtained.

In order to prove whether or not Eq. (2.20) is a total differential the partial deriv-
atives are to be cross-differentiated. This means, the first derivative must be differ-
entiated with respect to pressure and the second one with respect to temperature.
Doing this, we obtain:

500, - S8 -4,

Eq. (2.21) is referred to as the reciprocity relation. It shows that Eq. (2.18) is in-
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deed a function of state.

2.1.3 Volume of real gases

An ideal or perfect gas is a purely hypothetical construct and can never exist in re-
ality. According to the equation of state, the volume of a perfect gas must become
zero at absolute zero, which means that the molecules do not have finite volume.
This is, of course, impossible, but at low pressures and high temperatures, where the
distances separating molecules are large compared to their size, the behavior of a gas
can approach ideality. However, as pressure increases, the volume of the molecules
increasingly becomes a significant fraction of the total volume. Similarly, the elec-
trostatic interaction between molecules is negligibly small at low pressures and high
temperatures and it only becomes significant with decreasing temperatures and in-
creasing pressures. Hence, another equation of state must be constructed to describe
properly the behavior of gases at higher pressures and low temperatures.

In order to account for the finite volume of the molecules, van der Waals pro-
posed an additional term, b, that is introduced into the equation of state:

v =254 (2.22)

The term b represents the volume of a gas at absolute zero, that is, the volume of the
molecules.

Because of the finite molecular volume, the free space, that is the space where
molecules can move around, is reduced. It equals V - b and is referred to as the 'free
volume'. The fact that molecules posses a finite volume determines also how closely
the molecules can approach one other before repulsive forces become significant.
An rearrangement of Eq. (2.22) yields:

_RT
P=5 (2.23)

Eq. (2.23) gives the pressure of a gas corrected for the molecular repulsion. re-
sulting from the closest approach.

On the other hand, the mutual attraction between molecules causes a reduction of
pressure that a gas exerts on the walls of a container. The attractive forces are pro-
portional to the number of molecules, which can be expressed as concentration c. If
we consider that the attractive force acts between two molecules, the concentration,
¢, has to be squared. Because the concentration is inversely proportional to the vol-
ume (c o« 1/V), follows farther that the attractive force is proportional to 1/ V2. At-
traction between molecules causes a decrease in pressure, and this means that the

term a/V 2 has to be subtracted from the term in Eq (2.23) to obtain the pressure of



2 Volume as a state function

38

a real gas, that is

RT
e 2.24

a
P = £,
V2

where a is an empirical parameter.

20x10° —

co,
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3 -1
V[m™mol ]
and V,,, are the volumes of the coexisting

gas

Fig. 2.7 Calculated isotherms for CO,. Vjjq
liquid and gas, respectively at 275 K. P, = critical pressure, T, = critical temperature.

Eq. (2.24) is referred to as the van der Waals equation. Its physical meaning can
be interpreted as follows: External pressure, P, and the attraction between the mol-

ecules, a/V' 2, act in the same direction. They push the molecules together. At equi-
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librium, this pressure is balanced by the thermal pressure, RT/(V - b), holding the
molecules apart. Therefore,

RT a
_— = = 4+
V0 5 P. (2.25)

Hence, the constants a and b account for the attractive and repulsive forces be-
tween the molecules, respectively. A more precise meaning of these constants and
the way how they can be evaluated, will be discussed later on.

The van der Waals equation describes the P-V-T relations of real gases only qual-
itatively and over a limited range of pressures and temperatures. This fact makes it
less important in respect of predicting gas behavior at some arbitrary pressure and
temperature conditions. Important, however, is that the equation can be used to de-
scribe both gas and liquid states. This is demonstrated in Fig. 2.7.

An rearrangement of Eq. (2.24) shows that it is cubic in volume:

3 R7> 2 (a) ab
V—b+ =V +[Z|V-= =
(b 2 P 2 0. (2.26)

Depending on the temperature, Eq. (2.26) has one or three solutions for V. For
temperatures 7> T, (see Fig. 2.7) only one root is real. The remaining two are com-
plex. At these temperatures only one phase, a so called supercritical fluid, exists.
For T < T, all three roots are real. Two of them, the smallest and the largest one, rep-
resent the volumes of liquid and gas, respectively. Hence, at temperatures 7< T, a
two-phase field with coexisting gas and liquid exists. Its boundaries are given by the
inflection points on the isotherms. The two-phase field ends at the critical point,
which is characterized by the critical temperature, T,, critical pressure, P, and crit-
ical volume V. At the critical point, both inflections of the isotherm coincide with
the maximum of the curve limiting the two-phase field. Hence, the following two
condition must be fulfilled:

oP\
(W)T -0 (2.27)
and
2
(5_’32] - 0. (2.28)
ovir
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Applying the relations (2.27) and (2.28) to Eq. (2.24) yields:

RT
@—I:/)T = et 2 g (2.29)
c (Ve=b)Y W,
and
S 2RT
(_sz L ) (2.30)
ovir, (V,-b) V.
respectively.

Egs. (2.29) and (2.30) can be solved to obtain the parameters of the van der Waals
equation in terms of critical volume, critical temperature and gas constant, R:

9

a = gRTch (2.31)
and
VC
b= 3 (2.32)

Substituting expressions (2.31) and (2.31) into Eq. (2.24) yields the critical pres-
sure, P

3RT
P = <. 233
.= T (233)
From Eq. (2.33) it follows:
3RT
_ c
V.= 8P (2.34)
and
8PV
T, = £.€ (2.35)
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Replacing V, in Egs. (2.31) and (2.32) by the expressions given in Eq. (2.34), the
parameters a and b are obtained as functions of T, P, and R, namely:

2IR°T ,
- 64P, (2.36)
and

b KT, 2.37

8P, 237

From any of Egs. (2.33) through (2.35) it follows that
P 3
_ _¢c ¢ _ 2 _
Z, = RT " 8 0.375, (2.38)

where Z,. is the so-called critical compressibility factor and it should be the same for

all non-ideal gases. However, using the experimentally determined critical data of
various non-ideal gases values ranging between 0.25 and 0.30 are obtained. These
deviations from the value of 0.375 are the reason why different pairs of critical data
yield different values of the parameters a and b.

Example: Consider CO, gas. Its critical data are: 7, = 304.14K, P, =
73.75x10° Pa and ¥, = 94.0x 10" m*mol™! (Ambrose 1994).

The critical compressibility factor of CO, is given by:

_ 73.75x10°Pa x 94.0x10 *m’mol |

Z 1,1
8.3144Jmol K ~ x 304.14K

= 0.274,

which deviates from the theoretical value by +0.101.
Using the critical volume, V7, and critical temperature, T, Eq. (2.31) yields:

a = 2 x83144Jmol ' x 304.14K x 94.0x10 ®m’mol ' = 0.2674 Jm>mol .

0 I1\©

In order to calculate the value of parameter a according to Eq. (2.36), T, and P,
are required. The calculation reads:
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, _ 27x83144° " mol 'K x 304.14’K
64 x 73.75x10°Pa

= 03658 Jm>mol .

Parameter b can be calculated using either Eq. (2.32) or Eq. (2.37). If Eq. (2.32)
is used

_ 94.0x1 O_6m3m01_1

3 = 31333x10 ®m’mol !,

b

is obtained.
Using Eq. (2.37) gives:

_ 8.3144Jmol 'K x 3042K

- = 42.825x10 ®m’mol .
8 x 73.825x10°Pa

b

Another equation of state, also based on both repulsive and attractive forces be-
tween gas molecules, was proposed by Redlich and Kwong (1949). It differs from
the van der Waals equation in that it has a more complicated expression for the at-
tractive forces as a function of temperature and volume:

p = RT B a
V=0) 7r'2pp1p)

(2.39)

As in the van der Waals equation, in the Redlich-Kwong equation @ and b are also
considered constant for each gas. Its applicability is, therefore, restricted to a limited
range of temperature and pressure. In an attempt to extend it to geologically relevant
high pressure and temperature conditions, several workers developed modified
Redlich-Kwong equations. All of them exhibit a corrected attractive term or repul-
sive term or both.

De Santis et al. (1974) treated a as a linear function of temperature and b as a con-
stant. Holloway (1977) did the same using the volume data for H,O of Burnham et

al. (1969a,b). Kerrick and Jacobs (1981) developed an equation adopting Carnahan
and Starling’s (1969) version of a modified Redlich-Kwong equation where

P = RT(lererz*y?))i a(T) , (240)
V(1 -y) viv+b)r’?

with y = b/4V. a is a linear function of temperature and 4 is a constant. Kerrick and
Jacobs’ (1981) modification assumes that a is not only a function of temperature but
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also of pressure. Their equation of state reads:

p_ RTQ Yy’ ap)
V(1-y) vv+bn 1?2

(2.41)

Halbach and Chatterjee (1982) developed yet another modified Redlich-Kwong
equation based on a careful analysis of P-V-T data for H,O. They determined that a

is not so much a function of pressure but primarily of temperature. The constant b,
on the other hand, is considered a monotonous function of P. Their equation has the
following form:

- RT__ a(T) 2.42
V=bP) yr'2y+p(p)] .

with a(T) = Ay + Ay T+ A3/T and b(P) = (1 + B, P + B,P* + ByP*)/(By + BsP + BgP?).

According to the authors, Eq. (2.42) allows calculations of P-V-T for temperatures
between 100-1000°C and pressures up to 200 kbar. Less satisfactory results are ob-
tained only in the vicinity of the saturation curve, particularly at temperatures be-
tween 300 and 500°C.

Virial equation offers another approach to quantitative description of the gas be-
havior. It expresses the compressibility factor,

PV
7 == 2.43
T (2.43)
as a power series in terms of pressure (or density):
Z=1+BP+CP*+DP+ ... (2.44)

Coefficients B, C, D... are termed the second, third, and fourth virial coefficient.
They are functions of temperature, but not of pressure, and they must be determined
experimentally. The virial equation is the only equation of state that has a solid the-
oretical basis. Coefficients reflect the nature of molecular interactions. The equation
preforms remarkably well for many fluids at low pressures and temperatures, but it
fails at conditions generally encountered by metamorphic rocks, for example.

2.1.4 Volume of solid phases

For solids, no equations comparable to those for gases exist. It is possible, though,
to derive an algebraic expression that describes the volume behavior of solids over
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limited ranges of temperature and pressure. Let us assume that temperature increas-
es from 7, to T at the constant pressure of P,,. In order to obtain the volume change
caused by this finite temperature change, the expression for the thermal expansion
has to be integrated between the limits of 7 and T,. Before the integration, the vari-
ables must be separated, that is, the increment d7 must be brought to the left side of
the equation and we have:

T V(T, P)

B 1
j odT = j V. (2.45)
T, V(T,P,)

If thermal expansion can be considered constant within a given temperature in-
terval, the integration of Eq. (2.45) yields:

a(T-T,) = W[V(T, P,)] - In[/(T,, P,)] (2.46)
or
V(T,P,) = V(T,, P )exp[a(T—T,)]. (2.47)

Because thermal expansion is normally small compared to molar volume, the as-
sumption of constant expansion does not introduce significant error, as long as the
temperature interval remains moderate (a few hundreds of degrees).

In the next step, the pressure is changed from P, to P, while the temperature is

kept constant at 7. Now, the expression giving the compressibility of a solid has to
be integrated between the limits of P and P, that is

P V(T, P)
_ 1
- j BdP = j V. (2.48)
P, V(T, P,)

Assuming a constant compressibility, integration of Eq. (2.48) gives:
—B(P-P,) = In[V(T, P)]-In[V(T, P,)] (2.49)
or

W(T,P) = V(T,P,)exp[-B(P-P,))]. (2.50)
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Replacing V(T,P,) in Eq. (2.50) by the expression given in Eq. (2.47) yields:
Hp, T) = (T, Pyexpla(T—T,)-B(P-P,)] (2.51)

If the starting temperature, 7,,, and the starting pressure, P, are set to the standard

conditions that is 298 K! and 0.1 MPa, respectively, Eq. (2.51) reads:
V(P,T) = V exp[a(T—-298)—B(P— 105)], (2.52)

where V is the volume at 298 K and 0.1 MPa. It is generally called the standard
volume. Compressibilities of solids are generally small compared to molar volumes,
therefore, pressures on the order of GPa are required to obtain a marked changes in

volume. Hence, 10° Pa is much smaller than P and can, therefore, be neglected. Eq.
(2.52) thus simplifies to:

V(P,T) = V,exp[a(T—-298) - BP]. (2.53)

Eq. (2.53) is a transcendent function, that can be approximated by the Mac Lau-
rin’s series according to

2

¢ = 1+x+%+... (2.54)

In our case x is very small, and hence the series can be truncated after the second
term. Eq. (2.53) then becomes:

V(P,T) = V,[1+o(T—298)—BP]. (2.55)

Calculated example: According to the experimental data of Pavese et al. (2001),
the thermal expansion, a, of grossular is 27.7 x 10°® K. The compressibility coef-
ficient, (3, is calculated to be 5.9 x 1073 GPa‘l, and the standard volume, V, =

125.424 cm>mole™!. With these data, we can calculate the molar volume of grossu-
lar at any arbitrary conditions occurring within the pressure and temperature range
in which Pavese et al. (2001) performed their experiments. This constraint is a con-
sequence of the simplification made in connection with the derivation of Eq. (2.55).
It does not yield reliable results for P-T conditions lying appreciably outside the
pressure and temperature range, in which the thermal expansion and compressibility

1. For the sake of convenience, the decimals are neglected
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were determined. In order to compare directly the result of our calculation with an
experimentally measured value, we choose P = 2.1 GPa and 7= 800 K.

Inserting the values for volume, compressibility, and thermal expansion into Eq.
(2.55), the calculation reads:

grt _ 3 -1 —6.,—1

Ve 11,51,0,(800,2.1) = 125.424cm’mol ' [1 +27.7x10 K™ (800K
—298K)—5.9x10 “GPa ' x 2.1GPa]
= 125.614cm’mol .

Pavese et al. (2001) determined for the same P-T conditions a value of 125.677

cm>mole!. Although Eq. (2.55) gives a rough approximation, the difference be-
tween the calculated and measured values is small (0.05%). This is due to the fact
that thermal expansion and compressibility have opposite signs.

Calculation of molar volume using x-ray diffraction data

Molar volumes of crystalline materials can be calculated using lattice constants as
determined by x-ray diffraction experiments. The following relationship holds:

{a-[bx 2]}, (2.56)

N
= 4
z

where N designates Avogadro’s constant (6.022 x 102 mole™). z gives the number

of formula units per unit cell and &, b ,and ¢ are the lattice vectors. The scalar triple
product in braces represents the volume of the crystallographic unit cell. Hence, the
molar volume of a crystalline substance is defined as the volume that is occupied by
Ny formula units in the spatial arrangement as defined by the crystal structure. In

the case of a triclinic substance Eq. (2.56) reads:

NA 2 2 2 1/2
V = - abc[1 —(cosa)” —(cosP) —(cosy)” +2cosacosfcosy] , (2.57)

N

where a, §, and y are the angles between the vectors band &, 4 and &, & and b,
respectively.

Example: Yang et al. (1997) determined the following lattice constants for kyan-
ite, Al,SiOs, at standard conditions: a, = 7.1200 A, b, = 7.8479 A, ¢, = 5.5738 A,

a=389.974°,=101.117°,and y = 106.000°. The unit cell of kyanite contains 4 for-
mula units. Using these data, the molar volume of kyanite is calculated as follows:



2.2 Volume of solutions 47

23 -1
ky _6.022x10"" mol -8
VAIZS:'OS e E— {7.1200x10 "cm

x 7.8479x10 Scm x 5.5738x10 Scm

2 2 2 .
x sqrt[1 —cos (89.974°) —cos™(101.117°) — cos™(106.0°)
+2¢05(89.974°)cos(101.117°)cos(106.0°)]}

= 44.157 cmmol .

For a monoclinic system, where only one angle (8) differs from 90°, Eq. (2.57)
simplifies to:

N N
- 7Aabm/1 ~(cosp)’ = 7Aabcsin13 (2.58)

Example: Diopside, CaMgSi,Og, possesses a monoclinic structure, C2/c. Its lat-

tice constants are: @ = 9.7485 A, b = 8.9252 A, ¢ = 5.2518 A, and B = 105.899°
(Tribaudino et al. 2000). Each unit cell contains 4 formula units of diopside. Its mo-
lar volume is calculated according to Eq. (2.58):

23 -1
cpx _ 6.022x10"" mol -8
VCaMgSi206 = +[9.7485x10 cm

x 8.9252x10 Scm x 5.2518x10 Sem x sin(105.899°)]

= 66.161 cm mol .

2.2 Volume of solutions

While the volume of a pure phase is completely defined by two variables P and T,
additional variables are required to describe the volume of a solution. These addi-
tional variables are the numbers of moles of the components making up the solution.
Accordingly, the equation of state for a volume of a solution reads:

V = f(P7 T7 nl’ nza )s (259)

where #; is the number of moles of the components i.
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At constant temperature and pressure the total volume of a solution, V, repre-
sents, in the simplest case, the sum of the molar volumes of all the components mul-
tiplied by their respective number of moles. For k components the equation reads:

k
WP (2.60)

Eq. (2.60) holds for mechanical mixtures and ideal solutions. The precondition
for its validity is that by the process of mixing no or only very little strain is intro-
duced into the solution and that any chemical interaction effects between the com-
ponents plays a minor role.

Example: Consider an olivine single crystal consisting of 92 mole percent forster-
ite and 8 mole percent fayalite. Its mass is 5 g. What is the volume of the crystal if
an ideal mixing between forsterite and fayalite is assumed? To answer this question,
the numbers of moles and the molar volumes of the two mixing components must
be known. The molar masses of forsterite and fayalite are 140.6936 g and

203.7776 g, respectively. The molar volume of forsterite is 43.79 cm>mol ™! and that

for fayalite 46.26 cm>mole™. Using the molar masses, the number of moles of for-
sterite and fayalite in the olivine crystal can be calculated as follows:

ol _ 5x140.6936 x 92 _ 5x92

. = = 0.0327 mol
Mg,SiO ittt
8,810, 100 x 140.69362 100 x 140.6936
ol 5x203.7776 x 8 5x8
o= = = 0.0020 mol.
Fa,SiO s
ay3i0, 100 x 203.77762 100 x 203.7776

Inserting the calculated numbers of moles together with the molar volumes of
forsterite and fayalite into Eq. (2.60) yields:

V = 0.0327mol x 43.79cm>mol | +0.0020mol x 46 26cm°mol ' = 1.52 cm”.

2.2.1 Partial molar volume

If the mixing of components introduces strain into a solid solution, for example, the
total volume can not be represented simply by the weighted sum of the molar vol-
umes of the end-member phases. In such cases, the molar volumes must be replaced
by the partial molar volumes. The partial molar volume of the component i, V}, is
defined as the change in the volume of solution by adding or removing one mole of
component i at constant temperature, pressure, and number of all other components
j. Mathematically this definition is expressed as follows:
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ov
p-@) 261
=G e, (2.61)

The partial molar volume depends on the composition and on the nature of the
solution.

Using the above definition (Eq. (2.61)), the total volume of a non-ideal solution
containing k components reads:

k
W (2.62)

Example: The total volume of a mechanical mixture consisting of 0.02 mole of
sphalerite, ZnS, and 0.01 mole of stoichiometric pyrrhotite, FeS, can be calculated
as follows:

S

V=002V 8+0.01070 .

V;‘% and VﬁgS are the molar volumes of pure sphalerite and pure pyrrhotite, re-
spectively. Sphalerite is cubic with the sphalerite-type structure, while pyrrhotite is

hexagonal and posses the NiAs-type structure. With Vgﬁ; =23.830 cm®mole™! and

V;?ZS =18.187 cm’ mole'l, the total volume

¥ = 0.02mol x 23.830cm>mol ' +0.01mol x 18.187cm’mol | = 0.658 cm’

is obtained.

If this mixture is annealed at 700°C for 2 days, a homogeneous (Zn,Fe)S single
phase solid solution forms. In the solution zinc is partially replaced by ferrous iron,
but the crystal structure of sphalerite persists. In this case, the total volume of the
solution can not be calculated simply by multiplying the molar volumes of pure
sphalerite and pyrrhotite with their respective numbers of moles and summing up
the products. The partial molar volumes of the components must be taken instead
and we write:

V= 002 % VPt 0.01x V3P

Entering the solid solution FeS formally changes its crystal structure from the
NiAs type to the sphalerite type. This means its partial molar volume is based on a
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non-existing hypothetical cubic modification. Hence, in the case of FeS the differ-
ence between the partial molar volume and the molar volume is particularly mani-
fest.

For the given composition Cemic¢ (1983) determined the following partial molar
volumes:

V3Pt =24.094 cm3mole”!

and

VPt =24.305 cm®mole™.

Using these values, the total volume of the solid solution is calculated as:

V = 0.02mol x 24.094cm>mol ' +0.01mol x 24.305cm’mol = 0.725 cm” .

A comparison of the total volume of the solid solution with that one of the me-

chanical mixture gives a difference, AV, of 0.067 cm’. Hence, the same mass of a
homogeneous solution takes up a larger volume than does the corresponding me-
chanical mixture. The thermodynamic consequences of this fact will be discussed
later.

The total volume is an extensive property that depends on the amount of material
under consideration. The results of the above calculations, therefore, only make
sense if the amount of the mechanical mixture or solution is known. If we want to
make volume an intensive property, we must divide it by the total number of moles.
The resulting property is referred to as the molar volume of a solution, V, and in the
case of ideal mixing it holds:

id 14 ¢ n

T T :Zl C
Z]ni Zlni

v V., (2.63)

1

where »; and C give the number of moles and components, respectively. V; is the
molar volume of the end-member phase i.

l.) corresponds to the mole fraction

C
According to Eq. (1.25) the term nl./(z n
1

of the component i, and so Eq. (2.63) can be rewritten as follows:
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—id €
DY (2.64)

Similarly, the molar volume of a non-ideal solution reads:
_ c
Vo= Zl x Vi, (2.65)

with V; being the partial molar volume of the ith-component.

Example: Using the data from the preceding example, the molar volume of a
(Zn,Fe)S solid solution can be calculated according to Eq. (2.65) as follows:

sph . .sph

sph . sph
TnsVzn XpesV Fes -

V= X7,V 7ns*

The mole fraction of ZnS in the sphalerite solid solution is given by:

sph

n
X = 7 ini;;j; B 0.020 fzo.m - 0.667
and that of FeS by:
xxph _ n;!;l:l? _ 0.01 = 0333
FeS n;% +nﬁg 0.02 +0.01 B

Using these mole fractions and the partial molar volumes of the components the
molar volume of the sphalerite solid solution

v

o5 = 0.667mol x 24.094cm>mol ! +0.333mol x 24.305¢m>mol

7=

w

24.164 cm’mol !
is obtained.

2.2.2 Volume relationships in binary solutions

Because the sum of all mole fractions present in every phase equal unity, the molar
volume of a binary solution (4,B) can be expressed as follows:
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V= (1-xp)V, +x5V, (2.66)

in the general case, and

74— (Lxp)V, +xV 2.67)

in the case that the solution behaves ideal.

In Egs. (2.66) and (2.67) xp gives the mole fraction of the component B in the so-
lution. V; and V; designate the molar volume and the partial molar volume of the
component, respectively.

According to Eq. (2.61), the partial molar volumes of the components 4 and B in
the solution (4, B) read:

ov oV
V, = (—) and V, = (—B) . 2.68
4 anA P, T,ng B on P,T,n, ( )

Substituting the molar volume into Eq. (2.68),

0 7 0 7
V, = {W[V(nAJrnB)]} and Vp = {W[V(”AJF”B)]} (2.69)
4 P, T, ng B P, T, n,
is obtained.
From Eq. (2.69) it follows further that:
— ov oV
V,=V+n (—) +n (—) 2.70
4 A anA P, T, ng B anA P, T, ng ( )
and
- oV oV
Vo,=V+n (— +n (— . 2.71
B 4 ang)P,T,nA B ang)P,T,nA 2.71)

Considering the chain rule of differentiation, one can write

% 7\ 7 Ox
(&) - (_a_@ (=8 . 272)
anA P, T, ng ox anA P, T, ng
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Using the relationship:
n
_ B
Xp = P (2.73)
one obtains:
ox n
B _ B
(an)p oy (—+ 5 (2.74)
o nytng)
and
(@_’7) _ ”_B(a__’;) 2.75)
6}’1A P, T, ng (nA+nB)2 ox
Replacing (ﬂ) in Eq. (2.70) by the expression (2.75) yields:
on,/ p, T, n,
= ov
V,=V-x (_g) . (2.76)
A B ox PT

An analogous procedure can be applied to derive the partial molar volume of the
component B. The result is given in Eq. (2.77).

Vg = I_/—xA(a—T/)

-~ (2.77)

P, T

If the mole fraction x, in Eq. (2.77) is replaced by (1- xp), the commonly used
expression

Ve =T+ —xB)((%)P . (2.78)

is obtained.

The volume relationships for a binary solution are illustrated graphically in Fig.
2.8. The curved line represents the molar volume of the solution as a function of the
composition. The points where this curve meets the ordinate at xz = 0 and x5 = 1
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correspond to the molar volumes of the end-member phases 4 and B, respectively.

A Xg B

Fig. 2.8 Graphic representation of the volume relationships for a hypothetical binary
system A-B: The solid and the dashed curve represent the molar volume of the solution
(A,B) as a function of the mole fraction xj in the case of non-ideal and ideal mixing of

components 4 and B, respectively. V, is the molar volume of the end-member phase 4
and Vp that of the end-member phase B. V(xp) and Vp(xp) are the partial molar volumes
of the components and 7(xz) the molar volume of the solution for the composition xp.
For further explanation see text.

The slope of the curve at P can be expressed mathematically as follows:

v Vg V(xp)
(5_)6;)},, . = —-——(1 *XB) 2.79)
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or
7 V-v
(a—i) - 4. (2.80)
Oxg/p 1 XB
A simple rearrangement of Eq. (2.79) and Eq. (2.80) yields:
< oV
= V+(] - -
Vg =V+( xB)(axg)P . (2.81)
and
_ s ov
Vy=1V xB(axg)P : (2.82)

Equations (2.81) and (2.82) are identical to Egs. (2.78) and (2.76), respectively.
As is apparent from Fig. 2.8, the partial molar volumes of the components 4 and
B in the solution are given by the intersection points of the tangent to the ¥V vs. xp
curve with the ordinate at xg = 0 and x5 = 1, respectively. In other words, the partial

molar volume of a component i can be defined as the volume that it would have if it
would occur as an end-member phase, with the same interatomic distances as in the
mixture. This means the volume state possessed by the component in the solution is
extrapolated to the pure phase. The fact that the tangent defining the partial molar

volumes of the components touches the ¥ vs. x curve at x, demonstrates the va-

lidity of Eq. (2.65). It is obvious from Fig. 2.8 that the partial molar volume of a
component depends on its mole fraction and the bulk composition of the system.

Special cases of partial molar volume arise at both ends of the concentration line,
where xg approaches 0 and 1, respectively. As x, — 0 the component B is infinitely

diluted in 4. Thus, its partial molar volume is referred to as the partial molar volume
of component B at infinite dilution, V;O . At the opposite end of the concentration

line, x5 — 1, the concentration of component 4 in the solution approaches zero.

Correspondingly, its partial molar volume is designated as the partial molar volume

of the component A4 at infinite dilution, VIZO.
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2.2.3 Volume changes on mixing

In pure mechanical mixtures all components preserve their molar volumes. This
means that the molar volume of the mixture is the sum of the molar volumes of the
components. Thus, Eq. (2.64) holds. In solid solutions, however, the mixing of com-
ponents occurs on the molecular or atomic scale and, thereby, the components lose
partly their chemical and physical identities. The molar volume of a solid solution,
therefore, often deviates from the linear sum of the molar volumes of the pure com-
ponents. Hence, if a difference between the molar volume of the solid solution and
the linear sum of the molar volumes of the pure components is observed, it is the
result of the mixing process. This difference is referred to as the volume of mixing

or excess volume, A mI_/ex. Using the same notification as in Fig. 2.8, the volume of

mixing reads:

ATVE=y_7" (2.83)

The volume of mixing can be positive as well as negative. The behavior depends
primarily on the size difference between the substituting atoms and on their bonding
character.

The difference between the partial molar volume of a component i in a mixture
and its molar volume as a pure phase is defined as the partial molar volume of mix-

ing or partial molar excess volume, Viex. Using this definition, the partial excess

volume of component 4, can be expressed as follows:

ex _

v, Vi=Vy (2.84)
In the case of infinite dilution of 4, where xp approaches unity, Eq. (2.84) reads:

exow

V= -V, (2.85)

e

V4

ume of component A at infinite dilution.

¥ is called the partial molar volume of mixing or the partial molar excess vol-

Analogous expressions can be written to describe the volume relationships for
the component B as:

Vg = Vg—Vy (2.86)

and
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Ve = Vg —Vy (2.87)

giving the partial volume of mixing for component B in general and at infinite dilu-
tion of B, respectively.

As shown in Fig. 2.9, the volume of mixing represents a weighted sum of the par-
tial molar excess volumes of the components constituting the solution. Thus, it
reads:

ex

AT = (L=xp) WV xgls” (2.88)

By definition, the molar volume of mixing at both ends of the compositional line
is zero. Partial molar volumes of mixing can be calculated using expressions analo-
gous to those given in Egs. (2.81) and (2.82). Hence, for the partial molar volume of
mixing of component 4 holds:

_ oA, V¢
vt = AmVex—xB{ ’” 1 : (2.89)
P, T

Oxp

Correspondingly, the partial molar volume of mixing of component B can be
written:

_ oA, V¢
Vei= A7 +(1 —xB)|: » ’1 : (2.90)
*B lp,T

Fig. 2.9 shows volumes of mixing and their relationships to one another in a hy-
pothetical binary system A-B.

For practical reasons, the molar volume of a binary mixture is often presented in
a form of the polynomial with the mole fraction xp as the independent variable:

V= a+bxg+oxytdigt ... 2.91)

The coefficients g, b, ¢, d,... are purely empirical and have no physical meaning.
They are obtained by fitting an appropriate curve to the measured data set. Thomp-
son (1967) showed that a link between the coefficients and the volumes of mixing
exists.



58 2 Volume as a state function

VeXOO
\
A \
\
\
\
\
\
\
A exoc
N Y/
\
\ // B
\\ //
\ id
\ s
\)(/
27N
VeX // \\
A . .
\
// A ex
s’ —
Z ex \ V
P AmV \ B
A Xg B

Fig. 2.9 Volumes of mixing. Aml_/ex = volume of mixing, V:x = partial molar volume

of mixing of the component 4, V;x = partial molar volume of mixing of the component

B, ijw = partial molar volume of mixing of the component 4 at infinite dilution,

exoo . .. . . . .
V= partial molar volume of mixing of component B at infinite dilution.

Assume that a second-order polynomial of the form
V = a+bxy+exy (2.92)

fits the experimentally determined volume data.

At the point where xp equals zero it holds that:
V=a=V, (2.93)

At the point where xp equals one, the molar volume takes the following value:
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V=atb+tc=Vy. (2.94)
Following Eq. (2.77), the expression:
_ 2
V,=a—cxp (2.95)

is obtained for the partial molar volume of the component A.

In the case of infinite dilution of the component 4, where xg is 1, V4 equals V AOO ,
and Eq. (2.95) yields:
V, =a-c. (2.96)
Substituting Eq. (2.93) into Eq. (2.96) one obtains:
c=-WS-vy=-v" (2.97)
The coefficient c in Eq. (2.91) is therefore, equal to the negative partial molar vol-

ume of mixing of the component 4 at infinite dilution.

The partial molar volume of component B can be calculated analogously using
Eq. (2.78), as:

Vy=a+b+2exy—cxp (2.98)

If B is infinitely diluted in 4, xz approaches zero and Eq. (2.98) reads:

[ee]

Vi =a+b. (2.99)

According to Eq. (2.93), the coefficient a in Eq. (2.92) is equivalent to the molar
volume of the pure component 4, such that:

b="Vg -V, (2.100)

On the other hand, if Eq. (2.99) is substituted into Eq. (2.94), a value for the co-
efficient ¢ is obtained again, namely:

€X 00

c=—(Vg-Vg) =V, (2.101)
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A comparison of Egs. (2.97) and (2.101) shows that the coefficient ¢ in Eq. (2.91)
is equivalent to the partial molar volumes of mixing of both components, 4 and B,
at infinite dilution. In order to understand the implications of this result on the mix-
ing behavior of the components, the volume of mixing has to be expressed in terms
of the above discussed volume relationships, namely:

— ex 2
ATV =V (Vg =V xg—Vy xgl—[V,+(Vg—Vxl.  (2.102)

The expression in the first square bracket represents the molar volume of the so-
lution. The second square bracket describes the molar volume of the solution in the

case of ideal mixing. Simple rearrangement and factoring out of the term V;xw

yields:
= ex
ATV = xp(1—xp)V5 . (2.103)
In Eq. (2.103) V;xoo can as well be replaced by V:xw, because both have the
same value.

According to Eq. (2.103) the curve representing the volume of mixing is symmet-
rical around xg = 0.5. Mixtures that exhibit this kind of behavior are called symmet-

ric.

In the case that a cubic term is added to the polynomial in order to describe the
behavior of the molar volume as a function of composition, the expression for the
volume of mixing reads:

€xo0

- ex 2
AV = xp(1-xp)V,

€x00

+xp(1—xp) V5 (2.104)

exow . exoo I . .
Here V" differs from V" . Hence, the volume vs. composition function is

asymmetric. Mixtures of this type are called asymmetric. It can easily be shown that
Eq. (2.104) equals Eq. (2.103), if the partial molar volumes of mixing at infinite di-

lution of both components are the same. In the mineralogical literature Vl.exOO is of-
ten replaced by the symbol WUV It is then referred to as the volume interaction

parameter between the components i and ;.

2.2.4 Examples for the volumes of binary solutions

Example I: Geiger and Feenstra (1997) measured the unit-cell constants of alman-
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dine-pyrope solid solutions and determined their molar volumes as a function of
composition. Their results are summarized in Tab. 2.3.

Table 2.3 Compositions, unit-cell constants and the molar volume
of almandine-pyrope garnets (Geiger and Feenstra 1997)

X%ZZAZZS%OIZ aglA] Plem mol ']
0.000* 11.5291* 115.358*
0.071 11.5227 115.166
0.154 11.5170 114.995
0.259 11.5105 114.800
0.393 11.4995 114.472
0.493 11.4925 114.263
0.614 11.4830 113.979
0.752 11.4737 113.703
0.910 11.4612 113.332
1.000 11.4555 113.163

* uncertainties given by the authors are neglected.

Fig. 2.10 shows the molar volumes as a function of composition. The solid line
is calculated according to Eq. (2.67) as follows:

_ 3 -1, grt grt
V[em™mol '] = 115358(1 =Xy, 4y i 0 )+ 113.163x 0 1) 6 0 .

No systematic deviation from linearity is observed. Hence, the mixing of Mg and
Fe is ideal, at least, within the limits of the measuring accuracy.

In this example the molar volumes of the pure components are taken to calculate
the line. One could, of course, just as well fit a line to the experimental data and ex-
tract the molar volumes of the two components from the resulting polynomial. Gen-
erally, the second approach is adopted because it is unreasonable to assume that the
molar volumes of the pure components can be determined better than the molar vol-
umes of the mixture. In our example, a linear regression yields:
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Plem’mol '] = 115340 -2.193x57¢ ) ) (2.105)

115.5

Fe,AlLSi;0,, - Mg 5A1,Si,0,,

115.0 -
"5 1145 4
€
5 1140
>
1135 -
113.0 . . . . .
0.0 02 04 06 08 1.0
grt

XMg,AlLSi,0,,
Fig. 2.10 Molar volumes for the solid solution Fe3Al1,Si30;, - Mgz Al,Si304, as a func-

. . grt . . .
tion of the mole fraction x Mg;ALLSi;0,,° The line is calculated using Eq. (2.67) which

is valid in case of ideal mixing behavior of the components.

The first term Eq. (2.105) corresponds to the molar volume of pure almandine
and the second one gives the difference between the molar volumes of almandine
and pyrope. This can be shown by a rearrangement of Eq. (2.67), namely:

V=V, +Vz-V,)xp (2.106)
In our case, the following values are obtained:

grt _ 3. -1
VF63A[251.3012 = 115.340 cm™ mol

and

grt _ 3 _1
VMg3A12Si3012 = 113.147 cm mol .
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It should be emphasized that the experimental errors were disregarded in these
calculations. If they were taken into account, the linear regression would have yield-
ed slightly different coefficients and as a result, slightly different molar volumes for
pyrope and almandine would have been obtained.

Example 2: Tab. 2.4 contains the molar volumes of alkali feldspar solid solution
series as determined by Hovis (1988).

Table 2.4 Unit-cell parameters of alkali feldspar
solid solution series (Hovis 1988)

sp = fs 3 -1
KAISiyOq 7 "lem’mol ]

0.0029 100.488
0.0099 100.526
0.1437 102.091
0.1510 102.200
0.1553 102.217
0.2753 103.602
0.2898 103.89
0.3508 104.464
0.4346 105.238
0.4406 105.259
0.4911 105.710
0.5557 106.196
0.5993 106.476
0.7083 107.271
0.7333 107.384
0.8074 107.974
0.8359 108.121
0.9600 108.895

0.9917 108.953
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If the data of Tab. 2.4 are fitted with a second-order polynomial of the form

V= a+be+cxé, the following coefficients are obtained: a = 100.42, b =

12.747, and ¢ = - 4.1868. Hence, the molar volume of high albite-sanidine solid so-
lutions can be given as follows:

Sspo 3 1. Jsp Jsp 2
[ecm™mol ] = 100.42+ 12'747xKAlSi308*4'1868(xKAlSi308) .

V
This polynomial can be used to calculate the molar volume for any high albi-
te-sanidine solid solution. For example, at xljgfl Si;05 0.4 the calculation reads:

—f?

7P = 100.42 + 12.747 x 0.4 — 4.1868 x 0.4> = 104.85 cm°mol .

According to Eq. (2.93), the coefficient a in the volume polynomial corresponds
to the molar volume of the component 4. In our case this is the molar volume of high
albite and we can write:

Jsp _ 3 ~1
VNaaisi;o, = 100.42 cm™mol .

Correspondingly, the sum a + b + ¢ yields the molar volume of component B.
Here it is the molar volume of pure sanidine, namely

f5p _ - 3 ol !
KAISi; 0 ~ 100.42 +12.747 —4.1868 = 108.98 cm mol .

These two values can be used to calculate the molar volume of any high albite -
sanidine solid solution in the case that the solution behaves ideally. According to Eq.
(2.67), the molar volume of an ideal solution is given by a linear sum of the molar

volumes of the components. At x/;gi 151,05 ~ 0.4, for example, one obtains:

7P (1 20.4) x 10042+ 0.4 x 108.98 = 103.84 cm’mol .

The partial molar volume of high albite is calculated using Eq. (2.76) as:

: /5P
phe gl g (P
NaAlSi; Oy TXKAISi;04 " fop
YKAISi,08 p T
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If the volume polynomial, derived by least square fit, is introduced into the equa-
tion, given above, the following expression is obtained:

f5p 3 -l _ sp sp 2
Vitsi o lem’mol '] = 10042 + 1274750 . —4.1868(¥%"1 ;)

sp sp
*x/;mlsl‘}os[ 12.747 — 8'3736(x/;<A1Si308)]

fsp 2
= 100.42 + 4.1868(xgly 5 0,)

Hence, at x[/;sﬁ 151,05 ~ 0.4 the partial molar volume of high albite is:

fsp _ 2 3 1
VNaAlSi308 = 100.42 +4.1868 x 0.4” = 101.09 cm mol .

The partial molar volume of sanidine can be calculated according to Eq. (2.78),
that is

: : /5P
fsp _ PP S ov
KAISi;0f — (I =Xk 151,04 P

KAISi;08 T

o . — fi .
Substituting the volume polynomial for V' P , one obtains:

Jsp 3 -1, _ sp sp 2
Vihsiolem’mol '] = 10042 + 1274740 ¢, , ~ 41868k 5; )
(1= 51,0 )T12.747 = 83736 (0 ;. )]

. . 2
= 10042 + 12,747 - 837363k 51 o+ 41868(k 51 0)
With xﬁﬁ 18304 ~ 0.4, the above expression assumes the following form:

Jsp _ 2
VKAlSi308 = 100.42 +12.747 —8.3736 x 0.4 + 4.1868 x 0.4

110.49 cm>mol .

The molar volume of the high albite-sanidine solid solution at xﬁfl Si,05 ~ 0.4

can now be calculated directly, using the partial molar volumes of the components.
According to Eq. (2.67), the molar volume of the solution at any arbitrary composi-
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tion is given by the linear sum of the partial molar volumes of the components, cal-
culated for the given composition. In our case, we have:

77 = 0.6x 101.09 + 0.4 x 110.49 = 104.85 cm°mol ",

The result is, of course, identical with the one, that was obtained previously using
the volume polynomial.

The volumes calculated in the above example and the experimental data of Or-
ville (1967) are shown graphically in Fig. 2.11.

The difference between the molar volume of the solution, determined in the ex-
periment, and its molar volume calculated in the case of ideal mixing, yields the mo-

lar volume of mixing. For xl;gz 151,05 ~ 0.4, the molar volume is calculated as

follows:

A VPP = PP~ 04 85em mol ! - 103.84cm’mol !

1.01 em>mol .

Following Eq. (2.84), the partial molar volume of mixing or partial molar excess
volume of high albite equals the difference between its molar volume and its partial

molar volume in the mixture. At x);gf; 15i,04 = 0.4 we have:

Vﬁ:{;%}og = 101.09cm mol ' —100.42cm>mol ! = 0.67 cm mol .

An analogous relationship holds for the partial volume of mixing of sanidine (see

Eq. (2.86)). At} g o = 0.4 one obtains:

Vst o, = 110.49cm’mol '~ 108.98cm’mol ' = 1.51 em’mol .

The molar volume of mixing at xﬁﬁ 18,05 0.4 cannow be calculated using the

partial molar volumes of mixing of the two components. It is

Aml_/fSp’ = 0.6x0.67cm mol ' +04x 1.5lem mol | = 1.01 cm mol .
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Fig. 2.11 Volume relationships in the binary system high albite - sanidine. Circles repre-

- — fsp, id
sent the experimental data given by Hovis (1988). VfSp and VfSp " are the molar vol-

umes of sanidine - high albite solid solution at x/;;Z 15i,04 = 0.4 in the case of
non-ideal and ideal mixing, respectivel VfSp and VfSp designate the
g, Tesp Y- V' Naalsi, 04 KA1Si, 0, 9€S18
molar volumes of the end-member phases and Vf P and VfSp are the
p NaAiSiyOq KAISiy 04

partial molar volumes of the components at x']]?/fl Si,04 ~ 0.4.

If we want to use Eq. (2.103) to calculate the molar volume of mixing, the partial
molar volumes of mixing of the components at infinite dilution must be known.

These values correspond to the volume interaction parameter, WY, in Eq. (2.103).
As a matter of fact, the partial molar volume of mixing of only one component is
actually required in our case, because a second-order polynomial was fit to the ex-
perimental data. As demonstrated earlier in this chapter, the partial molar volumes
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of mixing of the two components are equal in such case. Nontheless, we will calcu-
late the partial molar volumes of mixing of both components.

Let us start with high albite. In order to obtain its partial volume at infinite dilu-
tion the mole fraction of sanidine must be set to unity. The algebraic expression then
reads:

fopwo ~ N
Virirsio, = 100.42+4.1868 x 1.0 = 104.61 om’mol .

According to Eq. (2.85) the partial molar volume of mixing of high albite at infi-
nite dilution is equal to the difference between its partial molar volume at infinite
dilution and its molar volume. One can write:

fspsexeo —_pfsp, _ s
NadlSiyOq NadlSi;Oy ~ V' NadlSi,Oq

Inserting the numerical values into the equation, yields:
Va0, = 10461cm’mol '~ 100.42em’mol ' = 419 em’mol .

In order to calculate the partial molar volume of sanidine at infinite dilution, its
mole fraction must be set to zero and one obtains:

fsp,o _ 3 -1
KAlSi;04 = 100.42 +12.75 = 113.17 cm mol .

Following Eq. (2.87), the partial molar volume of mixing of sanidine at infinite
dilution is defined as follows:

Jsp, exo fsp, Jsp

KAISi; 04 KAISi;0, ~ VKAIsi,0f

Substituting the numerical values for V]f; 5 / ;;3 o and V]f; 5 151,04 the partial mo-

lar volume of mixing of sanidine at infinite dilution is:

}/?fl’;;;a = 113.17cm>mol ' = 108.98cm’mol | = 4.19 cm’mol .

A comparison of the result with the one obtained for high albite shows that they
are equivalent. One can now use this value to calculate the volume of mixing as a
function of composition. The mathematical expression is that from Eq. (2.103) and
it reads:



2.2 Volume of solutions 69

_f p
A “rem’mol '] = (1-xk 5 0 )0k 151,00 X 419,

m

This expression can be used to derive the partial molar volumes of mixing of the
components. The partial molar volume of mixing of high albite is obtained using Eq.
(2.89), namely:

fsp, ex 3 -1 sp
VNaisi,olem mol ] = x/;mlSz 08)()‘/;(/11& o0g) ¥ 419

+ [(XQZlSi308) 7( x;{AlSl Oy )(xéAlSz 0 )i| x 4.19

2
P 7
= (x/;<AlSi308) x 4.19.

The partial molar volume of mixing of sanidine can be calculated according to
Eq. (2.90).

f3p, ex 30 -1, $p Sp
Viaisi,o lem mol ] = (1*x/;<AlSi3Og)(x/;<A15i3Os)X4'19

¢ 2 .
sp sp sp
+ [(1 *XQAlSzgog) - *x/;mzsgog)(x/;{Alsl‘}og)] x4.19
2
= *x/;gilsgog) x4.19
One can test the validity for the two expressions by inserting 0.4 for the mole

fraction of sanidine and calculate the partial molar volumes of mixing. For high al-
bite one obtains:

f5p, ex _ 2 _ 3 1
VNaAlSz 0q = 0.4"%x4.19 = 0.67 cm mol
and for sanidine
Vljgfl;:c = (1-0. 4) x4.19 = 1.51 cm3m0171

The volumes of mixing, as calculated above, are shown graphically in Fig. 2.12.

Example 3: Bosenick and Geiger (1997) studied the molar volume of py-
rope-grossular solid solutions at 295 K. According to them, the molar volume of
mixing can be represented by an asymmetric mixture model (see Eq. (2.104)). Their
partial molar volumes of mixing at infinite dilution, termed as volume interaction
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parameters, WI.V are 1.84 cm>mole™! and 0.12 cm®mole™! for pyrope and grossular,

respectively. Using these values, the mathematical expression for the integral molar
volume of mixing reads:

5
fsp,ex, «
AVAEAN fsp,ex, o
NaAISI308. . VKAISisog
4 1.,
il 3T
(@)
(S
o
£
S, 2+
> stp,ex
KAISi ;04
f 17
sp,ex
VNaAISi308
0O
00 02 04 06 08 1.0
fsp
XKAISi 0,
. S . . - = /fsp, ex
Fig. 2.12 Volumes of mixing in the system high albite-sanidine. A, V* = molar

volume of mixing, V']{,Sf/’, Ie§i3 05~ partial molar volume of mixing of high albite,

sp, 00 . L. L sp, exo )
{/Sfljl 1Si305 = partial molar volume of mixing of sanidine. ]Csf y legi3 05 = partial

molar volume of mixing of high albite at infinite dilution, Vljgfl ;:88 = partial molar

volume of mixing of sanidine at infinite dilution. The arrow indicates the mole fraction
of sanidine in the solution. (Data from Hovis 1988).
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= grt, ex

AV

3 -1, grt grt 2
- [ecm™mol ]= (1 _xCa3Alei3012)(xCa3A12Si3012) x 1.84 (2.107)

2
grt grt
(1 =XCa41,51,0,,) (KCazat,siy0,,) % 0-12.

Eq. (2.107) is used to calculate the molar volume of mixing as a function of the
mole fraction of grossular. The result of the calculation is presented graphically in
Fig. 2.13.

0.30
025
.B 1
2 020
§ o015t
> o010+
1S
<

0.05 +

0.00 : : : :

0.0 0.2 0.4 0.6 0.8 1.0

gt
XCa,Al,Si,0,,

Fig. 2.13 Molar volume of mixing along the join pyrope-grossular calculated using the
experimental data of Bosenick and Geiger (1997).

As can be seen from Fig. 2.13, the molar volume of mixing deviates positively
from the ideality and the volume vs. composition curve is asymmetric. The greatest
volumes of mixing are exhibited by grossular-rich compositions.

The volume of mixing function can also be used to derive a polynomial for the
molar volume of the solutions, provided that the molar volumes of the end-member
phases are known. This is, of course, the case. The molar volumes of pyrope and
grossular have been measured a number of times. We will take the values given by
Bosenick and Geiger (1997), where the molar volumes are 113.157 cm®mole”! and

125.293 cm>mole™! for pyrope and grossular, respectively. The uncertainties are not
considered.

. . .. — id
Following Eq. (2.83), the molar volume for the case of ideal mixing, v , has to
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be added to the molar volume of mixing, Aml_/ex, in order to obtain the molar vol-

ume, V. In our example, the calculation is as follows:

—grt 3 -1, grt grt 2
V" [em mol "] = (1_xCa3Alei3012)(xCa3Alei3Ol2) x 1.84

2
grt grt
+ (1 =XCa41,51,0,,) (XCaya,si;0,,) % 0-12

grt gri
+ 31571 =X ¢q a1,51,0,,) T 125293 (X Ca a1,51,0,,)-

124 +
122 +
F'B 120 +
S
e 1184+
(@]
=
116 1 —— non-ideal
........ Ideal
114 4
| : : :

00 02 04 06 08 1.0

gt
XCa,ALSi,0,,

Fig. 2.14 Molar volume of pyrope-grossular solid solutions as a function of mole frac-
tion of grossular. The curves were calculated using the experimental data of Bosenick
and Geiger (1997).

Multiplying, factoring out, and rearranging yields:
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7811t 3 -1, _ grt
V= [em™mol ]= 113.157+ 11.158(xca3A,2Si3012)

2 3
grt grt
+L6(xcq an,51,0,) — 172(8Cagan,sis0,,) -

Fig. 2.14 shows the molar volumes along the pyrope-grossular join. The solid
curve was calculated using the third-order polynomial derived above and it repre-
sents the molar volume as a function of the composition. The dotted line gives the
molar volume for the case of ideal mixing.

2.2.5 Volume of reaction

Consider the general reaction:
vA+v,B =v.C+v,D (2.108)

occurring at constant temperature 7 and constant pressure P. 4, B, C and D represent
the chemical symbols of reaction constituents and v,, vy, v, and v4 are whole-num-

ber stoichiometric coefficients. They are negative for components on the left of the
equation and positive for those on the right. A stoichiometric process can thus be
represented by the equation

SviM; = 0, (2.109)

where M; designates the chemical formula of the i-th reaction constituent.

The change in total volume of a reacting system is given by the following expres-
sion:

av = -(2] dn Ai(G_VH) dn, 2.110)
6nA P>T’nj¢A on P’T’nj;&B
(), wer(@),,
on/ P T,n, ony p,T,n;,

If the reactants and the products, both occur as mechanical mixture of pure phas-
es, the partial derivatives of the total volume in Eq. (2.110) represent the molar vol-
umes of the reaction constituents, that is

GV)
— =V. 2.111
G, = @11

1
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Thus, Eq. (2.110) can be rewritten as:
D
dv = ZA Vidn,. (2.112)

In Eqgs. (2.110) and (2.112) dn; are related to each other by the stoichiometry of

the reaction. It is convenient, therefore, to introduce a new variable termed the extent
of reaction, &. This variable indicates the degree of advancement of the system from
an initial unstable or metastable state towards a stable state. The changes in the vari-
able ¢ and in the individual number of moles, dh;, are related as follows:

dn; = v.dé. (2.113)

1

Using this relationship Eq. (2.112) reads:
D
av = ZA v, V.dg (2.114)

or

bl 3 3 D
(a_QPJT SAV =X vV (2.115)

A,V is termed the volume of reaction. It indicates the change in the volume of the
reacting system per unit reaction progress variable, £.

Example: Consider the solid state reaction
CazAl,Si3 0, +8i0, = CadlSi;Og+2CaSiO;

taking place at 298 K and 0.1 MPa. The stoichiometric coefficients, v;, are: -1, -1, 1
and 2. According to Eq. (2.115) the volume of reaction is calculated as follows:

. grt qtz fsp wo
AY = =Vecaansi,0,~ Vsio, T Veaansi,o, T 2V casioy:

Using the molar volumes given by Robie and Hemingway (1995), the volume of
reaction reads:
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AV = — 1mol x 125.28cm’mol ' — Imol x 22.69cm’mol '

+ 1mol x 100.79cm>mol ' + 2mol x 39.90cm’mol | = 32.62 cm’

2.3 Problems

. At 800°C and 0.5 MPa, 1 mol of an ideal gas has a volume of 17.826 dm’.

Calculate the change in the volume of the gas when it is compressed isother-
mally to 1 MPa.

. The critical data of a gas are: P, = 22.06 MPa, T, = 647.14K and ¥V, =
56.0x10° m>mol™! (Ambrose, 1994).

Calculate the values of the parameters a and b of the gas assuming van der
Waals behavior of the gas. Why do the results depend upon the choice of the
formulas adopted?

. Calculate the volume of a non-ideal gas at 400°C and 40 MPa using the van der
Waals equation. The values of the parameters a and b are 0.1765 J m3mol? and
33x10° m*mol™!, respectively.

In order to solve the cubic equation, use the Newton's approximation method ac-
cording to the formula:

_ . )
S

where x, and x; are the initial and the succeeding values, respectively. Repeat

the calculation until the difference between the two subsequent values becomes
negligibly small. As an initial value, use the ideal volume of the gas at the P, T’
conditions given above.

. Rhodonite, MnSiO3, has a triclinic structure and has the following lattice con-

stants:
a, = 7616 A,
b, = 11.851 A,
c, = 6.707 A,
o = 92°33',
B = 94°21",
y = 105°40.2".



76

2 Volume as a state function

Each unit cell contains 10 formula units of rhodonite. N = 6.022 x 10%3; 1A =
1019 m.

Calculate the volume that is occupied by 1 formula unit of rhodonite. Express
the volume in [A3 ]-

Calculate the molar volume of rthodonite and give it in units of [m3 mol'l] and
[cm3 mol'l].

A pyrope single crystal has a mass of 4 g. At standard P, T conditions its density,
P, 18 3.582 gcm'3. The value of its bulk modulus, B, is 1.73x 10> MPa, and that
of its thermal expansion, @, is 2.47x 105K

Calculate the volume of the crystal at 1000°C and 0.8 GPa, assuming a constant
thermal expansion and compressibility.

At standard P-T conditions, andalusite, Al,SiOs, has a molar volume of 51.52
cm>mol!. Its thermal expansion, @, is 2.47x 10 K ! and the compressibility
coefficient, 83, is 5.43x10712 Pa’!. Under the same P, T conditions, sillimanite has

a molar volume of 49.86 cm’mol!, a thermal expansion coefficient of

1.44x10” K™ and the compressibility of 6.22x 10712 pa’! (Holland and Powell,
1990).

Calculate the change in volume associated with the phase transition andalusite
- sillimanite at 985 K and 0.2 GPa. Assume that the thermal expansion and the
compressibility are pressure and temperature independent.

Newton et al. (1977) measured the lattice constants for a series of Diop-
side-Ca-Tschermak solid solutions. Using their data, a polynomial describing
the molar volume as a function of composition can be derived. It reads:

_ , : 2
Vlem mol '] = 66.043 — 2.9603x7" +0.52016(x% ), (2.116)

where xCClleTs is the mole fraction of CaAlAlSiO, in clinopyroxene.

Calculate the molar volumes of the pure end-member components.

Calculate the partial molar volumes of diopside and Ca-Tschermak at ch};xTS =
0.4 and at infinite dilution of the components.

. cpx

Calculate the partial molar excess volumes of the components at x .= 0.4.

Calculate the partial molar excess volumes of the components at infinite dilu-
tion.

Express the molar excess volume of the solution as a function of composition
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using the volume interaction parameter, w.
8. Calculate the change in the volume associated with the following chemical reac-
tion:

5MgSiOy+ 541,05 —> Mg,Al3A1Sis0g +3MgAl, 0.

Vitesio, = 3131 cm’mol ',

cor

3 -1
VA1203 = 25.58 cm mol ,

cord 3 -1
VMg2A13AlSi5018 = 233.22 cm mol ,

sp _ 3 -1
VMgA,204 = 39.71 cm mol ,

(Robie and Hemingway 1995).



Chapter 3 The first law of thermodynamics

According to the law on the conservation of energy the sum of kinetic and potential
energy of a system is constant. This, however, is true only for frictionless systems.
If friction is present in the system kinetic energy decreases and heat is produced.
There exists a relationship between the dynamic energy dissipated and the heat pro-
duced. This relationship serves as the basis for the development of thermodynamics.

3.1 The relationship between heat and work

The basic statement concerning the relationship between heat and work reads: seat,
0, and work, W, are equivalent.

Qe W. (3.1

That is, heat and work are just two different forms of energy. For example, the
temperature of a crystal can be increased by rubbing it adiabatically, which means
without any heat exchange with the surroundings. The same temperature increase
can be achieved if the crystal is brought into contact with a "hot" body, that is, by
providing the necessary heat directly. The proportionality factor that links work and
the resultant heat is termed the mechanical equivalent of heat. Its present value is
0.2389 calories. A calorie is defined as the quantity of heat that is required to in-
crease the temperature of 1 gram water from 14.5 to 15.5°C. This so-called thermo-
dynamical calorie was widely used in thermochemistry until 1960, when S-I units
were introduced. Its value now corresponds to 4.184 Joule.

3.2 Internal Energy

Based on the equivalence of heat and work, the statement for the first law of ther-
modynamics reads:

If a closed system, in the course of a thermodynamic process, moves from state A
into state B, the sum of the absorbed heat and performed work equals the change in
a function of state, termed the internal energy, U.

Thus the total change in internal energy, AU, for the system is:
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AU =Up-U, = Q0+W. 3.2)
For an infinitesimal change of state Eq. (3.2) can be written as a differential
du = 80 +dW. 3.3)

Because the internal energy, U, is a state function, dU is a total differential. This
means, the integration between two states does not depend on the path taken by the
system. The quantities 6Q and 6/ are not total differentials and their integrals are
path dependent. The symbol '0' indicates the differential increments of the quantities
QO and W, which are not properties of state. Therefore, 60 and 6 cannot be inte-
grated without a knowledge of the path taken by the system during the course of a
thermodynamic process.

In a cyclic processes, where the system returns to its initial state, the change in
the internal energy is zero:

§dU = 0. (3.4)
The relationship given in Eq. (3.4) is representative for all functions of state.

3.2.1 Work

The term 8/ in Eq. (3.3) indicates a differential element of work, but it does not say
anything about the type. It can be mechanical work, electrical work, or work per-
formed in a gravitational field, etc. Normally, work due to changes in volume and
electrical work play the most important role in most thermodynamic processes.

Consider a gas-filled cylinder containing a frictionless moveable piston (Fig. 3.1)
with weights sitting on top of it. At equilibrium, the external pressure, P,,,, exerted

by the piston plus the mass of the weights is balanced by the internal pressure, P;,,,,

of the gas i.e. P,,; = P;,. If the external pressure is reduced, for example, by remov-
ing one weight, the gas expands until the external pressure and the internal gas pres-
sure are once again equal. If the difference between the gas pressure and external
pressure exerted by the piston and the weights is infinitesimally small, the distance
the piston travels after the weight reduction will be infinitesimally small too. In the
case that the temperature is held constant and friction is negligible, the work done
by the gas during this expansion can be expressed as:

dW = —(P,_ x A)dx. 3.5)

ext

In Eq. (3.5) the letter 4 defines the area of the piston. Hence, the product within
the parenthesis gives the force and dx the distance the piston travels during the ex-
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pansion. The negative sign is required, because the force exerted by the gas is di-
rected against that exerted by the piston and weights. Taking into account that

Adx = dV, (3.6)
Eq. (3.5) reads:

dW = —P, dV. 3.7)

dW is the infinitesimal increment of work.

- o

Gas Gas

a b

Fig. 3.1 Schematic representation of the work due to the reversible expansion of a gas. a)
state before and b) after the removal of weight from the piston. P, = external pressure
exerted by the piston and the mass of weights. dx = infinitesimal distance the piston trav-
els during the expansion of the gas.
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For an infinite number of infinitesimally small incremental steps from an initial
volume, V;, to an end volume, V,, the work done by the gas is

14

e

w=—par. (3.8)
V.

i

In the case of an isothermal change in volume of an ideal gas, one can substitute
RT/V into in Eq. (3.8) and obtains:

Ve VE
v
W= —RTJ'd—; = -RT [dIn¥" = —RTln%. (3.9)
1

i i

Note that the sign convention is obeyed in Eq. (3.9) because the gas expands, and
the final volume, V,, is larger than the starting volume, V;. Thus, the logarithm is
positive and the expression remains negative. This complies with the standard con-
vention that the work and the energy released by a system are negative.

In order to calculate the work done on a solid through isothermal compression,
the pressure, P, in Eq. (3.8) has to eliminated. This can be done using Eq. (2.4). A
small rearrangement of this equation yields:

__ar
dp = A (3.10)

where V in the denominator designates the reference volume. As stated earlier (see
section 2.1.1, page 25), for solids the volume at ambient pressure and temperature,
V,, can be taken as the reference without introducing significant error into the cal-
culation. If, in addition, the compressibility coefficient, f3, is assumed to be constant,
Eq. (3.10) can be integrated from P, to P and from V', to Vp:

P-P =— < (3.11)

P, is the ambient pressure and is small compared to the pressure P. It can, there-

fore, be neglected. Substituting P in Eq. (3.8) by the expression given in Eq. (3.11)
yields:
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w= (2 ay = L2 Al (3.12)

2BV,

Another approach for calculating the volume work done on or by a solid is to re-
place dV in Eq. (3.8) using again the definition of the compressibility coefficient.
The result reads:

dv = —BV,dP. (3.13)

After substitution of Eq. (3.13) into Eq. (3.8), P is the only remaining variable.
In order to obtain the work done by the solid, the integration has to be carried out
between the limits P, and P:

P
W= jBVOPdP. (3.14)
P

o

If P, is again neglected and the compressibility coefficient, 3, is considered to be
constant, the integration of Eq. (3.14) yields:

W= ——. (3.15)

Calculated example: Consider a pyrope crystal with a mass of 40.32 g. Its molar

volume at room temperature is 113.176 cm’ mole™! (Robie and Hemingway 1995).
The average compressibility coefficient, 3, in the pressure range between 0.1 MPa

and 5.0 GPa is 6.19 x 10”3 GPa!(Hazen and Finger 1978). What is the work per-
formed on the crystal due to an isothermal (7 = 298 K) pressure increase from 0.1
MPa to 5.0 GPa?

The molar volume of pyrope at 298 K and 5.0 GPa can be calculated using Eq.
(2.52). 1t is

V,=V,[1-BP] = 113.176 cm>mol '[1 - 6.19x10" *Pa '
x 5.0><109Pa] = 109.673 cm’mol .

The molar mass, M, of pyrope is 403.1508 g. For a mass of 40.32 g, this corre-
sponds to
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403.1508 gmol

In order to obtain the volumes required for the calculation of the work performed
during the course of compression, the molar volume of pyrope at 0.1 MPa and
5.0 GPa, respectively, are to be multiplied by the number of moles, » = 0.1. The fol-
lowing values are obtained:

V,=11.3176 cm®
and
Vp=10.9727 cm’.

Inserting these values into Eq. (3.12), the calculation reads:

_ 2
[(11.3176 — 10.9727)x10 °m’]

W =
2% 6.19x10 2Pa ! x 10.9727x10 °m*

= 8761J.

Using Eq. (3.15) one obtains:

10.9727x10 °m’ x (5.0x10°Pa)” x 6.19x10"'2pa”!
W= — ' - 8497

The two results differ by 27 J. This difference is due to the fact that the formulas
used in the calculations represent only approximations, since the compressibility co-
efficients are assumed to be pressure independent.

3.2.2 Enthalpy

If the incremental volume work, pdV’, is substituted for 84 in Eq. (3.3), the total dif-
ferential of the internal energy reads:

dU = 80— PdV. (3.16)

In the case of an isobaric volume change, the integration of Eq. (3.16) between
states / and /] yields:

Uy~ Uy = AQ—P(Vy— V) (3.17)
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or rearranged:
AQ = (U;+PV,)—(U;+PV,))=H;;—H,. (3.18)

The term H designates a state function called the enthalpy. This function was de-
rived assuming that the work exchange between the system and the surroundings oc-
curs at constant pressure. Under this assumption, the change in the enthalpy, AH,
equals the heat, AQ, absorbed or released by the system. Thus, it holds that

(AH)p = AQ (3.19)
or in differential form

(dH)p = dO. (3.20)

The property, given in Eq. (3.20), makes the enthalpy particularly useful for the
description of isobaric processes.

According to Eq. (3.18), the definition of enthalpy reads:
H=U+PV. (3.21)
Its total differential is:
dH = dU+ PdV + VdP. (3.22)
Substituting the expression (3.16) for dU in Eq. (3.22), yields:

dH = 80+ VdP. (3.23)

3.3 Application of the first law of thermodynamics to pure
phases

As stated in Chap. 1, functions of state of pure phases are determined completely by
two intensive variables. In the case of the internal energy, temperature and volume
are normally chosen. The internal energy, U, is thus given by:

U= AT, 7). (3.24)

Temperature and pressure are the standard variables that are chosen to define the
enthalpy, H, of pure phases. Using them one obtains:



3.3 Application of the first law of thermodynamics to pure phases 85

H = AT, P). (3.25)

The total differentials of the internal energy and enthalpy read:

dU = (a_r VdT+(g_V av (3.26)
and
dH = (g_‘;’)PdT+ (%’) ap. (3.27)

The combination of Eq (3.26) with Eq. (3.16) yields:

_ (0 0
50— PdV = (a_r VdT+(a—V av (3.28)
or rearranged
0
= |—= + =] + . .
a0 (6T VdT [(BV T P]dV (329

Note, that under the specific set of variables given in Eq. (3.29), dQ is an exact
differential.

For isochoric processes, where dV equals 0, one obtains:

do = (g—';) . (3.30)

Dividing of Eq. (3.30) by dT yields:

() =5, = e (3:31)

In Eq. (3.31) ¢, designates the heat capacity of a single phase or of a given system
at constant volume. It represents the heat required to increase the temperature of the
system by one degree, if the volume is held constant.

An expression similar to that in Eq. (3.28) is obtained, if Eq. (3.23) is combined
with Eq. (3.27), namely:
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_ (@ (a
50+ VdP (a_‘;I)Pdm %)po. (3.32)
A rearrangement of Eq. (3.32) gives:
_ a_H) (5_ _
do (aT PdT+[ 6’;)T V]dP. (3.33)

For isobaric processes, where dP equals 0, Eq. (3.33) simplifies to

do = @—I;) L. (3.34)

After dividing of Eq. (3.34) by dT, the heat capacity of a single phase or of a sys-
tem at constant pressure is obtained, that is

(‘;_g)P - (g_fT’)P - ¢, (3.39)

According to Eq. (3.31), ¢, corresponds to the change in the internal energy per
temperature unit in the case that the volume is held constant. Correspondingly, ¢,

represents the change in the enthalpy per temperature unit at constant pressure. Both
¢, and ¢, are extensive properties. Dividing either quantity by the number of moles

yields the molar heat capacity which is an intensive property. It is given as:

9

C
= C and ;” =C,. (3.36)

n v

C,and C, are referred to as the molar heat capacity at constant volume and the
molar heat capacity at constant pressure, respectively.

3.3.1 Heat capacities C, and C,

For practical reasons, heat capacity is measured almost exclusively at constant pres-
sure. However, the heat capacity at constant volume is occasionally required, as for
example for lattice dynamics calculations. The difference between their values is
typically small, and is given by:

C -C = . 3.37)
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The symbols in Eq. (3.37) have their usual meaning. 7 designates the temperature
in K, V gives the molar volume, a is the thermal expansion coefficient, and [ the
compressibility coefficient.

Example 1: 1f the heat capacity at constant volume of forsterite is to be calculated
using the heat capacity at constant pressure, the following data are required accord-
ing to Eq. (3.37): the molar volume of forsterite, its heat capacity at constant pres-
sure, its thermal expansion coefficient, a, and its compressibility coefficient, 3. All
these quantities are temperature and pressure dependent. Their values must, there-
fore, correspond to the conditions at which the heat capacity at constant volume is
to be calculated. For a pressure and temperature of 0.1 MPa and 298 K, respectively,
Holland and Powell (1990) give the following values:

Vieysio, = 4366 cm’mol,

ol

-1.,,-1
Cy vig,si0, = 11870 Jmol K,

= 3.66x10 °K | and

o
B = 733x10 2 pal.

Inserting these values into Eq. (3.37) yields:

_ _ 5 12
ol _ x 43.66x m mol  x (3.66x
) _ 298K x 43.66x10 °m’mol ' x (3.66x10 °K )
P 7.33x10 2pa”!

Mg,SiO,

2.38 Jmol 'K .

Hence, the heat capacity at constant volume for ambient pressure and tempera-
ture conditions equals:

ol

-1.,,-1 -1.,,-1 -1,,-1
€y vg,si0, = 11870 Jmol K ~2.38 Jmol 'K~ = 11632 Jmol K .

Example 2: Following Holland and Powell (1990), the values required to calcu-
late the heat capacity of diopside, CaMgSi,Og, under the condition of constant vol-

ume using Eq. (3.37), are:

cpx _ 3 -1
VCaMgSi206 = 66.19 cm mole ,

C cpx

1, -1
p. CaMgSi,0p 166.63 Jmole K -,

o = 332x10 °K ! and
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B = 831x10 “Pa .
With these values the difference

6 3 5 1.2
cpx 298K x 66.19x10 "m mol x (3.32x10 "K )

(C.-C) =
P v CaMgSi, Oy 8.31><10712Pa71

2.62 Imol 'K !

is obtained.

Thus, C,, for diopside is 1.6 % smaller than Cp. In the case of forsterite, the cor-
responding values differ by 2 %. These differences are typical for all solids at am-
bient conditions. Hence, the assumption that both capacities are equal, does not
effect most thermodynamic calculations significantly. At high temperatures, how-
ever, the differences become larger. The calculation using Eq. (3.37) yields accept-
able results only if the temperature dependencies of the molar volume, thermal
expansion and compressibility are known. This is not always the case. Particularly,
the temperature dependence of the compressibility is rarely available.

Comparably good results are obtained if the Griineisen constant, v, is introduced
into the calculations because it is almost temperature independent. It relates the vol-
ume, compressibility, thermal expansion coefficient and heat capacity, C,, as fol-

lows:

Q
1=

(3.38)

<
Il
Iy

<

A combination of Egs. (3.37) and (3.38) yields:

C
Ll (3.39)

v

Example: Consider forsterite, Mg,SiO,4, once more. At 1000 K, its heat capacity,

C,, is 175.14 Jmole 'K (Holland and Powell 1990). Using the elastic properties

determined for forsterite by Suzuki et al. (1983), the Griineisen constant is calculat-
ed to be 1.34.

In order to calculate the heat capacity at constant volume for 1000 K, the data,
given above, are inserted into Eq. (3.39) and one obtains:
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ol 175.14 Jmol 'K !

—-1,,-1
Cv, Mg,8i0,,1000 — | = 166.95Jmol K .
(1+3.66x10 "K ~ x 1.34 x 1000 K)

Thus, at 1000 K, the values for the heat capacity of forsterite at constant pressure
and at constant volume differ by ca. 5%.

If the heat capacity at constant volume is to be calculated using Eq. (3.37), all val-
ues should hold for 1000 K. The fulfillment of this requirement is less critical in the
case of the thermal expansion and compressibility, because their values are very
small. Disregarding their temperature dependence normally does not influence the
result significantly. The molar volume for forsterite at 1000 K can, however, be cal-
culated using Eq. (2.52). It is

ol ol
VMg25i04,1000 - VMngiO4, 208l 1+ a(T-298)]

43.66cm°mol ' [1+3.66x10 "K' (1000K — 298K)]

= 44.78 cm mol .

Inserting this value, together with the molar volume, thermal expansion, com-
pressibility coefficient and the heat capacity, C,, at 1000 K, into Eq. (3.37) the cal-

culation reads:

_ _ 5 12
ol _ 1000K x 44.78x10 °cm’mol ' x (3.66x10 "K'
Mg, Si0,, 1000 83110 2pa-!

(c,-C,)

722 Jmol 'K !

. . . I .
Using this result, the heat capacity, Cvo Mg,Si0, 13 calculated as:

ol

—1,,-1 -1 -1.,-1
Cv,MngiO4 = 175.14Jmol K —-7.22Jmol K = 167.92Jmol K .

This value, if compared with the one obtained using the Griineisen constant,
gives a difference of only 0.58%.

Using the elastic properties of forsterite, determined by Suzuki et al. (1983),a C,
of 166.61 Jmol"'K™! is obtained for 1000 K. Thus, the two values calculated apply-
ing Egs. (3.37) and (3.39), are only ca. 1% too large. This is a very small difference

especially if one considers that all values applied in the calculations have their own
uncertainties.
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Based on the experimental results, Dulong and Petit stated that, at moderate tem-
peratures, the molar heat capacity of most solid elements has a value of 6.4

cal g—atom'lK'1 (=26.781 g-atom'lK'l). This statement, that is known as the rule of
Dulong-Petit, corresponds to the prediction of the quantum theory of heat capacity
at constant volume, which states that, at elevated temperatures, the heat capacity of

the elements approaches the value of 3R (= 24.93 J g—atom'lK'l). Comparing the
two values one has to consider that C,, is slightly lager than C,. As an expansion of

the Dulong-Petite rule, Neumann and Kopp stated that the molar heat of a solid com-
pound is approximately the sum of the molar heat capacities of its constituents.
Both, Dulong-Petite and Neumann-Kopp rule, have only restricted availability.
Nonetheless, the heat capacity of a complex silicate can be calculated using the heat
capacities of its constituent oxides.

Example I: Consider beryl, Be;Al;SigO;g. Its oxide formula reads:
3BeO-Al,05:6510,. Applying the Neumann-Kopp rule, its heat capacity for 298 K
is calculated as follows:

crd, cale _ ber cor qtz
b, Mgy AL[41Si50,5] = SCp Beo T Cp ar,0, 7 0C, 500,
Robie and Hemingway (1995) give 25.56 Jmole ' K1, 79.10 Jmole™'K™! and
44.59 Jmole 'K"! for C:eBreO, Cpcfj:[zo} and C;;],t.;iOz’ respectively. Using these
values the heat capacity of cordierite is calculated as follows:

crd, calc

-1,,-1 -1,,-1
b Mg, ALy A1Sis0,5] — 3x25.56Jmol K +79.10Jmol K

+6x 4459 Imol 'K ™! = 42332 Jmol 'K !

The experimentally determined value for beryl is 417.00 Jmol'K'! (Robie and
Hemingway 1995). It is, thus, only 1.5% smaller than the value calculated above.

Example 2: In order to calculate the heat capacity of pyrope, Mgz Al;Si;04,, the

value for periklas, MgO, is required in addition to the heat capacities of corundum
and quartz. According to Robie and Hemingway (1995) its value is 37.26

Jmole 'K L. Consequently, the calculation reads:

grt, calc _ 1.1 1
Cp, Mgy Al,Si0,, — 3x37.26Jmol K +79.10Jmol K
1

+3 %4459 Imol 'K = 324.65 Imol 'K .

The obtained result is very close to the experimental value for pyrope (325.76
Jmol 'K, as published by Robie and Hemingway (1995)). The difference is small-



3.3 Application of the first law of thermodynamics to pure phases 91

er than 0.5%.

In Tab. 3.1 calculated heat capacities of a some of minerals are presented together
with the corresponding experimental values. The last column contains the differenc-
es between the two values, given in percent.

Table 3.1 Molar heat capacities calculated using the Neumann-Kopp rule
compared with the experimental values (Robie and Hemingway 1995).

Mineral C;pmol 'K € imol 'K A%

Forsterite 118.61 119.11 -0.42
Enstatite 166.18 163.70 1.49
Diopside 166.78 168.51 -1.04
Anorthite 211.34 210.35 0.47
Grossular 330.22 339.08 -2.90
Spinel 115.94 116.36 -0.36
Muscovite 327.85 325.99 0.57
Tremolite 660.75 655.44 0.81
Anthophyllit 651.13 664.02 -1.94
Kaolinite 235.46 243.37 -3.25

As apparent from Tab. 3.1, the agreement between calculated and measured heat
capacities is considerably good in the case of waterfree phases. The largest deviation
is found for grossular. But the result can be improved using C,, of wollastonite,

CaSiOs, instead of lime, CaO, and low quartz, SiO; (C,, .4, = 337.67 Jmole 'K™).

Considerably poorer results are obtained for phases with water as a constitutional
part of the structure such as kaolinite or anthophyllite. In the past, attempts were
made to improve the results by accounting for the hydrogen bonding in these phases.
Significant improvements were achieved by the separation of the of H,O contribu-

tions to C,, into 'structural’ and 'zeolithic' (Berman and Brown 1985).

The temperature dependence of heat capacity

In the vicinity of 0K, the internal energy, U, and enthalpy, H, of solids tend towards
constant values. Because the heat capacities C, and C, represent the derivatives of
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the internal energy and enthalpy, respectively, their values approach 0. The mathe-
matical expressions for this relationship read:

. (oU .
lim (—) = limC(T)=0 3.40
75007 /v 1750 oD (3.40)
and
. (O0H .
lim (—) = lim C = 0. 3.41
T500T/p 750 (D (341)

In addition, the difference between C, and C, decreases with falling temperatures
and vanishes at 0K. Different solids approach the limiting value in different ways.

For example, the heat capacity of diamond is immeasurably small at temperatures
below 50 K and remains far below the value of 3R at room temperature. On the other
hand, lead and copper obey the Dulong-Petit’s rule quite well, which means that
their heat capacity values are close to 3R at room temperature.

The increase in the heat capacity of a solid with increasing temperature is due to
the excitation of atomic vibrations. According to kinetic theory of classical mechan-
ics, the average energy per vibrating atom is twice 1/2kT per degree of freedom,
where k is Boltzmann’s constant which is obtained by dividing the universal gas
constant R, by the Avogadro number, N4. A vibrating atom has both potential and

kinetic energy. Their average contributions to the total energy are equal, namely
1/2kT for each. Thus, the value of 1/2kT has to be doubled. The potential energy is
associated with stretching of electrostatic bonds between the vibrating atoms. Its
maximum is reached at the extremes of the vibratory path, when the atom is momen-
tarily at rest. In contrast, the maximum kinetic energy is reached, when the atom
passes the vibrational midpoint. At this point it travels with a maximum velocity.
The sum of kinetic and potential energy, however, is constant, regardless of the po-
sition of the atom on its vibratory path. The interaction between the constituent at-
oms of a solid is such that the number of vibrational modes per atom is always three.
In total, the energy of a mole of an one-atomic solid is therefore 3 x 2 x 1/2kN\T =
3RT. Thus, the heat capacity at constant volume, C,, should have a value of 3 R mul-

tiplied with the number of atoms per formula unit and it should not change with tem-
perature. However, this is not the case. As shown in Fig. 3.2, heat capacities are
strongly temperature dependent and the value predicted by the theory from classical
mechanics is approached only at high temperatures. Their true behavior can only be
explained by quantum mechanical theory.

Einstein considered a crystal as an array of ¢ atoms, each of which behaves as a
harmonic oscillator vibrating independently about its defined lattice site. The be-
havior of the individual oscillators is not influenced by that of its neighbors and all
oscillators vibrate with a single fixed frequency given as v. An oscillator has three
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degrees of freedom, that is, it can vibrate in three directions in space and the total
number of vibrational modes per mole of a solid is thus 3 gN,.

According to Planck, the energy of an atomic of molecular system is quantized.
The energy quantum, €;, that can be absorbed or released by the i-th harmonic oscil-

lator is

g = (i+%)hv, (3.42)

1

where i is an integer designating the energy level, ranging from zero to infinity, and
h is Planck’s constant of action. v is the frequency of the vibrating oscillator.
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Fig. 3.2 Heat capacity of forsterite, Mg,SiOy, as a function of temperature (Robie et al.
1982).

In one mole of a monatomic crystal there are a total of N atoms and, hence, 3N
oscillators. At any fixed temperature, the energies of N atoms are distributed over
different levels, whereby #, of them are in the zeroth energy level (ground state)
having an energy of 3¢, =3 x 1/2hv, n; are in the first energy level and have an en-
ergy of 3g; =3(1 + 1/2)hv, n, are in the second energy level and possess an energy
of 3g, =3(2 + 1/2)hv and so on. In the i-th energy level, there are »; atoms and they
have an energy of 3g;=3(i + 1/2)Av.

The populations of different energy levels is governed by Boltzmann’s statistics.
Thus, the number of atoms occupying the i-th energy level equals
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—&;/ kT
n, = ae , (3.43)

where 7 is the temperature, a a proportionality factor and £ Boltzmann’s constant.

Because there are N atoms in one mole of a monatomic crystal, it holds that
Ny = (n,+n +ny+..n). (3.44)

Applying Eq. (3.43) to Eq. (3.44) yields:

_L hv _hvo 2hv o 3hv _thv
2 kT kT kT kT kT
N, = ae (lJre +e +e +...e ] (3.45)

The expression in the parenthesis represents the sum of a geometric series. Its
value is

1

| (/KDY

Substituting this sum into Eq. (3.45) leads to the following equation for the con-
stant a in Eq. (3.43):

a= Nye (3.46)
Inserting Eq. (3.46) in Eq. (3.43) yields
—(hv/k —i(hv/kT
=N, [1—e "Dy VD (3.47)

The total vibrational energy, U, of a monatomic crystal consisting of 3N, har-
monic oscillators at temperature 7 equals

U= 3(nye,+ng +nye,...ng;) = 32”1'81" (3.48)

Considering the relationship given in Eq. (3.42), Eq. (3.48) can be rewritten in
terms of the vibrational frequency, v:
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U =3, Siveny Shvemy S (it th] (3.49)
3Zni[(i+%)hv].

Substituting the expression in Eq. (3.47) for n,, ny, n,...n; into Eq. (3.49), the total

vibrational energy for one mole of monatomic crystal is obtained. It reads:

_ 1 hv
U= 3NA[§hv + W] (3.50)

In the case of a polyatomic crystal, the right side of Eq. (3.50) has to be multiplied
by the number of atoms, ¢, in the chemical formula and one obtains:

. 1 hv
U= 3qNA[§hv + W] (3.51)

The temperature independent term in Egs. (3.50) and (3.51) gives the energy at 0
K. Hence, an oscillator never loses its energy completely. At absolute zero, it equals
1/2hv and this is called the zero point vibrational energy. It derives from the vibra-
tional motion of the atom in its ground state.

In order to obtain the heat capacity, C,, the energy of vibration, U, has to be dif-
ferentiated with respect to temperature, that is

hv/kT
v/ kD)

@_{T])V -c, - 3qNAk(Z—\T’)2W. (3.52)

The multiplication of the frequency, v, by #/k yields the so-called characteristic
temperature, ®. In this particular case, the characteristic temperature is referred to
as the Einstein temperature, O.

Substituting the Einstein temperature, @, into Eq. (3.52) the heat capacity equa-
tions reads:

0L/
C., = 3qR(9§)2_e(LD_ = 3¢R-f(©}) (3.53)
4 T ( (©,/T) 2 JANTES :
e _

1

The term (@) is called Einstein heat capacity function. It ranges from 0 to 1.

Einstein’s model equation gives the temperature dependence of the heat capacity
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of the correct general form. It can be shown that its value approaches 3R at temper-
atures T» @, in agreement with Dulong-Petit’s law. At low temperatures

(T «®p), it converges towards 0. However, calculated C, values approach zero

more rapidly than do the experimental C, values. This discrepancy is mainly due to
the fact that atoms do not vibrate with a single frequency. A better agreement be-
tween measured and calculated values is obtained for temperatures 7> © .

Debye considered a crystal as a continuum and assumed that the atoms do not vi-
brate independently of each other. Atomic vibrational behavior is influenced by the
behavior of their neighbors. Instead of a single frequency, there is a frequency spec-
trum ranging from v="0to v=v,,,.. Debye assumed further that within this frequen-
cy range the number of vibrations increases parabolically with increasing frequency.
Thus, he integrated Einstein’s equation over the range from 0 to v,;,,, to obtain the

heat capacity through

hv/kT )
¢ vodv, (3.54)

9]\7/1}13 J\_/max (hv)z
Ko,

v kT ehv/kT_ 2

0 ( 1)

and by substituting z and @p, for Av/kT and hv,,,,/k, respectively, as

C. = 9R(®—TD)3J®D/TZ4—eZZdz - 3R~f(®—TD). (3.55)
0o (-1

The term Op/T) is called the Debye heat capacity function and it equals

Z

3 0,/T 4
3(67-3 jOD ity (3.56)
(e"=1)

Eq. (3.55) holds for one mole of a monatomic solid. For a polyatomic crystal, the
right side of the equation has to be multiplied by the number of atoms per chemical
formula. ®, is referred to as the Debye temperature.

At high temperatures where z « 1, C, approaches the classical value of 3R. At
temperatures in the vicinity of 0 K, Eq. (3.55) simplifies to

3

4 3
Cvzm - 1943.7(10) - al. (3.57)
150), ©
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The relation, given in Eq. (3.57), is called the Debye T 3 law.

If Debye’s model was completely correct, the Debye temperature, extracted from
experimentally determined heat capacities, would be a constant. This is generally,
however, not the case. It rather varies somewhat with the temperature of the exper-
iment.

Heat capacity values calculated using the Debye function (Eq. (3.55)) agree rea-
sonably with experimental values for monatomic solids having cubic symmetry
(e.g. diamond, silicon, copper, lead, etc.) For silicates the agreement is rather poor.
The main reason for the discrepancy lies in the simple parabolic form used to de-
scribe the vibrational spectrum. Debye’s theory also does not account for anharmo-
nicity in the oscillators.

Vibrational spectra can be measured using infrared spectroscopy, Raman spec-
troscopy and inelastic neutron scattering.

Fig. 3.3 shows the temperature dependence of C, for forsterite calculated using
the Einstein and Debye models. Experimental C,’s are given for comparison. They
were obtained from measured C, values (Robie et al. 1982) using Eq. (3.39).

””””” 50 Y —~0
150 +
FI!
< 100+
o
£
=
o — Debye
O Experimental
O=670K  ----. Einstein
0 ! . ' | | |
Ll Ll } } ; ' '
0 200 400 600 800 1000 1200

TIK]

Fig. 3.3 Heat capacity at constant volume for forsterite calculated using the Einstein and
Debye models. ®p = Debye temperature (Sumino et al. 1983), ®5 = Einstein tempera-
ture (Kieffer 1985). Experimental data are from Robie et al. 1982.

Because of the various uncertainties in the theoretical calculations it is common
practice to determine the heat capacities experimentally. The measurements are un-
dertaken at constant pressure.
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The empirical representation of heat capacities

Heat capacities are represented by empirical expressions that have the form of a
polynomial for use, for example, in thermodynamical calculations. Several polyno-
mial were developed over time. The oldest and the most simple expression is re-
ferred to as Maier-Kelly polynomial. It has the following form:

C,=a+bT+cT (3.58)

The coefficients a, b, and c are obtained by fitting the polynomial to the experi-
mental data. Although they are empirically determined, their values can be linked to
the Dulong-Petit law, to the Giineisen constant and to the Debye temperature.

Haas and Fisher (1976) extended the Maier-Kelly polynomial by adding two

T—1/2

more terms, namely d and eT 2. Their expression reads:

C,=a+bT+cT 2+dr ' *+er? (3.59)

The Haas-Fisher polynomial reproduces experimental C,, data with a high preci-

sion. However, serious problems arise if the heat capacity is to be extrapolated at
temperatures beyond the 7 region in which the polynomial was fitted. In order to
overcome this problem, Berman and Brown (1985) proposed the following expres-
sion:

C,=a+bT 2+ Prar™, (3.60)

This polynomial accounts for the fact that heat capacity should approach the Du-
long-Petite value at high temperatures. It can, therefore, be used for high tempera-
ture extrapolations.

For the same reason, Holland (1981) recommended a polynomial of the form:
C, = a+bT+cT *+dr "> (3.61)

Robie et al. (1995), adopted in their thermodynamic data base the five term ex-
pression given in Eq. (3.59). Because of the quadratic term, it yields inappropriately
high C, values at high temperature. And, therefore, the authors warn of extrapola-

tions beyond a given temperature.
Tab. 3.2 gives the coefficients for the five term C,, polynomial for a few selected
silicates.
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Table 3.2 Coefficients for the heat capacity polynomial of the form:
Cp[Jmol'lK'l] =aq+bT+cT2+dT %+ eT? (Robie and Hemingway 1995).

Mineral ax10?  bx 10 ex10® dx10% ex10°
Kyanite 2.794 7124 2056 -2.289
Andalusite 2.773 -6.588  -19141 -2.2656
Sillimanite ~ 2.8019 -6.900  -1376  -2.399
Forsterite 0.8736 87.17 3.699  0.8436  -2.237
Pyrope 8.730 -137.4 00045  -8.794  3.3415
Cordierite 8.123 43.34 -8211  -5.000
Wollastonite ~ 2.0078 22589  -0.1579 -1.826  0.74.34
Diopside 4.7025 -98.64 02454  -4823 23813
Tremolite 61.31 -4189.0 5139  -85.66 1757
Muscovite 9.177 -81.11 2.834  -10.35
Sanidine 6.934 -171.7 3462 -8305 4919
Albite 5.839 -92.85 1.678  -6.424 2272

Fig. 3.4 shows the temperature dependence of heat capacity for different oxides
and silicates standardized to one atom. The heat capacity values for corundum, an-
dalusite, grossular, wollastonite and low quartz are very similar, whereas those of
high quartz and lime are quite different. This is due to the difference in lattice dy-
namic behavior of these oxides in comparison to that of complex silicates. Thus, the
underlying physical assumption inherent to the Neumann-Kopp approximation is
not valid in this case and the simple oxide summation fails. Robinson and Haas
(1983) attempted to circumvent this problem by introducing an empirically-based
model. They constructed empirical heat capacity polynomials for fictive oxide com-

ponents with cations in a given polyhedral coordination, such as Mg[4]0, Mg[6]0,
A12[4]O3, A12[6]O3, etc. These polynomial were obtained by a mathematical

least-squares procedure that used as input data the experimentally determined heat
capacity of a number of different silicates.
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Fig. 3.4 Heat capacities, C,,, as a function of temperature, standardized on a one atom
basis. The horizontal line corresponds to Dulong-Petit’s value of 3R.

Example 1: Consider grossular, Ca3Al,Si3;01,. Here, calcium is 8-fold coordinat-
ed, aluminium has six oxygens as neighbors and silicon’s coordination number is
four. In order to evaluate the C,, polynomial for grossular, the polynomials for

Cal®lo, AL,1910; and Sil*lO, are required. In Robinson and Haas (1983) one finds:

€ 10 — 83,6079 - 5.95782x107° T+ 19661.5T - 7164017 />
Al,[6]0 u B

R0 22274 - 16.409x107° T 2464567/ and

Si[4]10 - B

pl[ 102 109383 - 5.5518x10 37— 1083.057 /% where

C,[Imol 'K '],

In order to obtain the C,, polynomial for grossular, the C,, polynomials for the ox-
ides are to be summed according to their stoichiometric proportions in garnet:

AL[610 Si[4]10
Ca[8]0+Cp »[6] . 3C i[4] 2

calc .
C =3C D

p, CazAl,Si304, P
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The summation yields:

calc

o Cann,si,0, [JmOl KT = 801713 -50.938x10 T+ 58984.57

~ 7862917 /%

For T=800 K,

cale 1
C, Cayat,siy0,, = 483.06 Jmol K

is obtained. This value may be compared with a value of 477.67 J mole™ ' K! that is
obtained using the experimental data given by Bosenick et al. (1996).

If the C,, polynomials for the oxides (lime, quartz and corundum) are used, ac-

cording to the Neumann-Kopp’s rule, larger discrepancies between calculated and
measured values result. For a temperature of 800 K, for example, a C,, value of 500

Jmole 'K is obtained. This large discrepancy is a consequence of the fact that the
normalized C,, vs. temperature curve for lime is much different than those for corun-

dum, quartz and grossular (see Fig. 3.4).
At high temperatures, C,, values exceed Dulong-Petits limit of 3R. One of the rea-

sons for this behavior is the formation of large concentrations of point defects as the
melting temperature is approached.

3.3.2 Enthalpy, H, of pure phases as a function of temperature

Using the definition of the heat capacity, c,, as given in Eq. (3.35), the change in
enthalpy, dH, with change in temperature, d7, at constant pressure is given by:

dH = c,dT. (3.62)

For one mole of a pure phase, the enthalpy, , and heat capacity, c,, in Eq. (3.62)
must be replaced by the molar quantities H and C,,, respectively.

In order to obtain the molar enthalpy of a pure phase at an arbitrary temperature,
T, Eq. (3.62) has to be integrated over the temperature range from 0K to 7, that is

T
Hp = Hy_ o+ [C,dT. (3.63)
0

The integration constant Hpy_ , corresponds to the enthalpy of the pure phase at
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OK. Its value is unknown, because it cannot be determined experimentally. Only
changes, i. e. AH, are amenable to measurement. Therefore, a standard state to
which the changes refer has to be chosen. It is taken as the enthalpy change associ-
ated with the formation of a phase from the elements at 0.1 MPa and 298 K. (More
details about this will be given later).

In thermodynamic tables one finds the so-called keat content functions [Hy -
H,gg)/T. The term in the numerator is referred to as a standard enthalpy content and
is calculated by integrating Eq. (3.63) between 298 (more precisely 298.15) and 7:

T
[H—Hygl = [ C,dT. (3.64)
298

Inserting Eq. (3.59) into Eq. (3.64) yields

T
[Hp—Haogl = [(a+bT+cT *+dr ' ?+erhyar (3.65)
298

b, .2 2 (1 1 )
= _ += — el = - —
a(T-298)+=(T"-298")—c T

+2d(JT - J298) + §(T3—2983).

Eq. (3.65) gives the heat amount that is required to increase the temperature of
one mole of a pure phase from 289.15K (room temperature) to 7.

Example 1: The temperature of one mole of diopside, CaMgSi,Og, is increased
from 298 to 1000 K. How much heat is absorbed by the mineral?

According to Eq. (3.64), the heat that is transferred to diopside equals its molar
heat content, that is

T
Di Di
[H 000~ Haosl e, MgSi,0p _[ Cp, camgsi, OadT‘
298

Using the coefficients of the C),-polynomial for diopside given in Tab. 3.2, the
calculation reads:
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—2
Di 9.864x10
[ 1000~ Haos) capesiso, = 470-25(1000 - 298) - ===

5 5 5 (_1 L)
x (1000” —2987) — 2.454x10 X(looo 298

—2 % 4.823x10° x (/1000 — /298)

-5
+ Q‘%’—(mo& ~298%) = 156364 kJmol .
Thus, a heat of 156.364 kJ is required to increase the temperature of one mole of
diopside from 298 to 1000 K.
In the reverse process, when the temperature of a mineral is decreased, the heat
value has a negative sign.

Example 2: A sanidine crystal, KAISi;Og, has a mass of 27.734 gram.

How much heat is released to the surroundings if the crystal is cooled at constant
pressure from 800 to 298 K?

We first calculate the molar change in the enthalpy that is associated with the
cooling process.

800

san _ san
”"298’IL"800]1<A/si308 = ) G kaisiyo T

298

Here, we use again the coefficients given for sanidine from Tab. 3.2 and calcu-
late:

0.1717

T(8002 _298%)

san
[H,94 _H800]KA1S1'308 = —|:693.4(800 -298) -

o1 1
—3.462x10 (% - ﬁ) 2% 8305
-5
« (/800 — ./298) + ‘Lw;ﬁ-(so& - 2983)}
= ~132.949 kJmol .

The sanidine mass has to be converted to the number of moles. Using its molar
mass of 277.34 gram, one has
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san 27.734 g

MKAISi,04 — — = 0.1 mol.
277.34 gmol

In order to obtain the heat that is released to the surroundings due to the cooling

process, the calculated molar heat of -132.949 J mole™! has to be multiplied by the
number of moles, as

= _132.949 kImol ! x 0.1 mol = —13.295 kJ.

Eq. (3.64) gives the heat content for a phase only in the case where no phase tran-
sition occurs over the considered temperature range.

If a phase transition takes place between 298.15 K and 7, the amount of heat, as-
sociated with the transition has to be is taken into account. It is the difference in the
enthalpy between the disappearing (educt) and the forming phase (product) and is
referred to as the heat of transition, A, H:

(3.66)

educt®

AtrH - Hprodi

In order to calculate the heat content of a substance undergoing a phase transition,
Eq. (3.64) has to be modified to

Ttr T
[H;—Hygl = [ C, dT+AH, + [C,,dT, (3.67)
298 T,

tr

where C,, ; and C, , are the molar heat capacities for the phases in the temperature
range between 298.15 and T}, and between 7}, and 7, respectively.
Example: Fayalite, Fe,SiO4, melts incongruently at 1490 K and its enthalpy of

melting is 89.3 kJ mole™! (Robie and Hemingway 1995). At 1800 K, the heat content
of the melt can be calculated according to Eq. (3.67) as follows:

P 1490 1800

a . fa melt

[H 1300 —Hros1 ke si0, = j C Feysio 4T+ A, H+ j Cy, Fe,si0,9T"
298 1490

The expressions for the heat capacity of fayalite and for fayalite melt are taken
from Robie and Hemingway (1995). They read:
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-3 6,.,-2
CfFe sio,lImol” "] = 176.02 - 8.808x10 > T—3.889x10°T
+2471x10°T°
and
melt

—-1,-1
Cp Fe,si0, = 240.60 Jmole K

Using these data

-3
8.808x10 2 2
[H 500 - H298]Fe sio, = 176.02(1490 - 298) - === (14907 - 2987)
2471><10 3 3
+ - _
3.889x10 (1490 298 3 (149072987

+ 89300 + 240.60(1800 — 1490)

= 380.904 kimol |

is obtained.
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Fig. 3.5 Heat content of Fe;SiO, as a function of temperature. Ag H is the heat of melt-
ing.
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Fig. 3.5 shows the heat content of Fe,SiO, as a function of temperature up to
1800 K. A, H is the heat that is required to melt one mole of fayalite at 1490 K and
0.1 MPa.

At this point, it has to be emphasized that Eq. (3.67) gives the heat content quan-
titatively only if the enthalpy of a material under consideration shows a finite differ-
ence at the transition temperature. This, however, is not always the case, as
discussed further in section 6.1.2.

3.4 Enthalpy of solutions

Similar to the volume, the enthalpy of a solution is a function of temperature, pres-
sure and composition that is given by the number of moles, #;

H = f(T,P,n, ny...ny). (3.68)

At constant temperature and pressure the enthalpy of an ideal solution is simply
the sum of the molar enthalpies of the components making up the solution multi-
plied by the corresponding number of moles:

k
H=3 nH, (3.69)

Eq. (3.69) holds of course for mechanical mixtures, where the components can
be separated from each other using physical methods.

In the case of non-ideal solutions the molar enthalpy in Eq. (3.69) has to be re-
placed by the partial molar enthalpies of the components, where

k
H= 3 mt (3.70)

The partial molar enthalpy, H;, is obtained by the differentiation of the total en-
thalpy of the system, H, with respect to the number of moles of the component i, #;,
at constant temperature, pressure and composition of the mixture. It reads:

0
H = (_H) 3.71
i on/ p, T,n, G7D

and gives the change in the total enthalpy of a solution when 1 mole of component
i is added at constant temperature and pressure. A requirement for Eq. (3.71) is that
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the quantity of the solution must be so large that an addition of »; causes virtually no
change in the composition.

3.4.1 Enthalpy of binary solution

Consider a binary solution consisting of the components 4 and B. According to Eq.
(3.70) the total enthalpy of the solution is

H = n,H, +nzHp, (3.72)

where ny, ng, H, and Hp are the molar fractions and partial molar enthalpies of the
components 4 and B, respectively.

Dividing Eq. (3.72) by the sum of the moles in the system, n, + np, yields:

H - ny i
- - H,+ Hy = x H +xzHp. (3.73)
nytng nytng nytng

H is referred to as the molar enthalpy of solution.

As stated earlier, the absolute enthalpy can not be determined experimentally.
Only changes in enthalpy can be measured and, therefore, it is necessary to select
some standard state and refer the changes to this state. In the case of solutions it is
the state of the pure components at the temperature and pressure of mixing. Adopt-
ing this standard state, the enthalpy change associated with the process of mixing at
constant temperature and pressure is given by the difference between the molar en-
thalpy of the mechanical mixture and that of the solution. In other words, it is the
difference in the enthalpy of a system before and after the mixing process takes
place.

The molar enthalpy of a binary system consisting of components 4 and B, before
the process of mixing takes place, is given as

mm

H " =x,H,+x3Hp, (3.74)

where H mm, H , and Hp represent the molar enthalpy of the mechanical mixture
and the molar enthalpies of the pure components 4 and B, respectively.

After the completion of the mixing process, the molar enthalpy for the system un-
der consideration reads:

— sol

H W =x,H,+xpHp. (3.75)
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Here, H*°/, H ' and Hy represent the molar enthalpy of the solution and the partial
molar enthalpies of the components 4 and B, respectively.

In order to obtain the change in the enthalpy due to the process of mixing Eq.
(3.74) has to be subtracted from Eq. (3.75), that is

Hsal — mm

~H"" = A H"=AH = x,(H,~H,)*xg(Hz—Hp).  (3.76)

Amﬁ is the quantity of heat that is exchanged between the system and its sur-

roundings when 4 and B form a homogeneous solution at constant temperature and
pressure. It is referred to as the enthalpy of mixing. In the case of an ideal solution
the molar enthalpy of solution corresponds to the stoichiometric sum of the molar
enthalpies of the pure components. Thus, in Eq. (3.76) the partial molar enthalpies
of the components and their molar enthalpies are identical and the terms in the pa-
rentheses are zero. Consequently, the enthalpy of mixing for ideal solutions equals
0. In non-ideal solutions, however, the partial molar enthalpies of the components

differ from their molar enthalpies in the pure state AmITI # 0 and, the molar enthalpy

of mixing is identical with the molar excess enthalpy of solution, Amf_l . The

terms in the parentheses in Eq. (3.76) correspond to the partial molar excess enthal-
pies or partial molar enthalpies of mixing of the components. They are:

ex
H,~H, = Hj (3.77)

and

ex

Hp—Hp = Hp'". (3.78)
Considering the fact that the sum of the molar fractions of all components making

up a solution is 1, the molar heat of mixing for a binary solution can be rewritten as
follows:

A H = (1-xp)H{ +xpHg . (3.79)

Similarly as to the case of the partial molar volumes, the partial molar excess en-
thalpies of the components can be derived from the molar heat of mixing. The con-
dition for this is that the molar heat of mixing as a function of molar fraction is
known over the compositional range under consideration. The partial molar excess
enthalpies of the components in a binary solution then read:
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_ oA H
H{ = AmH—xB( = J (3.80)
and

ex

_ oA T
HB = AmH+(lfxB) T (3.81)
B p T
€X 0o
, HB
eX oo /,
H e .
\‘\ . ex
,‘\\ Hg
ex = s
H / IAmH \\
A |
|
A X8 B

Fig. 3.6 Enthalpy of mixing and partial molar excess enthalpies of the components, 4

and B as functions of composition in a binary solution (4,B). A m[TI designates the molar
heat of mixing, H:x and H ;x are the partial molar excess enthalpies of the components

A and B, respectively, at the composition xp, Hjxoo and H ;xw represent the partial

molar excess enthalpies of the components for the case where they are infinitely diluted.

The relationship between the molar heat of mixing and the partial molar excess
enthalpies of the components in a binary solution (4,B) is shown schematically in
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Fig. 3.6. Because there is no heat of mixing for pure components, the curve of the
molar enthalpy of mixing is zero at xz = 0 and at xz = 1. The intercepts of the tangent

to the curve of the molar enthalpy of mixing with the ordinate at xz =0 and x5 =1
give the partial molar excess enthalpies for the components 4 and B, respectively.

In the special case solutions at infinite dilution, that is when xg approaches 0 and 1,
the partial excess enthalpies are designated as Hjxoo and H ;xoo, respectively. They

are used to express the enthalpy of mixing as a function of composition at constant
temperature and pressure. In the case of a simple binary mixture where the partial
excess enthalpies of the components at infinite dilution are equal, i.e.

exoo exoo exoo

H{" = " = H{,. (3.82)

the expression giving the enthalpy of mixing reads:

exoo

AH = (1-xp)xgH "y (3.83)

In the case of a subregular solution where the excess enthalpies of the compo-
nents at infinite dilution differ one from another, the enthalpy of mixing is given by:

exaoo

- 2 0 2
A H = (1—xpxpgH "+ (1-xp) xpHp (3.84)
In the literature the partial molar excess enthalpies of the components Hjx;),

exo

H, " and H, ;xm are often replaced by the so-called enthalpic interaction parame-

H _H .
ters Wl.j , W,_p and Wg{ 4 » respectively.

3.4.2 Examples of enthalpy of mixing in binary solutions

Example I: Tab. 3.3 gives the enthalpy of mixing for the high albite-high sanidine
solid solution series derived from experimental heat of solution measurements made
at 50°C by Hovis (1988).

The data in Tab. 3.3 are shown graphically in Fig. 3.7. Their values as a function
of concentration suggest that a simple solution best describes the mixing behavior
according to Eq. (3.83). A least-squares fit to the data yields the value for the partial

molar enthalpy of mixing for the components at infinite dilution H ;ZOOK, of

19.587 kimole™!. Thus, the expression for the heat of mixing curve reads:



3.4 Enthalpy of solutions 111

san

- -1
A HIKImol ] = (1 =X 0K 1510, * 19-587.

Table 3.3 Enthalpies of mixing for the solid solution
high albite-high sanidine (Hovis 1988)

san — —1
Xkaisiyo,  AyHkImol "]

0.009 0.415%+0.822
0.1437 2.268+0.790
0.3508 4.335+0.549
0.4911 4.855+0.502
0.5993 4.961+0.613
0.8074 3.058+0.597
0.960 0.524+0.927

The above equation can be used to derive expressions for the calculation of the
partial molar excess enthalpies of the components at any arbitrary composition. For
this purpose, the right hand term of the equation has to be substituted for the heat of
mixing in Eqgs (3.80) and (3.81), respectively. The partial molar excess enthalpies
then read:

ex san 2 1
HNaAlSi308 = (XKAlSi308) - 19.587 kimole

and

ex san

2 -1
Hyyisio, = (1= Xkaisi,0,) +19-587 kimole .

In the special case where the mole fraction of high sanidine in the solution equals
0.4, the partial molar excess enthalpy of high albite is

ex 2 1
Hyaaisi,0, = (04)7x 19.587 = 3.134 kimole .
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The partial molar excess enthalpy of high sanidine at this concentrations is given
by:

Hiusio, = (1.0-0.4)" x 19.587 = 7.051 kimole .
20 + Ho
A | Mkaisi,o,
exoo
Hyaaisi,o,
15 +
ke
€ 104
=
X,
I ex
Hiassio,
5 -
ex
Hyaaisi,o,
0 e
I T T T T

00 02 04 06 08 1.0

San
XKAISi,0,

Fig. 3.7 Enthalpy relationships in the system high albite-high sanidine (Hovis 1988).
A mF] designates the molar enthalpy of mixing, H ;Z ALSi; Oy and H 12; 151,04 A1 the
partial molar excess enthalpies of high albite and high sanidine, respectively, at

san exoo

exoo .
XKAISi,04 ~ 0.4. HNaAlSi308 and HKAlSi308 represent the partial molar excess

enthalpies of the components at infinite dilution.

The two partial molar excess enthalpies can be used to calculate the enthalpy of

mixing at xi;; o =04, following Eq. (3.79). It is
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A H = (1.0-04)x3.134+ 0.4 x 7.051 = 4.701 kimole .

Of course, the same result is obtained if the equation developed for simple solu-
tions is used, namely

A H = (1-04)x0.4x 19587 = 4.701 kimole .

The partial molar excess enthalpies of the components at infinite dilution are ob-

tained when x;?: 151,04 approaches 1 and 0, respectively. The calculation reads:

exoo

2 -1
Hywiisiyo, = 1/ 19.587 = 19.587 kimole !

and

exoo

2 -1
Hyatisiyo, = (1-0)"x 19.587 = 19.587 kJmole .

The two values are equal, because a simple solution model was used to fit the ex-
perimental data.

Example 2: Geiger et al. (1987) determined the enthalpy of mixing for a series of
synthetic garnet solid solutions on the join almandine-pyrope. They fitted their data
to the subregular solution model and obtained the following enthalpic interaction
parameters:

Wiy p, = ~15.76 kimol '

and
H -1
WPy—Al = 36.17 kJmol .

Thus, the expression for the molar enthalpy of mixing according to Eq. (3.84)
reads:

A H[kJmol '] = (1 -x8"" gri 2 X (-1576
LHIkImol "] = ( _ng3Alei3Ol2)(ng3A12Si3012) x (- 15.76)
grt 2 gart

(1 =Xg.a1,5i,0,,) Khg,an,siyo,,) * 3617

In order to derive equations for the partial molar excess enthalpies of the compo-
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nents, the expression given above has to be substituted for the integral molar en-
thalpy of mixing in Eqgs. (3.80) and (3.81). We start with the partial molar excess
enthalpy of almandine. Inserting the expression for the molar enthalpy of mixing
into Eq. (3.80) yields:

2
ex _ grt grt
Hpe an,si,0,, = (1= XMgaa1,51,0,,) KMgyai,si,0,,) % (- 15.76)

2
grt grt
(U= Xpe 41,51,0,,) ¥Mg,1,5i,0,, % 3017

0 grt 2 grt
-X —[(ng3A12Si3012) ( _ng3Alei3012)

grt
OX Mg, 41,5150,

grt 2 grt
X (-15.76) + (13510 11610 ) Ve ansiion 36.17]

1 2
= (xﬁ;ngm;ou) [(-15.76) + 2 x (36.17 + 15.76)

grt
X (1 =Xppe 41,85i,0,,)1-

grt _ P
For ng3A12Si3012 = (.8 one obtains:

ex

2
Hi asio, = 087 [(-15.76) + 2 x (36.17 + 15.76)(1 - 0.8)]
= 3208 kJmol .

The mathematical expression for the partial molar excess enthalpy of pyrope is
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obtained by inserting the term for the molar enthalpy of mixing into Eq. (3.81), i.e.

2
ex _ gart gart
Hyro.an,5i,0,, = (1 =%asg a1,50,0,,) Xpgian,sis0,,) % (- 15.76)

grt 2 grt
(=X a1,51,0,,) > FMg,ansiso,,) * 3617

grt 0 gart
+ (1 - . X .
(1 =Xyg.at,51,0,,) e [(ng3A12Sl3012)
Y Mg,41,8i50,,
2
grt grt
* (1 =Xg. 41,50,0,,) % (- 15.76) + (1 =Xy0 41510,

grt _ grt
XX 41510, % 36.17] = (15§78 a1.s1.0,)[36.17

grt
F2x (157636010 41 6o -

If one chooses 0.8 as the mole fraction of pyrope the calculation reads:

ex

2
Hype at,siso,, = (1-0.8)°[36.17 + 2(-15.76 - 36.17) x 0.8]
~1.877 kJmol .

The two partial molar excess enthalpies can be used to calculate the integral heat
of mixing for a an almandine-pyrope solid solution containing 0.8 moles almandine.
The calculation has to be carried out according to Eq. (3.79). It is:

A H = (1-0.8)x3.207+0.8 x (~1.877) = —0.86 kimol .

This result can be verified using the expression for the heat of mixing (Eq.
(3.84)), that is

(1-0.8) x 0.87 x (~15.76) + (1 - 0.8)> x 0.8 x 36.17
~0.86 kJmol .

A H

m

The enthalpic interaction parameters given in the expression for the heat of mix-
ing are identical to the partial excess enthalpies of the components at infinite dilu-
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. . . . t .
tion. This can be verified by setting xﬁ/;& AL,Si30,, to one and to zero in the

equations giving the partial excess enthalpies of mixing of almandine and pyrope.

For almandine holds:

exoo

2
Hix o sio, = 1IG1576) 2% (36,17 +1576)(1 — 1)]
~15.76 kJmol !

and for pyrope

exoo

2 -1
Hytgoansiio, = (1=0)"[36.17+ 2(-15.76 - 36.17) x 0] = 36.17 kJmol _.

3.5 Enthalpy of reaction

Consider a reacting system consisting of the components 4, B, C and D and suppose
a reaction of the type

vaA+vbB = ch+vdD

takes place at constant temperature and pressure. What is the change in the enthalpy
of the system? To answer this question, the enthalpy of each single reacting compo-
nent constituting the system must be known. Mathematically, they are given by the
partial derivatives of the total enthalpy with respect to the considered component at
constant pressure, temperature and composition of the system. Considering the fact
that in a closed system the mass remains constant, the change in the total enthalpy
due to an infinitely small extent of reaction is given by:

OH OH

dH = f(—) dn 7(— dn (3.85)
6nA p. T, , 4 \on p.Ton,p B
OH

OH
+ (—) dn -+ (—) dnp.
8nc ¢ 6nD D

pTon,p
If the reactants as well as products are mechanical mixtures of the pure compo-
nents, the partial derivatives in Eq. (3.85) can be replaced by the molar enthalpies
of the pure components. In addition, as shown earlier (see Eq. (2.113)), the molar
increments, dn;, are related through the stoichiometry of the reaction. Thus, Eq.

p T, ni.c

(3.85) can be written as follows:
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D
dH = ZA v.H dE. (3.86)

In Eq. (3.86) v; and H; are the stoichiometric coefficient and the molar enthalpy

of the component 7, respectively. £ is the extent of reaction. It indicates the extent to
which the reaction has progressed from the initial non equilibrium state towards
equilibrium.

Division of Eq. (3.86) by d§ yields:

(Z_g’jm - AH - Zjvl.Hi. (3.87)

A,H is referred to as the enthalpy of reaction. It gives the amount of heat that is

exchanged between the system and its surroundings when a chemical reaction oc-
curs at constant temperature and pressure. Reactions that absorb heat in order to
maintain a constant temperature of the system are called endothermic. Conversely,
when heat is released to the surroundings the reaction is called exothermic.

In the case of the generalized reaction given above, the enthalpy of reaction
reads:

AH=-v H, —Vv,Hp+v H-+v,Hp. (3.88)

7

Eq. (3.88) has no practical meaning, because the molar enthalpies of the compo-
nents are unknown. In order to assign an enthalpy value to a substance, the standard
enthalpy of formation from the elements, A H,qg, is defined. It is the enthalpy asso-

ciated with the formation of substance from the elements in their stable form at
298.15 K and 0.1 MPa. The standard enthalpies of the elements in their stable form
are assigned arbitrarily a value of zero.

Example: Consider the formation of pyrite, FeS, from the elements. The reaction
is:

Fe+2§ = FeS,.
In its reference state, iron has a body-centered cubic cell and is termed a-Fe. Sul-

fur is orthorhombic. At standard conditions, the formation of pyrite is exothermic
having an enthalpy value of -171.5 kimole™!. Formally, the calculation reads:

_ py _ _ -1
ArH298=AfH298,FeSZ =-0-0+(-171.5) = -171.5kJ'mol .
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The standard heats of formation for most minerals are tabulated in thermodynam-
ic tables. They can be used to calculate the enthalpy of reaction at the standard con-
ditions. The enthalpy of reaction is therefore termed the standard enthalpy of
reaction, A Hygg.

Example: Consider the reaction:
3Cadl,SinOg = CazAl,Siz0,, +241,5i04+ SiO,.
In order to calculate the standard enthalpy of this reaction, the standard enthalpies

of formation for the reactant and for the products must be known. The calculation
then reads:

B an grt
- +
A H g 3AH o5 cantysiyo, T A0, cayansiso,,
sill a—qrz

* 2AfH298,A[2Si05 * Aszgg, Si0,”

The required standard enthalpies of formation are found in Robie and Heming-
way (1995). The following values are given:

an _ _1
Al Cadl,Si,0f —4234.0 kJmol -,

grt _ 1
Aszg& Caydl,Sis0,, — 6640.0 kJmol

sill . -1
AfH298,A12Si05 = —2586.1 kJmol and

“-d'Z - _ 9107 kJmol .

A 298, 8i0,

Using them, the standard enthalpy of reaction is calculated as follows:
A H,ge = —3(-4234.0) + (-6640.0) +2(-2586.1) + (-910.7) = -20.9 kJ.

Hence, if the reaction 3 anorthite = grossular + 2 sillimanite + quartz could take
place at standard conditions, 20.9 kJ of heat would be released to the surroundings.
Although, this is a high-pressure high-temperature reaction, the calculation is rea-
sonable, because the temperature and pressure dependence of the heat of formation
of the reactants and products is similar and the heat of reaction does not change
strongly with temperature and pressure.



3.5 Enthalpy of reaction 119

3.5.1 Temperature dependence of the enthalpy of reaction

The temperature dependence of the enthalpy of reaction is given by the Kirch-
hoff’s law that reads:

(aA’H) A.C 3.89
5T P - r py ( . )

where A,C,, gives the change in the heat capacity of the reacting system. It repre-

sents the stoichiometric sum of the molar heat capacities of the components that par-
ticipate in the reaction. One can write:

k
8, = 3 Vi€, (3.90)

In Eq. (3.90), C,,; and v; are the molar heat capacity of the i-th component and
the corresponding stoichiometric coefficient, respectively.

In the case of a general reaction (see Eq. (2.108)), the heat capacity change is giv-
en by:

AGC = fvan’AfvbCp’B

tv.C, ctv,C, p- (3.91)

Using Kirchhoff’s law, the enthalpy of reaction can be calculated for any arbi-
trary temperature, provided that the heat capacities of the components are known for
the temperature range considered. For example, the transformation from tempera-
ture 7 to temperature 7, reads:

T2
AHp = AHp + [ACdT. (3.92)
Tl

Because the heat capacities are also functions of temperature, their temperature
dependence must also be known. If this is not the case, different approximations of
the temperature dependence for the heat capacity change associated with the reac-
tion can be made. The simplest case is to assume that the heat capacity change is
zero (A,C, = 0) and the enthalpy of reaction is constant. Another approximation is
to assume that the heat capacity change remains constant over the temperature range
considered (A,C, = a, where a is a constant). This means that the heat of reaction is
a linear function of temperature. Both approximations yield reasonable results only
in the case when no fluid phases are involved in the reaction and when the temper-
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ature interval is small.

Example: Consider the reaction: 3 anorthite = grossular + 2 sillimanite + quartz
once again. The calculated value for the heat of reaction holds for 298.15 K. If we
want to convert its value to 800 K, the molar heat capacities and the temperature de-
pendence of the reactants and the products are required. The following C,, polyno-

mials are given by Robie and Hemingway (1995):

an —2 6,2 3,.,.-1/2
Cy Cantysi,0, = 5168 —9.249x10 "T—1.408x10°T "~ 4.589x10° T

+4.188x10 T Jmol 'K ],

grt _ 6,.-2 4, -1/2
C'aitysivo,, = 1529.30.6997 +7.443x10°7 "~ 1.894x10°T

+2.53x10 7 Imol 'k 71,

sill -3 6. 2
. ALSIO; 280.19 -6.9x10 "T—-1.376x10"T

~2399x10°T " JImol 'K} and

Cpl gy = 81145+ 1.828x10 T~ 1.81x10°T 2~ 6.985x10°7 "2

+5.406x10 T Imol 'K 1.

There are different ways to evaluate the integrals in Eq. (3.92). One can first sum
the €, polynomials of the components according to their stoichiometric proportions
to obtain A,C), as a function of temperature and then integrate it over the temperature
range in question. Another way is to calculate the heat contents of the components
first and then sum them together by taking into account the stoichiometric coeffi-
cients. The latter method is used most frequently, particularly in the case when the
system undergoes phase transitions in the temperature range considered.

In our example, we will adopt the second way to calculate the heat contents of the
components. One has:

-2
an 9.249x10 2 o2
(o0~ 8] (o 51,0, = S16.8(800 ~298) - === (8007~ 2987)

+1.408x10 ( 8) 2 x 4.589x10° (~/800

800 29

— J298) + %(8003 ~298%) = 136.6 kimol ',
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grt _ 0.699
[Hso0—Haos1 ¢ a1, 51,0, = 1529-3(800-298) ——(800 2987
—7.443x10° 800 298) 2 x 1.894x10" (/300

~ J298) + %(SOO3 ~298%) = 214.2 kJmol ",

—3
sill 6.9%x10
[Hyoo ~ HaosTl g0, = 28019(800 - 298) — 22—

2 2 6f 1 1
- + 1. — e
x (8007 —2987) + 1.376x10 (800 298)

— 2% 2.399x10° (/800 — /298) = 83.0 kJmol |

and
- gtz 1.828x10 >
[Hyoo~ Hagglgy ™ = 81.145(300 - 298) + 252200
%)
. +
><(800 298 )+ 1.81x10 (800 708
~ 2% 6.985x10%(,/800 — /298)
6
+M(800372983) ~ 309 kimol ",
giving
an
AH, 300 = AH,. 503 =3[Hgoo = Hyosl 0y 1,510,
CTH H grt YOrH sill
[Hgoo— 298]ca 3A41,8i50,, [Hgoo — 298]A1 ,Si05
a—qtz
+ [Hsoo_Hz%]Sioz ’
and

A Hgy, = —20.9 kImol ' —3 x 136.6 kimol ' +214.2 kimol '
+2 x 83.0 kJmol ' +30.9 kJmol | = — 19.6 kJmol .
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At 800 K, the enthalpy of reaction is only 1.3 kJ/mol smaller than at 298 K. Thus,
the simplifying assumption of AGC ~ 0 does not introduce a large error. This is

generally the case when only solids participate in the reaction.

3.5.2 Hess’s law

A reaction can occur directly or it can proceed over several intermediate steps. In-
dependently of the way in which a reaction takes place, its value of the enthalpy of
reaction will always remain the same. In the case that the intermediate steps are in-
volved, the enthalpy value is the sum of the enthalpy values associated with each of
the intermediate reactions. This phenomenon is known as Hess’s law. It is a conse-
quence of the fact that enthalpy is a function of state, and its change in any process
depends only on the initial and final states of the system.

Hess’s law is frequently used to determine the enthalpy of reaction for those re-
actions, that occur at P-T-conditions at which a direct measurement is not possible.

Example: Suppose that the standard enthalpy of reaction, A,H,qg, for the decom-
position reaction:

NaAlSi;Og = NadlSi,O¢+SiO, A H,yge
is not known and we want to calculate it using Hess’s law. For this purpose, reac-
tions are required which can be combined to yield the reaction given above. Further-
more, their standard enthalpy of reaction must be known. These two requirements
are met by the following reactions:

a) NadlSiO,+ NaAdlSi;Og = 2NaAlSi,O
and

b) NadlSiO,+ SiOy = NaAlSi,Oy.

If reaction b) is subtracted from reaction a), the decomposition reaction results.
The standard enthalpy of reaction is, therefore, calculated as follows:

AHygg = ArH298,a* ArH298,b'

Using A,Hjgg ,=-33.2kJ and A.Hjgg , =-29.6 kJ, the calculation of the enthalpy
of reaction reads:

AHyg = —332kI+29.6 kI = -3.6KJ.
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The Hess’s law provides the basis for high-temperature solution calorimetry.
This is an important method used to determine the enthalpy of formation of miner-
als. The method measures the heat associated upon the dissolution of a compound
and its constituent components in an appropriate solvent. The components are often
oxides in the case of silicate. The measured heats of solution are summed according
to the oxide-based reaction of formation. This yields a value of the same magnitude
as the heat of formation. Its sign, however, is reversed, because the dissolution pro-
cess is opposite in nature to the formation reaction. If the molar heat capacities of
oxides and of the silicate are known, the heat of formation from the oxide can be
converted to the room temperature value. The standard heat of formation is then ob-
tained by adding the standard heats of formation of the oxides to the heat of forma-
tion, which is determined in the calorimetric experiment. The procedure can best be
demonstrated by a concrete example.

FaBhauer and Cemi¢ (2001) determined the enthalpy of formation of petalite,
LiAlSi4Oq. The reaction from the oxides to form petalite is:

LidlO, +45i0, = LidlSi 0.

The enthalpies of solution of LiAlO,, SiO, and LiAlSi4O, were measured in a
2Pb0O-B,05 melt at 1001 K. The following values were obtained:

A = 32.60 kJmol ',

sotfl s 10,

a—qtz _

Ay HE ! = 384 kimol ' and

A H’”’: 63.68 kimol '

sol

Taking the enthalpies of solution of each of the component oxides, the enthalpy
of formation of petalite is given by:

pet,ox _ a—qt

A pet
AffIIOOI ( Avol LlAlO) 4 X(_Aso[HSIO )+(_ASO]HL1A]SI4 0)

In the above given equation the enthalpies of solution are negative. This is done
to preserve the conventional formalism used to calculate the enthalpy of reaction. In
the literature, this formalism is avoided and the he equation is written as:

pet, ox _ o—qtz pet
Af}IlOOl volHL idl0, +4AsolH _A.volHLiA15i40]0'

Inserting the measured values, the calculation reads:
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pet,ox _

AHT1 ™ = 32.60 kImol ' —4 x 3.84 klmol ' ~63.68 kimol '
= _ 46.44 kJmol .

In order to obtain the standard enthalpy of formation for petalite, the heat of for-
mation at 1001 K has to be transformed to room temperature and the standard en-
thalpies of formation of the oxides must be added. One has:

pet _ pet, ox
298 A/‘HIOOI { H298 1001]14,',410274[1{29871‘11001]5,'02

a—qiz

pet
+ —
[H298 HlOOl]LiAlSi40]O} AfI{298 LidlO, 4AfH 298, 8i0,"

The enthalpy contents for each component over the temperature interval from
1001 to 298 K, [Hyog - Hjgo1];> are calculated using the C, polynomials given by

Robie and Hemingway (1995). We have:

[Hzgg H1001]L 410, - 64.51 kJmOl

a—qiz

-1
[H,gg — H1001] = —45.59 kJmol " and

pet
[H2987H1001]L1A1S:400 ~240.52 kJmol '

According to Robie and Hemingway (1995), the values for standard heat of for-
mation of a-quartz and LiAlO, are -910.7 and -1188.67 kJ mol !, Using these data
the standard heat of formation of petalite is calculated as:

Adl fgest = 4644 kImol | +64.51 kimol ' + 4 x 45.59 kimol '

—240.52 kJmol ' — 1188.67 kJmol ' — 4 x 910.7 kJmol '
= _ 4871.56 kImol |

3.6 Problems

1. Consider a fayalite single crystal with a mass of 10.189 g. At standard P, T con-
ditions, its molar volume equals 46.31 cm’mol ™.

+ Calculate the work that is performed by the mineral when it is heated to 800°C
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at constant pressure of 0.1 MPa.

Calculate the work that is associated with the pressure increase to 2.5 GPa at
800°C.

Why does the result depend on choice of the formula?

a=3.045K",
B=28.64x10"2Pal.

. The Einstein temperature, 6, of tremolite, Ca,MgsSigO,,(OH),, equals 763 K
(Kieffer, 1985).
Calculate the Einstein frequency, vE.

Calculate the internal energy, U, of tremolite at 300 K.
Calculate the heat capacity at constant volume, C,, for tremolite at 300 and

500 K.
R = 83144 Jmol 'K ',
h = 6.626x10 % Js.

. Calculate the heat that is released to the surroundings when, at constant pressure,
the temperature of 5x10° kg diopside, CaMgSi,Og, is decreased from 1000 to
25°C. The molar mass of diopside is 216.550 g

cpx

-2 5,2 ~1/2
Cy e artasi,o, = 47025 -9.864x10 °T+2.454x10°T >~ 48237
+2.813x10 " T*[Jmol 'K 7.

. Charlu et al. (1981) measured, using the high-temperature solution calorimetry,
the heat of solution in the system gehlenite (Ca,Al,SiO5)-dkermanite

(CaMgSi,07) and calculated the heat of mixing. Their results can be represented
by the following equation:

5 -1 2
A, HIkImol ] = 24.288 x (1 =X cpresi0) - (Fea pgsi,0,) (3.93)

2
+0.502 x (1 =X o) Mesi,0,) " *CayMgSiy0,

Which type of mixtures does the melilite solid solution represent?

Calculate the partial molar enthalpies of mixing of the components Ca,Al,SiO5
and CayMgSi,05 in the case that the solid solution contains 0.3 mole dkerman-
ite.

Calculate the partial molar enthalpies of mixing of the components at infinite
dilution.
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+ Calculate the molar enthalpy of mixing at x - a,MgSi, 0, ~ 0.3 using the partial

molar excess enthalpies of the components at x - a,MgSi,0, ~ 0.3.

5. Calculate the change in the enthalpy associated with the following reaction:
forsterite + sillimanite — cordierite + spinel

in the case that it takes place at constant pressure of 0.1 MPa and at temperatures
298 K and 1073 K, respectively.

A o _ 71
AHgs vg,sio, = —2171.87 [kImol ],

sill i}
Ao a1.si0, = —2586.67 [kImol ],

rd 1
AH%08 Mg anaisi,0,, = —9166.50 [kimol ] and

Sp _ 1
A 208, MgAl,0, — —2303.57 [kJmol "].

0
p, Mg,Si0,

sill
Cp,AleiO5

= 0.2349 + 0.1069x10 “T—542.9T >~ 1.90647 "/ *[kJmol 'K '],
— 0.2261 +1.407x10 “T 24407 >~ 1.3767 "/ *[kJmol 'K ],

CF a0, = 02229 +0.6127x10°T— 1685.77 * ~ 155127 *[kimol 'K ']
and

Cp, Mg,A13A41Si50 4
-5 ~2 ~1/2 -1,,-1
= 0.8213 +4.3339x10 "T—-8211.27T ~-5.000T [kJmol 'K ]

(Data: Holland and Powell 1990).

6. If anorthite undergoes a reaction with H,O to give zoisite , kyanite and quartz at

0.1 MPa and 800°C a heat of 67.432 kJ is released to the surroundings. Under
the same conditions the reaction anorthite + grossular + H,O — zoisite + quartz

produces a heat of 113.124 kJ.

» Use the Hess's law and calculate the change in the enthalpy associated with the
reaction:

anorhtite — grossular + kyanite + quartz.
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» Calculate the enthalpy of reaction at 0.1 MPa and 298 K.

n -3 6,2 1,1
Cy catt,si0, = 297022 +43388x10 T~ 13.535x10°7 *[Jmol 'K '],
rt -3 6,2 -1,,-1
C‘g,Ca3A123i3012 = 456.307 +49.204x10 "T—13.142x10" T “[Jmol 'K '],
ck = 183.770 00x10 > T—6.121x10°7 *[Jmol 'K
b ALsio; = 183.770 +17.100x10 “T—6.121x10°T “[Jmol K 1],

Cy sity: = 40.497 +44.601x10 T~ 0.833x10°T *[Jmol 'K '] and

c’ si0, = 67593 +2.577x10 °T-0.138x10°7 *[Jmol 'K ']

/B -1
AtngiOZ = 728 Jmol

%P = 847K,
(Data: Knacke et al. 1991)

7. Akaogi et al. (1984) dissolved the three Mg,SiO,4 polymorphs: olivine («), mod-
ified spinel (5) and spinel (y) in a 2PbO-B,0O5 melt at 975 K and measured the
heat of dissolution. Following results were obtained:

o -1
ASOIHMngiO4 = 67128 Jmol ,

B - -1
ASOZHMngiO4 = 37158 Jmol ~ and

% _ -1
Ao Hlgg 5i0, = 30338 Jmol .

» Calculate the change in the enthalpy associated with the phase transitions @ —
B and B — v at the temperature of the calorimeter (975 K) and also at 298 K.
* Calculate the standard enthalpies of formation of modified spinel (5) and spinel

.

o -3 5,2 -1.,-1
Cy' vrg,si0, = 155854+ 22.23x10 °T~40.945x10°T *[Imol 'K '],
cP = 151.837 +23.23x10 > T—43.133x10° T *[Jmol 'K '] and
b, Mg,Si0, — . . —43. [Jmo ] an
v 3 3 5.2 1
Cl vjg,s5i0, = 155226+ 14.46x10 T~ 47.848x10°7 “[Jmol 'K '],

(€, reproduced using the data from Watanabe, 1982)

The standard enthalpy of formation of olivine (@) equals -2173.0 kJmol! (Robie
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and Hemingway 1995).



Chapter 4 Second law of thermodynamics

It is common experience that all spontaneous processes tend to proceed only in one
direction. Water always flows downbhill, that is, from a high gravitational potential
to a lower potential. Salt always diffuses from a state of high concentration to one
of lower concentration. Heat flows from a state of higher to lower temperature etc.
Processes of this kind are called natural. During the course of a natural process, a
system changes from an initial to a final state. The two states are entirely determined
by the variables of state. The two previously defined state functions internal energy,
U, and enthalpy, H, have some definite values. However, these functions tell noth-
ing about the direction of a spontaneous change. Their values can increase as well
as decrease as the two following examples show.

Example 1: Consider the reaction
CaCO5+8i0, = CaSiO5+ CO,.

At 0.1 MPa and 600 K, the value of the enthalpy of reaction is 86.5 kJ. Thus, heat
must be transferred from the surroundings to the system in order to keep the temper-
ature of the reacting system constant. Nonetheless, the products are more stable than
reactants and the reaction proceeds from left to the right.

Example 2: At 0.1 MPa and 900 K, the enthalpy of reaction
NaAlSizOg = NaAlSi,O+ SiO,

is - 13.99 kJ. The negative sign means that heat is released to the surroundings under
the given conditions. One could think that the reaction occurs spontaneously. How-
ever, this is not the case. At 0.1 MPa and 900 K, albite is the stable phase.

The search for a state function that describes the tendency to proceed for all pro-
cesses, led to the definition of entropy, S. This function is central to the second law
of thermodynamics. The entropy measures the tendency for spontaneous change.
Combined with the functions defined by the first law, the entropy provides informa-
tion about the spontaneous direction of chemical reactions.
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4.1 Entropy

4.2 Classical definition of entropy

In thermodynamics a distinction is made between reversible and irreversible pro-
cesses. Natural processes are irreversible. They proceed in only one direction, that
is from a nonequilibrium to an equilibrium state and they can be reversed only by
an external agent that leaves changes in the surroundings. In the case of a chemical
reaction, the term irreversible applies only for some set of variables. If one or more
variables are changed, the direction of irreversibility can change. For example, the
reaction

CayAl,Siy0,, +Si0, = Cadl,Si,Og +2CaSiO,

proceeds from left to right at 0.2 GPa and 1000 K (Huckenholz et al. 1975) while at
0.2 GPa and 700 K, it proceeds from right to left. In either case, the reaction is irre-
versible.

A reversible process is one that proceeds in such infinitesimally small steps that
the system remains at equilibrium all the time. Reversible processes can be closely
approached but never realized completely.

In the case that both heat and work are exchanged between a system and its sur-
roundings, 80 is an inexact differential. However, if 30 is divided by 7, a new func-
tion of state, called entropy S, is obtained. It is

8Qrev
— = dS. 4.1
- @)
The subscript 'rev' means that the relation in Eq. (4.1) holds only for reversible
processes. 1/T is called the integrating factor. It transforms an inexact differential
into an exact one.

The entropy of an isolated system remains constant only if reversible processes
occur, that is

ds. . =0. 4.2)

rev

In the case that an irreversible process takes place, the entropy change for an iso-
lated system is always positive,

ds. >0 4.3)

irrev '
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According to Egs. (4.2) and (4.3), the entropy of an isolated system can either in-
crease or remain constant. It can never decrease. This is the most important conse-
quence of the second law of thermodynamics.

In the case of a closed system where the heat exchange with the surroundings
takes place, the statements given in Eqs. (4.2) and (4.3) hold for the total entropy
change (system and surroundings). It is positive for irreversible (natural) and zero
for the reversible processes. Mathematically this statement reads:

ds, = dS,  +dS, >0. (4.4)

syst surr

Rearranging Eq. (4.1) and substituting it into Eq. (3.16) yields a useful form of
the first law of thermodynamics for reversible processes, namely:

dU = TdS—PdV. 4.5)

If Eq. (4.1) is substituted into Eq. (3.23), another important relationship is ob-
tained:

dH = TdS+ VdP. (4.6)

On the atomistic scale, the entropy can be understood as a measure of the degree
of disorder. The greater it is, the higher the entropy and vice versa. For substances
in different states of aggregation the entropy increases from solid to gaseous state.
Itis:

Ssolid< Sfluid < Sgas’

The physical interpretation of entropy is a subject matter of statistical mechanics.
and will be presented in a separate paragraph to follow.

4.2.1 Entropy of pure phases

If a closed system consists of a pure single phase, only two intensive properties are
required to determine exactly the value of any state function. Entropy is a state func-
tion and can thus be defined as a function of temperature and volume,

SV, T) 4.7
or as a function of temperature and pressure,

S(T, P). 4.8)
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Differentiating Eqs (4.7) and (4.8) and combining the result with Eq. (4.1) yields:

80,0y _ (@ oS
ds = =re - ((%)Vdr ((W) v (4.9)
and
ds = Orev _ (55) ( ) dP, (4.10)
respectively.

Substituting the first law definitions for 80, in Eqgs. (4.9) and (4.10), a relation
between the first and second law is obtained, namely

ds - ULV %{(Z—IT]) AT+ [(2—5); P]dV} @.11)
and
ds = "H—’TV‘ZI—J 1{(21;) dT+ [@I;) - V]dP}. 4.12)

. S . 6U) (6H)
According to Egs. (3.31) and (3.35), the partial differentials (a—T , and 37 p

correspond to ¢, and ¢, respectively. Thus, one can write:

ds = —dT+ [(g_lV]) +P]dV (4.13)
and
ds = pdT [(21;) V]dP. (4.14)

For isochoric processes, where dV = 0 one has:

CV
ds = ZdT. (4.15)
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That is, the change in entropy with temperature at constant volume equals the
heat capacity of the system at constant volume, divided by the temperature.

Analogously, it holds for isobaric processes, where dP = 0, that

C
ds = —;dr. (4.16)

Here, the change in entropy with temperature at constant pressure corresponds to the
heat capacity of a system at constant pressure, divided by the temperature.

In order to express the quantities in square brackets in Egs. (4.11) through (4.14)
by more convenient terms, we use the fact that entropy is a state function. A com-
parison of the coefficients in Egs. (4.9) through (4.14) shows that:

5, - 12,
5, - 48),7)
5, -42),
5. - 12,1

Because entropy is a function of state, the cross-differentiation identity holds,
which means that the order of differentiation is irrelevant. Hence, the second deriv-
ative of Eq. (4.17) with respect to volume and the second derivative of Eq. (4.18)
with respect to temperature are equal,

%/@_i") v 8%"(2_?/) T “4-21)

or

1[2f2),)- L) 7))
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and

Hlarter)) - daer), (&) )-5E), 7]

Canceling the identical terms and rearrangement yields:

(57, 7] - 13), (4.22)

The partial derivative (OP/0T) gives the change in pressure with temperature at
constant volume of the system. According to Eq. (2.9), this derivative can be ex-
pressed through accessible quantities: the thermal coefficient, o, and compressibil-
ity, B, as follows:

(&) -¢
oT’v B’
Substituting the thermal expansion and compressibility into Eq. (4.22) gives:
6U) o
=) +pP|=T= .
[((W . P] - (4.23)
or
aU) _ 7%
(ﬁ/ ’ T B P. (4.24)

Hence, the change in the internal energy with volume at constant temperature,
(@U/OV) 1 is a function of pressure, thermal expansion and compressibility.

In an analogous way, one can find a more convenient expression for the terms in
the square brackets of Eqs. (4.12) and (4.14). The starting point is again the
cross-differentiation identity, namely

oe), = srkom s 29

and therefore
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1[242),) - 4@,

and

Hapler)s) = Harer)r (52, 5l(5), 7]

Thus

(&)1 = (55), 426

According to Eq. (2.3) the partial derivative (0V/0T)p, can be replaced by oV and
one obtains:

[@—;’) V] ~ _TaV. 4.27)

A rearrangement of Eq. (4.27) yields an expression for the partial derivative

(0H/OP) that consists of experimentally accessible variables, such as volume, tem-
perature and the thermal expansion coefficient, o, namely:

_) = V-TaV. (4.28)
T

Eq. (4.22) can be used to derive the relationship between the molar heat at con-
stant volume and the molar heat at constant pressure, given in Eq. (3.37). We start
with the total differential of enthalpy that combines dH and dU, namely

dH = dU+ PdV + VdP.

Dividing this equation by dT and keeping the pressure constant (dP = 0) yields:

(g_];)}) B (S_IT])P P(a_V) ’ (4.29)

oT/ p
In order to eliminate the partial derivative (0U/0T)p in Eq. (4.29), the total differ-
ential of internal energy
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dU = (Z—LT]) AT+ (g_g) v

is divided by dT at constant pressure. The result is:

&r)e = G),*(57)(50), 30

Substituting Eq. (4.30) into Eq. (4.29) gives

&) = G2) (&) 7)),

or

4.31)

if one mole of substance is considered.

4.2.2 Adiabatic changes

If a system is completely thermally isolated, its internal energy can only be changed
by the work done on or by the system. Thus,

(dU)y = ~PdV. (4.32)

Using Eq. (4.24) and the definition of the molar heat at constant volume as given
in Eq. (3.31), the total differential of the internal energy reads:

dU = ¢ dT+ (T%w) av. (4.33)

In the case of an adiabatic process the change in the internal energy corresponds
to the work increment, - PdV, (see Eq. (4.32)), therefore

¢, dT+ T%dV = 0. (4.34)

Substituting dV by the expression given in Eq. (2.7) yields:
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2
(cv . BW) dT = TVadP. (4.35)

According to Eq. (4.31), the term in the parenthesis corresponds to the heat ca-
pacity of a system at constant pressure, c,. Thus for one mole of a pure substance

Eq. (4.35) is modified as follows:

deT = TVadP. (4.36)

Dividing Eq. (4.36) by dP and C,, and considering the fact that this relationship
holds for adiabatic processes yields:

= 27 (4.37)

(d_ ToV
dpP/ g Cp

Eq. (4.37) gives the change in temperature with pressure when the heat exchange
between the system and its surroundings does not take place. This kind of processes
play an important role in geosciences.

4.2.3 Temperature dependence of entropy

Entropy as a function of temperature is obtained by integrating the expressions in
Egs. (4.15) and (4.16) over the temperature range from 0 to 7. One has

= [
S = deT (4.38)
and

S = j ~]€dr. (4.39)

Replacing the heat capacities ¢, and ¢, in Eqgs. (4.38) and (4.39) by the corre-
sponding molar quantities C, and C,, respectively, yields the molar entropy, S. It is
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_ v
S = j —dT (4.40)
and

S = I—Y?dT. (4.41)

The molar entropy has the same dimension as the molar heat capacity, namely

Jmole ' K~!. The lower integration limit in Eqgs. (4.40) and (4.41) corresponds with
the entropy at absolute zero, S,,. It is in principle not known and is assumed to be

zero for pure solids that are in internal equilibrium. Internal equilibrium means that
all particles constituting the crystal are in their proper crystallographic positions. In
other words, the crystal is perfect. This assumption is in accordance with Planck’s
version of the third law of thermodynamics that states that entropy of pure substanc-
es is de facto zero at 0 K. Thus Egs. (4.40) and (4.41) give the 'absolute value' of the
entropy. It is referred to as 'Third law' or 'conventional' entropy. The expression:

298
_ r
Sys = [ dT (4.42)

gives the entropy of a substance at room temperature. It is referred to as the conven-
tional standard entropy. Note that the conventional standard entropy is not compa-
rable to the standard enthalpy of formation, Ad,gg, that refers to the reaction
forming the compound from the elements under standard conditions. This quantity
is zero for all elements. The conventional standard entropy of any element, however,
is always a positive non-zero value.

The conventional standard entropy, together with the heat capacity polynomial,
can be used to calculate the entropy at any temperatures of interest. Using Eq. (3.59)
the calculation reads:
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T
-2 -1/2 2
N J'(a+bT+cT +dT +eT)dT

- (4.43)

S = Sy
298

_ T (L _1 )

1 1 e, .2 2
—2d| — ———| +=(T"-298").
() 57298

Example: The conventional standard entropy of forsterite, Mg,SiOy, is 94.1

Jmole ' K! (Robie and Hemingway 1995). Using this value and the C,, polynomial
given in Tab. 3.2 we can calculate the entropy for forsterite at 800 K as follows:

800 3
Slop = 941 +87.36InZ50 + 87.17x10 7 (800 — 298)

6
+3.699><10( 12, 12)72><0.8436x103
2 800" 298

( 1 1 ) 2237x107°
>< —

J300 /29 2

= 238.1 Jmol 'K .

(800% —298%)

In the case where a phase transition occurs in the temperature range between
298.15 K and 7, the entropy change associated with the transition has to be taken
into account. Under these circumstances, the calculation of the entropy reads:

Ttr T
C C
- p, 1 p,2
Sp = Spst | —L=dr+ A, 8+ | —L=dr. (4.44)
298 T

tr

In Eq. (4.44) Ty, C,; and C,,, designate the transition temperature, the molar

heat capacity of the low temperature phase and the molar heat capacity of the high
temperature phase, respectively. A,.S is the molar entropy of transition. It represents

the difference between the entropy of phase 1 and phase 2 at the temperature of tran-
sition

AyS = (8-S . (4.45)
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There is a close relationship between the molar entropy of transition and molar
enthalpy of transition, namely

AS =, (4.46)

4.2.4 Entropy changes associated with irreversible processes

The total entropy change associated with an irreversible process is according to Eq.
(4.4) greater than zero. Thus, for an finite change of state it holds that

AS,,, = AS,,,+AS,,..>0. (4.47)

syst surr

The validity of this statement can be demonstrated with a simple example:

Consider the transformation of sillimanite to andalusite at 0.1 MPa and 900 K,
which is, following Holdaway, within the stability field of andalusite. His phase di-
agram places the inversion curve andalusite/sillimanite at 1048 K and 0.1 MPa. The
transformation at 900 K and 0.1 MPa is, thus, an irreversible process and infinites-
imal changes in temperature will not change the direction of reaction. Hence, the en-
tropy of this inversion can not be calculated using Eq. (4.46) that holds for reversible
processes only. In order to solve the problem the process of transformation must be
carried out over several reversible steps, such as:

a) temperature increase of sillimanite from 900 to 1048 K (the transfor-
mation temperature)

b) transformation of sillimanite to andalusite at 1048 K

¢) temperature decrease of andalusite to 900 K.

The reversible steps and the associated changes in the entropy can be written as
follows:

a) 41,5i0%"(900) > 41,5i05"(1048)  AS,

b) A1,8i03"(1048) > 41,5i02"(1048)  AS,

and and

¢) AL,Si0s"(1048) — A1,5i05"%(900)  AS,

d) A1,5i05"(1048) > 41,5i03"/(900)  AS,,

Reaction d) is the sum of reactions «) through ¢). It describes the transformation
of sillimanite to andalusite at 900 K and 0.1 MPa. Consequently, AS,; is the entropy
change associated with this transition. It represents the sum of the entropy changes
associated with the reversible steps a) through c¢) and is, therefore, identical to the
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change in the entropy of the system. On can write
AS,; = AS = AS, +AS, +AS .

The entropy change associated with each single step is calculated as follows:
1048 i
C;l[ /
AS, = [ —L-ar,
900

and/sill
AS, = — AtrHeq
b 1048’
1048  gnd
AS, =~ [ L-ar
900
and
1048 sill B Cand) and/ sill
_ _ p p _ 1r"eq
AS =AS = ——L—dr - —=e—
900

d/sill . . cep
where AtrH:qn *"is the heat of transformation at equilibrium temperature

(1048 K). It is negative, because the tabulated values refer to the transformation
from the low to the high-temperature form. In our case, however, the transformation
occurs from the high-temperature to the low temperature form.

Assume that the system’s surroundings is a heat reservoir that is large enough to
maintain the same temperature when heat is transferred from it to the system or
vice-versa. Assume further that the walls of the system are perfectly diathermic,
such that the heat exchange occurs reversibly. Consider what happens in the sur-
roundings in the course of the transformation process. Because the heat transfer be-
tween the system and the surroundings occurs reversibly, the entropy change of the
surroundings is given by:

and/sill
_ AtrH 900

ASsurr - T’
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d/sill .
where A, H ;g’o """ is the heat of transformation for the inversion andalusite —> sil-

limanite at 900 K. It has a positive sign, because during the course of the transition
heat flows from the system to the surroundings. Normally, the heat of transforma-
tion is determined experimentally at the equilibrium temperature, which in our case
would be 1048 K. Hence, the tabulated heat of transformation has to be transformed
to 900 K. This transformation is carried out using Kirchhoff’s law and the calcula-
tion reads:

1048
and/sill _ and/stll and/szll
trH900 - trHeq _[ Atr 14
andysill . . . . ..
where A,.C » is the heat capacity change associated with the transition an-

dalusite — sillimanite.

The total change in the entropy as a result of the irreversible transition of silli-
manite to andalusite at 900 K and 0.1 MPa is given by the sum of the entropy change
of the system and the surroundings.

AS,,, = AS, +AS

surr*

The data required to calculate the numerical values for this example are taken
from Robie and Hemingway (1995), where

and_

€)= 277.306 - 6588><10 37-1.9141x10°7 2
~22656x10°T " JImol 'K '],

C;’”— 280.19 — 6.900x10 > T—1.376x10°7>

~2399x10° 7 *[Jmol 'K ']

and

A Hand/sill - 307 kJmol_l

tr"eq

Using these data, the change in the entropy of the system associated with the tran-
sition of sillimanite to andalusite at 900 K is calculated as follows:
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1048 4 5.2 -1/2
AS = I (2.884 -3.12x10 T+ 5.381x10"T ~—133.4T )de 3070
sys T 1048
900

~0.17Jmol 'K 12293 Tmol 'K ! = —3.10 Imol 'K !,

The enthalpy of transformation for andalusite — sillimanite at 900 K,

and/sill .
AyHggy s 18

1048
A Hyge ™ = 3070~ [ (2.884-3.12x10 *T+5381x10°T
900

~133.47 })dr = 2903 Jmol .

Thus, 2903 Jmol™' must be transferred from the system to the surroundings in or-
der to keep the temperature of the system constant. The absorbance of this heat by
the surroundings causes its entropy to change. It is:

2903 Jmol !

~1,,-1
surr = T 000K 3.23 Jmole K .

AS

The total change in the entropy change is given by the sum of the entropy change
in the system and in the surroundings, namely

AS, = -3.10+3.23 = 0.13 Jmol 'K .

It is positive, and is, thus, in accordance with the second law of thermodynamics.

In the case that the transformation for sillimanite — andalusite takes place at the
equilibrium temperature of 1048 K, the entropy change of the system is

_ 3070 _ ~1,,-1
Assys = ~Toa% 293 Jmol K .

The heat that is transferred to the surroundings corresponds to the enthalpy of
transformation for sillimanite — andalusite. It is positive, because from the stand-
point of the surroundings, energy is absorbed. Its entropy change is
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3070
ASSM}"V = 1040

= 2.93 Jmol 'K !

The total change in the entropy is thus:

1

I
e

AS,,, = -2.93 Jmol 'K ' +2.93 Jmol 'K~

At the equilibrium temperature the transformation is reversible. Infinitesimal
changes in temperature cause the direction of the process to reverse, unless kinetic
reasons hinder it.

4.3 Statistical interpretation of entropy

The atomistic basis for the second law lies in the fact that matter consists of particles
moving around, mixing, colliding and exchanging kinetic energy with one another.
Therefore, a macrostate of a system that is defined by the internal energy, U, the vol-
ume, ¥, and the number of the particles, N, is build up of a very large number of dis-
tinguishable microstates, which are characterized by the specific spatial and
energetic arrangement of the particles. The total number of microstate correspond-
ing to a particular macrostate is termed the thermodynamic probability and is desig-
nated . The macrostate is the subject of classical thermodynamics. It is the most
probable arrangement of particles that would be observed if it were possible to make
an instantaneous observation of the state.

Because of the mobility of particles, it is assumed that each microstate is equally
probable and the observable macrostate is the one with the greatest number of the

microstates. In one mole of a substance with 6.022x10? particles, the number of ar-
rangements within the most probable distribution is much larger than the number of
all other arrangements. It is, therefore, the only observable macrostate.

The number of microstates or complexions is a property of a system just as vol-
ume and energy. However, while energy and volume are additive properties, the
number of microstates is multiplicative. For a system consisting of two subsystems,
the number of microstates, Q, is given by

Qpy = Q- Q,,

because each microstate of system 1 can be combined with any microstate of system
2. On the other hand, entropy, being an extensive property, is additive. In order to
establish a relationship between the randomness and entropy, the multiplicative
property, Q, has to be logarithmized, such that
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S, =8 +8,x an12 = 1an + anz.

Introducing the proportionality constant k, a quantitative relationship between the
entropy of a system and its 'randomness' is obtained, namely

S = kInQ. (4.48)

The quantity  is called Boltzmann’s constant. 1t is obtained by dividing the uni-

versal gas constant, R, by Avogadro’s number (6.022x1023). Eq. (4.48) is known as
Boltzmann’s equation.

In a perfect crystal, where all constituents occupy proper crystallographic posi-
tions, the thermodynamic probability is one and thus the entropy zero, as required
by the third law. Any possible randomness associated with electronic states or ran-
domness within the nucleus are ignored in this connection.

4.3.1 Thermal entropy

Quantum mechanical theory is based on the principle of the quantization of energy.
This means, if a particle is confined within a fixed volume, that it can only have cer-
tain discrete energy, €. One says it occupies an allowed energy level. The particle
with the lowest possible energy occupies the lowest energy level or ground state. It
is designated €,. The particle occupying the next higher energy level has the energy
g1, the particle in the succeeding level of increasing energy has the energy ¢,, etc.
There are n,, particles in the ground state, n; particles have the energy €;, n, have
the energy ¢, etc. No particles have energies lying between the allowed levels. The

relationship between the population of different energy levels by particles and the
entropy can be best demonstrated on a simple example.

Consider a hypothetical perfect crystal in which all lattice sites are occupied by
identical particles. The crystal contains N particles and has the energy U. The ques-
tion to be addressed is: in how many ways can the N particles be distributed over the
available energy levels such that the total energy of the crystal is U? The number of
distinguishable arrangement is given by the thermodynamic probability Q. In the
case, where N particles are distributed over the energy levels g, through g, the ther-

modynamic probability or the number of microstates is given as:

Q= N . (4.49)

'n.n,! | !
N ngiiy . N iy

The most probable distribution of particles determines the macrostate of the sys-
tem. It is characterized by the set of occupancies that give the maximum Q. Because
a function has a maximum when its first differential is zero, the condition:
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dQ =0 (4.50)

must be fulfilled.

In an isolated system the total number of particles, N, and the internal energy, U,
are fixed, that is

N = Z n; = const (4.51)

i
and

U= Zisini = const. (4.52)

From (4.51) and (4.52) follows further that

dN =Y dn, =0 (4.53)
i

and

AU = Y gdn; = 0. (4.54)
1

Entropy has a maximum value at equilibrium. Its differential is therefore zero and
one can write:

dS = d(klnQ) = 0 (4.55)
and
dlnQ = 0. (4.56)

Using Stirling’s approximation (InX! ~ XInX - X) and considering the fact that N
is constant, one obtains:
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dinQ d[lnN!—z(nilnni—ni)] (4.57)
i
F)
= N % (nlnn.—nddn.
Z;ani("’ nn;—n;)dn,

—Z Inn;dn,.
i

Considering the constraints given in Eqgs. (4.51) and (4.52) and applying
Lagrange’s method of undetermined multipliers, one obtains:

d(InQ+ oy 0+ Y ) = 0. (4.58)

Because the multipliers @ and g as well as ¢; are constants, differentiation of Eq.
(4.58) yields:

=Y Inmdn;+ay dn;+ By gdn; = 0 (4.59)
i i i
or

> (~Inn;+ o+ B)dn, = 0. (4.60)

1

The solution for Eq. (4.60) requires that each sum of the terms in the parenthesis
is zero for all values of i, i.e.

—Inn; + o+ Bg; = 0. (4.61)
From Eq. (4.61) it follows that
n.=e -e . (4.62)
The total number of particles in a system is, therefore,

N = -y 4.63
fzinl.fe Zie (4.63)

and consequently
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o = InN—1In z eﬁai. (4.64)
i

The thermodynamic meaning of the Lagrange multiplier, 8, can be determined,
as follows: Assume, that a small quantity of heat, 60,.,, is transferred reversibly to

the system. According to Eq. (4.1) a reversible heat exchange can be expressed in
terms of the entropy change. Hence, the heat transfer can be represented as:

8Q,,, = TdS = kTdInQ. (4.65)
Substituting Eq. (4.57) into Eq. (4.65) yields:

80,0, = —kTZ Inn;dn;. (4.66)
i
Using the relationship given in Eq. (4.59), Eq. (4.66) can be rewritten:
80,0, = k1{(0Y dn;+ Y o.dn). (4.67)
rev Zi i Zi i

In the case of a closed system it holds that the total number of particles, N, re-
mains constant, i.e.

Z dn; = 0. (4.68)
i
Hence, Eq. (4.67) reduces to
80,,, = 7kTBZ.sl.dni. (4.69)
14
According to Eq. (4.52)
Z g;dn; = dU (4.70)
i

and in the case of an isochoric process dU = 80, Therefore,

80,,, = —kTBSO,,,. (4.71)
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Hence, the second Lagrange multiplier, 3, can be written in terms of reciprocal
temperature

B=-——. (4.72)

Substituting o and P in Eq. (4.62) by the expressions given in Eqgs. (4.64) and
(4.72) yields

(4.73)

Eq. (4.73) gives the distribution of the particles over the available energy levels.
It is referred to as the Maxwell-Boltzmann distribution equations. If Eq. (4.73) is
substituted for n; in Eq. (4.49), the thermodynamic probability, €2, is given in terms

of the total number of particles and energy levels, ;.

The denominator in Eq. (4.73) is known as the partition function termed Z.
€.

N~
Z—Zie . (4.74)

Using Eq. (4.74), the entropy of a system can be written in terms of Z, Tand N as
follows:

S = Nk(lnz+ Tilnz). (4.75)
aT

Substituting n; in Eq. (4.52) by the expression given in Eq. (4.73), the internal en-
ergy, U, reads:

20
U= NkT—InZ. 4.76
oT (4.76)
4.3.2 Configurational entropy (entropy of mixing)

In the preceding section we considered the entropy in terms of the numbers of ways
in which particles can be distributed over available energy levels. Now, we consider
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the entropy in terms of the numbers of ways in which the particles distribute them-
selves over different sites in a crystal.

® o ® .0 O

® o O 0.0 e

Fig. 4.1 Representation of atomic mixing. a) Two pure crystals consisting of 4 atoms
(white) and B atoms (black) in close physical contact (initial state); b) mixing of 4 and B
atoms.

For the sake of simplicity, suppose that the crystals contain four atoms each. Ini-
tially, all the 4 atoms are in the crystal located to the left of the dashed line and all
the B atoms to the right (see Fig. 4.1a). The number of distinguishable atomic ar-
rangement is one, because an interchange among the 4 atoms or among the B atoms
does not produce a new configuration.

When one 4 atom on the left side of the dashed line interchanges with one B atom
on the right side, the atom B can be placed in four different positions. Analogously,
the atom 4 can take any of the four positions on the right side of the line. Hence there

are 42 = 16 possible arrangements.

When a second 4 atom is to be exchanged with B atom, there are 4 x 3 = 12 pos-
sibilities of arrangement. However, half of them are not distinguishable from one
another, because they are the result of an interchange of B atoms among themselves.

The number of complexions is therefore (4 x 3/2)> = 36.

When a third 4 atom is to be exchanged with a B atom across the dashed line in
Fig. 4.1, four possible sites are available. Two of them remain occupied by B atom
and two of them are obtained by moving the first and second 4 atom successively
onto these two positions and thus making their original positions available for the
third 4 atom. Again, each atomic arrangement in crystal left to the dashed line can
be combined with the same number of different occupations in the crystal to the
right. Hence, there are 16 possible complexions.

For the fourth A atom there is only one possible configuration. All others are ob-
tained by an interchange of 4 atoms among themselves and, therefore, do not repre-
sent new configuration. The same applies to the B atom diffusing into the crystal on

the left side. The number of complexions is, therefore, 12=1.

The configurations, discussed above, are shown in Tab. 4.1.
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Table 4.1 Possible microstates and the probabilities for a macrostate.

Atoms in Atoms in Number of Probability of a
crystal 4 crystal B microstates macrostate
4A 4B 12=1 1/70
3A+1B 1A +3B 42=16 16/70
2A +2B 2A +2B (4x3/2)2=36 36/70
1A+ 3B 3A+1B 42=16 16/70
4B 4A 12=1 1/70

sum =70

The total number of microstates or complexions, Q, is 70. This represents the
number of ways in which two types of elements, four of each kind, can be distribut-
ed over 8§ sites and is calculated:

!
Q- ;—75’-;-—' (4.77)
A "B

In the case of the given example, the calculation reads:

_ 8 _8.7-6-5-4:3.2 _
QA 732432

The last column in Tab. 4.1 gives the probability of encountering a given distri-
bution. The distribution with the highest probability occurs most frequently. In our
case, it is the distribution given in the third row. Its probability is 36/70.

In the case of a real crystal, the number of positions is multiple of Avogadro’s
number. The number of complexions in a mixed crystal consisting of the compo-
nents A and B is calculated according to Eq. (4.77), i.e.

o (zN !
4B (x 2N ) (xpzN !’

where z, N, xp and xp designate the number of equivalent crystallographic sites per

formula unit, Avorgadro’s number, the fraction of the component 4 and the fraction
of the component B in the crystal, respectively.
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In the case of an ideal solution, where the volume of mixing and the enthalpy of
mixing are zero the change in the configurational entropy associated with the pro-
cess of mixing is identical to the entropy of mixing. Hence, one can write:

ASI=3

m

conf o sol

$7-5"" = k[InQy - (InQ, +nQy)],  (478)
where k is Boltzmann’s constant (R/N,). The entropy of the mechanical mixture is
represented by the sum of entropies of components 4 and B. Because 4 and B are
pure phases, all sites are occupied by the particles constituting the corresponding
component. The thermodynamic probabilities, €2, and Qp are, therefore, 1 and the
corresponding configurational entropies zero. Hence, the configurational entropy of
a mixed crystal (4,B) is given by

conf _ (zN !
S = kanA,B = kln(xAzNA)!(szNA)! .

(4.79)

Applying the Stirling’s approximation yields:
—conf
S = k[(zN ) In(zN ) = (zN4) — (x 4zN ,)In(x 4zN )
+(x 2N ) = (xpzN ) In(xzzN ;) + (xpzN )]
= zkN/[In(zN ;) -1 —x In(x ;2N ) +x ,—xpIn(xpzN 4) + xp]
= zkN  [In(zN ) — 1 —x Inx , —x ,In(zN ;)
+x,—xplnxg—xpIn(zN ) +xp].
Considering that
Xy txp =1
and therefore,
In(zN,)—x,In(zN ) —xgln(zN,) = 0
and

X, txp-1= 0

one obtains
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5" = 2kN [x  Inx , + xglnx ], (4.80)

Substituting the universal gas constant R for kN, in Eq. (4.80) gives

<conf

S = —zR[x Inx , + xpInx,]. (4.81)
In Eq. (4.81) x4 and x5 represent the mole fractions of atom 4 and B, respectively,
in the solid solution (4,B). z gives the number of the thermodynamically equivalent
sites in the sublattice where mixing takes place.
Example: In olivine, (Mg,Fe),SiOy, there are two different sixfold coordinated
sites termed M/ and M2 that are occupied by magnesium and iron. If neither of the

two sites is preferred by either cation, the occupation of both sites is equal and their
number per mole olivine is two times N4 . The configurational part of the entropy of

mixing for olivine reads:

5 = aR[xggInay, + X Inxfe ],
where
xol _ [Mg] and xol _ [Fe]
Mg [Mg]+[Fe] Fe [Mg]+[Fe]

with [Mg] and [Fe] giving the atomic fractions of magnesium and iron ions, respec-
tively. The values of these fractions are equal to the mole fraction of the forsterite
and fayalite components constituting the olivine solid solution.

If, however, cation ordering takes place such that one of the sites is preferred by
one of the two cations, M/ and M2 belong to two different sublattices and the mixing
entropy for olivine is given by:

—conf

3 ol ol ol

= —R[(1 - xFe DI =xp, 4) +Xp, Ml Inxp,
/ ol /
+(I- x;e )1 =xp, 40) +x10ve M21ane w2l

/ / . . .
where x; . M1 and x; o, M2 8IVe the mole fractions for Fe at M1 and M2 site, respec-
tively.

In the general case where i ions occupy j sublattices with z equivalent sites, the
enthalpy of mixing reads:
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—conf
S = —Rzizzjxljlnxlj. (4.82)

In the preceding sections it was shown that volume and enthalpy showed no ef-
fects on mixing in the case of an ideal mixing. This does not hold for entropy. Even
an ideal solutions shows changes in the entropy function because mixing is a natural
process.

The entropy of mixing represents the difference between the entropy of the solu-
tion and the entropy of the mechanical mixture In other words, it gives the difference
between the entropy of a system before and after the mixing at atomic level.

In a two component system, 4-B, the entropy for a mechanical mixture is given
by

—mm
5" = xS+ x5S, (4.83)
where S, and Sg are the molar entropies of the pure components 4 and B, respec-

tively.
The entropy for a solution 4-B, however, reads:

—sol
5 = xS, + x5S, (4.84)
where S, and Sg are the partial molar entropies of the components.

The entropy change due to the solution of 4 in B or vice versa at constant tem-
perature and pressure is obtained by subtracting Eq. (4.83) from Eq. (4.84), that is:

(S5 = A, 5 = x (S, ~8,) +xp(S5—Sp). (4.85)
Comparing the coefficients from Eqs. (4.81) and (4.85) shows that
(S;-8;) = —zRInx;, (4.86)
or
S, = §8,-zRInx;. (4.87)
In a solution, the mole fraction of the solute, x; is smaller than 1. Its logarithm is,

therefore, negative. Hence, the partial molar entropy, S, is larger than the molar en-
tropy of the pure component, S;. This is in accordance with the second law of ther-
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modynamics that states that the entropy of a system increases during the course of
a natural process.
Example I: In orthopyroxene, (Mg,Fe),Si;Og, magnesium and iron occupy two

crystallographically different sixfold coordinated sites termed M/ and M2. The larg-
er and more strongly distorted M2 site is preferred by the iron ion. If we want to cal-
culate the configurational entropy of a Mg-Fe orthopyroxene, the mole fractions for
magnesium and iron on both sites must be known. The calculation of the entropy
then reads:

<conf opx opx opx opx
S0 = “RIxyg a1 0¥ p1g a1 T XFe, p1 DX Ee a1
opx opx opx opx
X 20X g A2 T XFe, M2 10X Ee, a2 ]-

Because the sum of the mole fractions for the atoms on each lattice site is unity,
only the concentration for one of the two ions needs to be determined experimental-
ly. It is the concentration of the iron that is normally measured. In this case, the
equation for the calculation of the entropy of mixing must be modified to:

<conf opx opx opx opx
S0 = 2RI =xp, ) In(l=xp, 3p1) F X5,y I0XEe A1
opx opx opx opx
(1 =xp, y) (L =g, vp) +xp, ppnxp, ol
Let us now calculate the entropy of mixing, or more precisely, the configurational

entropy for an orthopyroxene solid solution containing 57.31 mol% enstatite,
Mg,Si;0Og, and 42.69 mol% ferrosilite, Fe,Si;Og. The mole fractions of the iron on

M2 and M1 sites, at 973 K are 0.6488 and 0.2051, respectively (modified after Sax-
ena et al., 1987). The configurational entropy of the orthopyroxene is given by

5" = _8.3144[(1-0.2051)In(1 — 0.2051) + 0.2051 1n0.2051
+(1—0.6488)In(1 — 0.6488) + 0.64881n0.6488]
= 9.61 Jmol 'K .

If the iron ions were distributed identically over M1 and M2 sites, x;f:‘ 1 and

x;if a2 Would be equal and their values would correspond to the mole fraction of

ferrosilite. The calculation of the entropy of mixing would then read:
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<conf

S = —2x 8.3144[0.57311n0.5731 + 0.42691n0.4269]

= 1135 Jmol 'K .

In the latter case, where the iron is distributed statistically over the two crystallo-
graphic sites the "randomness" is higher than in the case, where iron cations show
some preference for the M2 site. Consequently, the configurational entropy value is
more positive.

Example 2: In garnet with the general chemical formula X3Y,Si30,, the cation

mixing takes place primarily on the X and Y sublattices. X represents the dodecahe-
drally coordinated sites that are occupied by divalent ions such as magnesium, fer-
rous iron, calcium and manganese. Y is an octahedrally coordinated site that
contains trivalent ions such aluminium, ferric iron, chromium, etc. There are three
dodecahedral and two octachedral cations per formula unit. In the case that mixing
occurs on both X and Y sites the configurational entropy is calculated as follows:

—conf

S 3Rz x[g]lnx 2R2x lnx ,

[8]

where x; ~ and xj[.ﬁ] designate the mole fractions of the cations occupying the X and

Y site, respectively.

For example, a garnet of composition (Mg,F62+,Ca, Mn)3(A1,Fe3+,Cr3+)2Si301 5
contains: 67.1 mol% pyrope, Mg3Al,Si30/,, 18.0 mol% almandine, Fe;Al,Siz05,
13.0 mol% grossular, Ca3Al,Si;04,, 1.1 mol% andradite, CazFe,Si301,, 0.7 mol%
spessartine, Mn3Al,Siz0;,, and 0.1 mol% uvarovite, CazCr,Si30;,. What is the
configurational entropy of this garnet?

First, we calculate the mole fractions of the cations:

W81 = [Mg] _ 67.1
e = =
g [Mg]+[F62+]+[Ca]+[Mn] 67.1+18.0+(13.0+1.1+0.1)+0.7
= 0.671,
2+
x[8] _ [Fe ] _ 18.0

P& Mgl + [Fe* 1+ [Ca] + [Mn] 6717 180+ (13.0+ L1+0.1)+07
0.180,
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x[S] _ [Ca] _ 13.0+1.1 +0.1
(Mg] + [Fe* ]+ [Ca] + [Mn] 671+ 180+ (130+1L1+0.1)+07
= 0.142,
81 _ [Mn] _ 0.7
(Mg] + [Fe* ]+ [Ca] + [Mn] 6717180+ (13.0+ LT+0.1)+07
= 0.007,
x[6] _ [A41] _ 67.1+18.0+13.0+0.7
Al T =
[41]+ [Fe3+] + [Cr3+] (67.1+18.0+13.0+0.7)+1.1+0.1
= 0.988,
NG [Fe' ] B 11
3+ T -
Fe [Al]+[Fe3+]+[Cr3+] (671+180+130+07)+11+01
= 0.011
and
g6 _ [’ - 0.1
3+ =
Cr [Al]+[F63+]+[Cr3+] (67.1+18.0+13.0+0.7)+1.1+0.1
= 0.001.

Using these site fractions the configurational entropy is calculated as follows:

<conf _

S -3 x 8.3144[0.6711n0.671

+0.181n0.18 + 0.1421n0.142 + 0.007 1n0.007]
—2 x 8.3144[0.9881n0.988 + 0.0111n0.011 + 0.001 n0.001]
= 2329 Jmol 'K .

Mixing behavior of the type presented in the above examples is termed mixing on
sites.

Example 3: Consider a diopside (CaMgSi,Oy) - jadeite (NaAlSi;Og) solid solu-
tion. In this pyroxene, calcium and sodium occupy the larger M2 sites and magne-
sium and aluminium the smaller M1 sites. In order to preserve electroneutrality each

calcium atom has to be in close vicinity of a magnesium atom and the same for a
sodium and aluminium atom. The solid solution can therefore be modeled as a mix-
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ture of CaMg and NiAl pairs. Their proportions correspond to the mole fractions of
the components, xCCILXMg $i,0, and xjcfa); 15i,05° respectively. Hence, the calculation

of the configurational entropy of a diopside-jadeite solid solution reads:

S,conf _

cpx cpx cpx cpx
“RIT =Xy g4151,0) 101 =XNagisi,00) T *Nadisi,0, W ¥Na4isi,0)-

For a clinopyroxene consisting of 80 mol% diopside and 20% jadeite a configu-
rational entropy of

<conf

59 = _8.4144[0.81n0.8 + 0.21n0.2] = 4.16 Jmol 'K '

is obtained.

This type of mixing behavior is referred to as molecular mixing. It requires com-
plete ordering of cations on a local scale.

Eq. (4.82) was derived assuming that the pure components are perfect ordered
crystals whose configurational entropies are zero. The entropy of mixing is there-
fore identical to the configurational entropy of the mixed crystal. In other words, the
configurational entropy of an ideal solid solution is determined only by the 'random-
ness' of the atoms or ions over the different crystallographic sites. Therefore, Eq.
(4.82) can, as well, be used to calculate the configurational entropy of pure phases
exhibiting cation disorder, for example alkali feldspar, KAISi;Og. In the high tem-
perature modification, sanidine, A/ and Si are randomly distributed over two crys-
tallographically distinct tetrahedral sites termed #; and #,. Sanidine’s configurational

entropy is therefore given by

Sconf - _4x R[xAllnxAlerSilnxSi]'

In sanidine the total number of tetrahedrally coordinated cations per formula unit
is four (147 + 3Si). Thus, one quarter of the available sites is occupied by aluminium
and three quarters of them by silicon. Because the atomic fractions for aluminium
and silicon are equal for all sites, no distinction is made between ¢, and #, and we

have:

S = 4% 8.3144[0.251n0.25 + 0.751n0.75] = 18.70 Jmol 'K .

In partially ordered monoclinic orthoclase the distribution of aluminium over the
t1 site differs from that over ¢, site. In order to calculated the configurational entro-

py, each site has to be accounted for by individual terms. The configurational entro-
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py of an orthoclase is therefore calculated as follows:

conf _ oo 4 hoy h  ho L L B
S = 2R[x;Inx,; + xg;Inxg, +x ;;Inx ;; + xg;Inxg,].

Example: Consider an orthoclase with the following A4/ distribution: #; = 0.433
and #, = 0.067 (Hovis 1986). Its configurational entropy is

§°7" = 2 x 8.3144[0.4331n0.433 + 0.0671n0.067
+(1-0.433)In(1 - 0.433) + (1 —0.067)In(1 — 0.067)]

= 15.46 Jmol 'K .

In triclinic microcline four distinguishable sites are available for A/ and Si, be-
cause the two #; and ¢, sites are split into ¢, and ¢, and 5, and ¢, sites, respec-

tively. The mathematical expression for the calculation of microcline’s
configurational entropy reads:

Can _ o o Him Uim ho ho Lom bom
S = —R[x ;Inx,; +x,; Inx ,; +x ;/Inx 7 +x 7 Inx

1 1 4 1 153 153 53 )
+txg Inxg +xg Inxg” +xg/Inxg +xg/" Inxg,"]

Example: Consider a microcline with the following distribution of Al over the

t t t t
four sites: x 7 = 0.425, x ,/'= 0.350, x ;7= 0.110 and x ;;' = 0.110 (Kroll and Ribbe

1983). The calculation of its configurational entropy yields:

S = _§.3144[0.4251n0.425 + 0.3501n0.350
+0.1101n0.110 + 0.1101n0.110
+(1-0.425)In(1 - 0.425) + (1 — 0.350)In(1 — 0.350)
+(1-0.110)In(1 - 0.110) + (1 —0.110)In(1 — 0.110)]
— 16.81 Jmol 'K .

In a hypothetical completely ordered microcline Al would occupy only the t;,
sites, while the remaining three sites would be occupied exclusively by Si. The con-
figurational entropy of such a microcline crystal would be zero. For kinetical rea-
sons, complete cation order is never attained in natural feldspars.

In addition to changes in the configurational entropy, changes in the thermal en-
tropy arise from the mixing process. This part of the total entropy is termed the par-
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tial molar excess entropy, S le ¥, and it occurs in non-ideal solutions. Following Eq.

(4.87) the partial molar excess entropy of a component i is given by
ex
§;7 = 8;—(S;+zRInx,), (4.88)

where S; and §; designate the partial molar entropy and the molar entropy of the

component i, respectively. The term in the parenthesis gives the partial molar entro-
py of the component i for the case of ideal mixing.

4.4 Entropy of reaction

Consider a system consisting of four pure phases 4, B, C and D once again, and let
a chemical reaction of the type

vaAJrvbB = vCC+vdD

occur. In order to keep the temperature constant, heat must be exchanged between
the system and its surroundings. As discussed in the preceding chapter, this heat is
referred to as the heat of reaction, A,H. In the case where the heat exchange occurs

reversibly it holds:

A, (4.89)

where T 'is the temperature at which the reaction takes place. A,S is called the entro-

py of reaction. The bold type characters designate a reaction between pure phases.
The entropy of reaction can be calculated using the molar entropies of the phases
participating in the reaction at the temperature in question. For a generalized reac-
tion, the calculation of the reaction entropy reads:

AS = =V, S~V SptV.Sctv,Sy. (4.90)

7

In Eq. (4.90), S4, Sg, Sc and S, designate the molar entropies of phases 4, B, C
and D, respectively.

4.4.1 Temperature dependence of the entropy of reaction

The temperature dependence of the entropy of reaction is given by:
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OAS AC

- P
( or ) P T’ “.91)
where A,C), is the change in heat capacity as defined in Eq. (3.90).

Hence, the entropy of reaction at temperature 7 is obtained by integrating Eq.
(4.91) between the temperature limits 7;, and T:

AC
AS, = ASp + j LTEdT. (4.92)

r

T

o

Generally, in the field of geosciences the lower integration limit is taken to be
room temperature (298.15 K). In this case, the integration constant, A,S,gg, is the

stoichiometric sum of the conventional standard entropies, S,9g,;, of the reactants.

If any of the reactants undergoes a phase transformation in the temperature interval
in question, the entropy associated with the transformation must be taken into ac-
count.

Example: Consider the reaction:
NaAlSi;Og = NaAlSi,O + SiO,.
If one wants to calculate the entropy of this reaction at 298 K, one needs only the
third law entropies of the reactants. These values are tabulated in various thermody-

namic tables. In our example, we take the data given by Robie and Hemingway
(1995):

ab —1,,-1
S305 Nadisi,0, = 2074 Jmol 'K,
574 = 133.5 Jmol 'K ! and

298, NadlSi,0 — +22-2 JMO an

o—qtz -1,,-1
S298,Si02 = 41.5Jmol K .

Using these values the calculation yields:
-1
A, 859 = —207.4+133.5+41.5 = -324JK .

In order to calculate the entropy of reaction at 800 K the molar heat capacities of
the reactants as a function of temperature are required. Robie and Hemingway
(1995) give the following C,,-polynomials for the phases in question:
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ab —2 6,2 ~1/2
Co Nanisiyo, = 3839 —9.285x10 “T+ 1.678x10°T ~ — 64247

+2.272x10 77 Jmol 'K '],
Jjd _ 2 2 6,2
Cvaursiyo, = 3:011x10° + 1.014x10°T-2.239x10°T
—2.055x10°7 /[ Jmol 'K ']

and

a—qtz

Co oM — 81145+ 1.828x10 “T— 1.81x10°T ~— 698.5T /*
p,o1U,
+5.406x10 °T°[ Jmol 'K 1.

A summation of the polynomials according to the stoichiometric proportions of
the reactants yields:

A,C, = ~201.655+0.1213T ~ 4.098x10°T > +3.67x10°T '/

~1.731x10 77 Jmol 'K ']

Using this polynomial, the entropy of reaction at 800 K is calculated as follows:

800
A Sgoo = 324+ |
298
3,.+-1/2 —5
L 3.67x10° T2~ 1.731x10 72de

-201.655 + 0.1213T — 4.098x10°7 2
T

T

= _32.4-201.655 x 1n%g +0.1213 (800 —298)

6
+4.098><10( 127 12)72“'67“03( 1 1 )

2 800~ 298 7800 /298

L3110

: (800% - 298%)

= -29.6 Jmol 'K .
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4.5 Problems

1. The third law entropy of hercynite, S,9g, equals 106.274 Jmol 'K (Knacke et
al. 1991).

» Calculate the entropy of hercynite for 1000°C.
C — 155310+ 26.150x10 > 7—3.523x10°7 *[Jmol 'K '
p.Fedl,0, = 155. +26.150x1 T-3.523x10"T [Jmo K ]

2. The melting temperature of diopside, CaMgSi,Og, at 0.1 MPa is 1665 K. Its

enthalpy of melting equals 128.448 kJmol ..

» Show that the crystallization of diopside at 0.1 MPa and 1500 K is an irrevers-
ible process.

di
Cp, CaMgSi,O¢

_ ) 6,2 TZ -1,,-1
= 186.021 + 123.763x10 "T—5.590x10"T ~—-43.9327T [Jmol K ],

Cmelt

-1,,-1
S CaMgsi 0, = 335.640 [Jmol K]

3. In high temperature cordierite (i.e., indialite), Mg,Al4Si;0g, Al and Si, are tet-
rahedrally coordinated and located in two crystallographically different 7} and
T, sites.

» Calculate the configurational entropy for the case that 1 Si and 2 Al are disor-
dered over 3 T sites and 4 Si and 2 Al are disordered over 6 T} sites.

+ Calculate the configurational entropy of indialite for the case that Si and Al are
randomly distributed over 9 tetrahedral sites.

R=18.3144 Jmol 'K !

4. Calculate the configurational entropy of a clinopyroxene containing 10 mol%
enstatite, Mg,S1,04, 70 mol% diopside, CaMgSi,Og, and 20 mol% Ca-Tscher-
mak, CaAl,SiOg.

5. Calculate the change in entropy associated with the reaction:

9 talc + 4 forsterite — 5anthophyllite + 4H,0

taking place at 527°C and 0.1 MPa.
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tic

B -5 ) ~1/2
Cp,Mg3Si4010(OH)2 = 0.5343 +3.7416x10 "T—8805.2T ~—2.1532T .

fo _ 5 -2 ~1/2,
) vig,si0, = 02349+ 0.1069x10 "7 542,97~ = 1.90647

anth

_ -5 -2 ~1/2
Cy Ve siz0n (0, = 12773 +2.5825x10 T~ 9704.6T ~ —9.07477 ",

Steam

CIe™ = 0.0401 +0.8656x10 °T+487.5T >~ 0.25127 />
b, i1y

C,[kimol 'K ']

tic -1.,-1
S8, Maysi,0,(0t), = 260-80 Jmol 'K '],

Jo _ 1,1
S)05 1g,si0, = 9410 Jmol K],

anth 1. -1
8598, tg,i,0ry(0m), = 537:00 [Jmol K] and

Steam

-1,,-1
Shos 1,0 = 188.80 [Jmol K.

Data: Holland and Powell (1990)



Chapter 5 Gibbs free energy and Helmholtz free
energy

In chapter 4 it was shown that the total entropy change for an irreversible process is
positive. For a reversible processes it is zero. If the entropy function is used to ad-
dress the question whether or not a given process proceeds spontaneously in a cer-
tain direction, the system and its surroundings must be taken into consideration.
This, however, is inconvenient situation. It would be better to have a function just
for the system that would indicate whether or not a process is potentially spontane-
ous without a need for considering changes in the surroundings.

In our example in section 4.2.4 it was shown that sillimanite transformed to an-
dalusite irreversibly. The heat exchange between the system and its surroundings,
however, took place reversibly. In the course of the transformation of sillimanite to
andalusite at 900 K an amount of heat equal to 2903 J mol! was transferred from the
system to the surroundings in order to keep the temperature of the system constant.
Due to the heat absorption, the entropy of the surroundings increased by
3.23 Jmol 'K™! (see page 143). From the standpoint of the system, this entropy
change is, however, negative. It is smaller than the change in the entropy of the sys-
tem (-3.10 Jmol'lK'l) that was calculated using the reversible path. Eq. (4.4) can,
thus, be rewritten as follows:

8 QV@V
dssyst_T>0 (51)
for an irreversible process and
6Qrev
dSsys1* T 0 (5.2)

for a reversible process.
Under isochoric conditions one has 8Q,., = dU. Eq. (5.1) can be rewritten, drop-
ping the subscript 'sys?', as

dU—TdS <0 (5.3)
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and Eq. (5.2) as
dU-Tds = 0. (5.4
In the case of an isobaric processes, 8Q,.,, can be replaced by dH and one obtains:
dH—-TdS<0, (5.5)

where the sign 'smaller than' designates an irreversible process and the sign 'equal
to' a reversible one.

Egs. (5.3) through (5.5) can be used to determine whether or not a process is po-
tentially spontaneous without any consideration of any changes in the surroundings.
If (dU - TdS) at constant volume or (dH - TdS) at constant pressure is smaller than
zero, a process is potentially spontaneous. If (dU - TdS) or (dH - TdS) equal zero,
there is thermodynamic equilibrium, and if (dU - TdS) or (dH - TdS) are greater than
zero, a process does not proceed in the given direction. For the sake of convenience,
we introduce dF for (dU - TdS) and dG for (dH - TdS), and we can then write:

dF = dU-TdS (5.6)
and
dG = dH - TdS. (.7
Integrating Eqs. Eq. (5.6) and Eq. (5.7) yields:
F=U-TS (5.8)
and
G =H-TS. (5.9

The new functions F and G are termed the Helmholtz free energy and the Gibbs
free energy, respectively. Their values are normally expressed in Joules or calories.
Both are functions of state and both can be used to characterize the nature of a pro-
cesses. Their total differentials read:

dF = dU—-TdS - SdT (5.10)
and

dG = dH - TdS - SdT. (5.11)
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Substituting Eq. (4.5) into equation Eq. (5.10) and Eq. (4.6) into Eq. (5.11) yields:
dF = —SdT—-PdV (5.12)

and
dG = —SdT+ VdP. (5.13)

In Egs. (5.12) and (5.13) the Helmholtz free energy and the Gibbs free energy are
given as functions of temperature and volume and temperature and pressure, respec-
tively. These two equations are more convenient than Egs. (4.5) and (4.6) that can,
in principle, also be used to describe changes in a system. Egs. (4.5) and (4.6) con-
tain entropy as a variable which is difficult to control experimentally.

Eqgs. (4.5), (4.6), (5.12) and (5.13) can be used to derive several important rela-
tionships, namely

() - (&) - v 519
and
&), - &), - 16
An additional relationship is:
air(%p - % (5.17)

Eq. (5.17) is obtained using the quotient rule of differentiation. According to this
rule, a function of the type y = u/v is differentiated as follows:

¥ == (5.18)

Applying it to the function (G/T), one obtains:



168 5 Gibbs free energy and Helmholtz free energy
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5.1 Chemical potential of pure phases

If the Gibbs free energy, G, of a pure phase is divided by its number of moles, an
intensive function of state termed the chemical potential, u, is obtained:

I1Q

= qu. (5.20)

The chemical potential is thus the molar Gibbs free energy. Accordingly, its mag-
nitude is given in Joule mol! or calmol™!.

The total differential of the chemical potential reads:

du = (g—’;)Pdm (g—g) ap. (5.21)

Considering Egs. (5.15) and (5.16), Eq. (5.21) can be rewritten as:
du = —SdT+ VdP, (5.22)

where § and V designate the molar entropy and molar volume of the pure phases,
respectively.

5.1.1 Chemical potential of ideal gases

A mathematical expression for the chemical potential of an ideal gas can be derived
using the relationship:

(S—I”))T =, (5.23)

which describes the pressure dependence of the chemical potential at constant tem-
perature. Separating the variables in Eq. (5.23) yields:

du = VdP. (5.24)
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In the case of an ideal gas, the molar volume, V, in Eq. (5.24) can be replaced by
RT/P and one obtains:

du = R?po — RTdInP. (5.25)

Integrating Eq. (5.25) between the initial pressure P, and the final pressure P

gives
u(p) P
[ du = RT [dinP = u(P) - p(P,) = RTlnI% (5.26)
u(P,) P, ‘

Rearranging Eq. (5.26) and remembering that the temperature remains constant
yields:

u(P.T) = u(P,, T)+RT1n§, (5.27)

o

where u(P,,T) designates the standard chemical potential that refers to the temper-
ature of the experiment, 7, and to some arbitrarily chosen standard pressure, P,,.
The latter corresponds generally to the ambient pressure of 0.1 MPa. Because of this
widely accepted convention, pressure and temperature specifications for the stan-

dard potential are omitted and the standard potential is designated as u°. Introducing
the superscript 'id to designate the ideal behavior of a gas gives:

id P[Pa]

w' = pu’+RTIn - . (5.28)
0.1x10 [Pa]
In the case that pressure is given in bar, Eq. (5.28) simplifies to
i = 1+ RTInP[bar], (5.29)

because the reference pressure is then 1 bar and In 1 = 0. One should, however, keep
in mind that P[bar] is a dimensionless quantity (bar/bar) that is numerically equal to
the pressure given in bars.

5.1.2 Chemical potential of non-ideal gases

In order to derive an expression analogous to Eq. (5.28) for non-ideal gases, the
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pressure in Eq. (5.25) has to be replaced by the fugacity, f, so that
du = RTdInf (5.30)

is obtained.

The relationship between the pressure and fugacity is given as:

f = ¢P. (5.31)

The proportionality factor, ¢, is termed the fugacity coefficient. It fulfills the fol-
lowing boundary condition:

lim ¢ = 1. (5.32)
P—>0

Thus, the fugacity of a gas equals pressure as pressure decreases and approaches
0. This means that at some sufficiently low pressures all gases behave ideally.

Integrating Eq. (5.30) between the limits £ and fyields:

real

s RTlnfl. (5.33)

The standard chemical potential, u°, refers to the standard fugacity f, whose val-
ue is 0.1 MPa for all temperatures. Using the relationship between the pressure and
fugacity, given in Eq. (5.31), Eq. (5.33) can be rewritten to obtain:

real

MO+RTln§+RTln£. (5.34)

o ¢O
Because P, and f;,, equal 0.1 MPa, ¢, must have a value of 1, and it follows that

real

4+ RTIng. (5.35)
If pressure is given in bars, f;, equals 1 bar and Eq. (5.33) simplifies to:

real

u u° +RTInf. (5.36)

Accordingly, Eq. (5.34) simplifies to:
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real

= u°+RTInP +RTlne. (5.37)

The relationship between the fugacity of a real gas, its molar volume and its
fugacity coefficient can be derived using Egs. (5.29) and (5.36). Differentiating Eq.
(5.36) with respect to pressure at constant temperature, yields:

real

V'™“dp = RTdnf. (5.38)

An analogous relationship is obtained for an ideal gas by differentiating Eq.
(5.29), namely:

Vi%p = RTdInP. (5.39)
Subtracting Eq. (5.39) from Eq. (5.38) gives:

Vel yidyap = Rlen%. (5.40)

Substituting the term R7/P for vidin Eq. (5.40) and then integrating it between
the limits P = 0 and P yields:

P

j(V’e"’f%]dP = RT[ln(lé)Pfln(@P:O] (5.41)

0

or
P
_ real R
RTIng = j(V —%)dp. (5.42)
0

The term In(f/P)p— equals zero, since all gases behave ideally at pressures close
to zero.

veal as well as RT/P, approach infinity as P approaches 0. Therefore, the two

terms cannot be integrated separately. The difference between them, however, is
definite and a nonzero quantity.

The integration procedure can be best solved graphically. Using experimentally

determined values for the volume of the gas, the difference V"% - RT/P is calculat-
ed and plotted versus pressure. The area under the curve gives, then, the fugacity co-
efficient.
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Fig. 5.1 Graphical representation of the difference V" eal _ RT/P as a function of pressure
for methane, CHy, at 800 K, using volume data of Grevel and Chatterjee 1992.

Fig. 5.1 shows a plot of the term ¥""*¥ - RT/P versus P for methane, CHy, as a

function of pressure at 800 K. The calculated areas and the corresponding fugacity
coefficient determined from the graph are summarized in Tab. 5.1.

Table 5.1 Fugacity coefficient and fugacity of methane, CHy,

determined by graphical integration of the V™ - RT/P vs. P
curve, depicted in Fig. 5.1. (Data: Grevel and Chatterjee 1992)

P[bar] area Ingp @ flbar]
0.5 0.59 8.86x10>  1.000 0.5
1.0 1.44 2.16x104 1.000 1.0

100 1777 267x103 1.003  10.0
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Table 5.1 Fugacity coefficient and fugacity of methane, CHy,

determined by graphical integration of the V'™ - RT/P vs. P
curve, depicted in Fig. 5.1. (Data: Grevel and Chatterjee 1992)

Plbar] area Ingp © flbar]

50.0 94.93 0.01427 1.014 50.7
100.0 196.94 0.02961 1.030  103.0
500.0 111476  0.16759 1.182 5912

1000.0 2433.76  0.36589 1.442 1441.8

5.2 The chemical potential of components in solutions

Considering Eq. (5.13), the total differential of the Gibbs free energy, dG, of a multi
component phase can be written as follows:

oG
dG = —SdT+ VdP + (_) dn. (5.43)
Zl; on/p, T, " !

The differential in Eq. (5.43) gives the change in the total Gibbs free energy of
the system when an infinitesimal amount of component 7 is added to it, while pres-
sure, temperature and the concentrations of the remaining components are kept con-
stant. It thus represents the partial molar Gibbs free energy of component i in the
solution. It is referred to as the chemical potential of the component i, u;, i.e.

= = u. 5.44
6}1)1), T, nj;&i M’ ( )

1

(GG
Using this definition of the chemical potential, Eq. (5.43) can be rewritten as:
dG = =SdT+ VdP + Z udn,. (5.45)
i

At constant temperature and pressure Eq. (5.45) reduces to:

dGg = Z udn,. (5.46)
i
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Assume, that a solution is made by continuously adding small increments, all of
the same composition, so that the bulk composition of the solution remains constant.
In this case, the values of the chemical potentials of the various components remain
constant and Eq. (5.46) can be integrated such that

G = Ziniyi (5.47)

is obtained. Thus, the total Gibbs free energy of a mixed phase at some pressure and
temperature is given by the sum of the chemical potentials of the components mul-
tiplied by the respective number of moles.

Example: The total Gibbs free energy of an orthopyroxene crystal with n;;gx Si0,

mole enstatite and nif:; i0, mole ferrosilite is calculated as follows:

Gopx_ opx opx opx
Mpgsiomgsioy T FeSzo3l‘FeSzo3

Dividing Eq. (5.46) by the total number of moles yields the molar Gibbs free en-
ergy, G. It is

G -G-
27 ZZ"

Z x4 (5.48)

Example: In the case of orthopyroxene, the molar Gibbs free energy is calculated
according to

nopx nopx
Gopx _ MgSiO, opx n FeSiO, opx
opx__  opx Hmgsio, opx__ops HFesio,
"Mgsio, " Fesio, M Mgsio, T "FeSio,
opx opx opx opx

= YMgSio 'uMgSlO3 T XFesio #FeSzO3

and because the mole fractions of the components composing a mixed phase sum to
1, one can also write:

opx

—opx
G = (- "Fe5103):“MgS103 1~"e5103:“Feslo3

As shown previously, the chemical potential of a component in a solution is equal
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to its partial molar Gibbs free energy at the given pressure, temperature and compo-
sition of the solution. The value of the chemical potential depends not only on the
concentration of the component in the solution but also on the solution itself. That
is, the concentrations and the chemical composition of the remaining components
composing the solution also come into play. A component of the same concentration
yields different chemical potentials in different solutions.

HUp

Ha

A XB B
Fig. 5.2 Graphical representation of the relationship between the molar Gibbs free
energy, G and the chemical potentials of the components 4 and B in the solution of the

.. 0 0 . .
composition xg. i, and U p are the chemical potentials of the pure components 4 and

B, respectively.

The chemical potentials of the components can be calculated using the integral
Gibbs free energy of the solution. For a binary system, 4-B, the calculation gives:

For the component 4:

- oG
= G—xB(E)P . (5.49)
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and

fp = (_;+(1_XB)(§TGE)P ) (5.50)

for the component B.

According to Eqgs. (5.49) and (5.50), the chemical potentials of the components
A and B in the solution are given by the intersection points of the tangent line to the
G vs. xg curve with the ordinate at xz = 0 and xp = 1, respectively. Fig. 5.2 shows

the relationships between the molar Gibbs free energy of a solution and the chemical
potentials of the components for a hypothetical binary system 4-B.

5.2.1 Chemical potential of an ideal gas in an ideal solution

From Eq. (5.9) it follows that
u; = H,—TS, (5.51)

where H; and S are the partial molar enthalpy and partial molar entropy of the com-
ponent i, respectively.

For the pure component i, it holds:
u; = H-TS,. (5.52)

Egs. (5.51) and (5.52) can be used to derive a mathematical expression for the
chemical potential of a component in a solution.

Consider an ideal single component gas. At temperature 7 and pressure P, its
chemical potential equals:

u; = H-TS,.

If this gas is mixed with another ideal gas at the same temperature and pressure,
its chemical potential is then given by:

pu; = H,~TS,.

The difference between the chemical potential of the gas i before and after the
mixing is then:



5.2 The chemical potential of components in solutions 177

Hi—p; = H—H,—T(S;-S,). (5.53)
In an ideal mixture, the molar enthalpy and the partial molar enthalpy of a com-
ponent are equal, and therefore H; - H; = 0. The difference S, - S;, however, is equal
to - R Inx;. Thus, instead of Eq. (5.53) one can write:
H;—p; = RTnx; (5.54)
or

M; = p;+ RTInx;. (5.55)

Substituting the expression given in Eq. (5.28) for y; and adding the superscript
'id" to y; in order to stress the ideal behavior of the mixture, yields:

id
i

P[Pa]

= IJ?-!—RT]H 3
0.1x10"[Pa]

+RTInx,. (5.56)

According to Dalton’s law, the product x;P equals the partial pressure, P;, of gas
i in an ideal gas mixture. Hence, Eq. (5.56) can be rewritten as follows:

; P.[Pad]
i = uf+ RTIn———— (5.57)
0.1x10°[Pa]
If the pressure is given in bars, Eq. (5.57) simplifies to:
id o
. =Mu; tRTInP,. (5.58)

In order to avoid any confusion, it should be noted that P designates the total
pressure, that in the case of a pure gas is identical to the gas pressure. No subscript
is therefore needed. In the case of an ideal gas mixture, P, however, represents the
sum of the partial pressures of the gases participating in the mixture, i.e. P = Xx;P;.
The partial pressure of each different gas must then be defined by an appropriate
subscript.

5.2.2 Chemical potential of a real gas in ideal and non-ideal gas mix-
tures

Suppose that two non-ideal gases mix ideally at constant pressure and temperature.
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The chemical potential of each gas in such a mixture reads:

real _  real

; u;  +RTlnx,, (5.59)

where u?eal is the chemical potential of the pure gas 7 at the given temperature and

pressure, and x; is its mole fraction in the mixture. Substituting the expression given

in Eq. (5.35) for u:eal yields:
e = 44 RTIng, + RTInx, (5.60)
or
real _ 04 RTInL + RTIng, + RTI 5.61
P T M ng- ne; nx; (5.61)

o

if u' is replaced by the expression giving the chemical potential of an ideal gas at
pressure, P, and temperature, 7. The product x;P corresponds to the partial pressure,

P;, of the gas i in the mixture. Using this relationship, Eq. (5.61) obtains the follow-
ing form:

real
i

P,
#; + RTInS" + RTIng, (5.62)

o

In this equation ¢; represents the fugacity coefficient for a pure gas i. The product

id
Py, = f (5.63)

is frequently termed the partial fugacity of the gas i in an ideal gas mixture.

In the case of ideal mixing, the partial molar volume of a non-ideal gas, V:eal,

. [ . .
and its molar volume, V;ea , are the same. In real mixtures, however, the two differ

one from another. Therefore, it holds:

P P

I R I R

RTing, = [(7/' - B)ap<rTing, = (v &) ap, (5.64)
0

0
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where ¢; designates the fugacity coefficient of a non-ideal gas in a non-ideal gas
mixture at the given temperature, pressure and concentration of the gas i in the mix-
ture. It is referred to as the partial fugacity coefficient.

Following Eqgs. (5.34) and (5.35), the chemical potential of a pure non-ideal gas

. real .
i, u;  equals:

real

_ ,,;’+RT1nP£+RT1n¢,.. (5.65)

o

The chemical potential of the same gas in a non-ideal gas mixture, however,
reads:

real

= )+ RTIno- + RTIng, + RTInx,, (5.66)

o

where ¢; represents the partial fugacity coefficient as defined in Eq. (5.64). It de-
pends on pressure, temperature and the composition of the mixture.
If Eq. (5.65) is subtracted from Eq. (5.66), the change in the chemical potential

due to the non ideal mixing at constant pressure and temperature is obtained. One
has:

real real

;. —H; = RTIn— +RT1nx (5.67)

bi

or

real real
i

+RTInZ + RTlnx,. (5.68)

Pi

The second term on the right side of Eq. (5.68) gives the relationship between the
partial fugacity coefficient of a non-ideal gas in a non-ideal gas mixture, ¢;, and its

fugacity coefficient, ¢;, as a pure gas. It is termed the activity coefficient, y. Eq.
(5.68) can thus be rewritten to obtain:

real real
i

+RTIny, + RTInx,. (5.69)

Combining the two last terms in Eq. (5.69) yields:
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real _  real

redl = )+ RTna, (5.70)

where

a; = v;-x; (5.71)
The term a; is the activity of the non-ideal gas 7 in an non-ideal mixture at the given
temperature, pressure and concentration of the gas, x;. It is, thus, a 'corrected mole

fraction' of a gas that accounts for the non-ideal behavior of the mixture. The 'cor-
rection' factor is the activity coefficient v;.

Replacing [.l;eal in Eq. (5.69) by the expression given in Eq. (5.65) gives:

real
i

P,
uy +RT1n}T’ +RTlng, +RTIny, + RTInx;. (5.72)

o

Considering the definition of the activity coefficient, the term RT Ing; in Eq.
(5.72) cancels and one obtains:

real
i

,,;’+RT1n§ +RTIng, + RTInx,. (5.73)

o

Because the product P;x; corresponds to the partial pressure of the gas, P;, Eq.
(5.73) can be rewritten as

real — ,,,j?mrm?mrln% (5.74)
0
or
el = 0+ RTln%, (5.75)
where
f, = P, (5.76)

represents the fugacity of the non-ideal gas i in a non-ideal mixture at some given
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concentration of the gas. f; is referred to as the partial fugacity.

The following relationships exist between the partial fugacity of a non-ideal gas
in a non-ideal mixture, f;, the fugacity of a pure non-ideal gas, f;, and the fugacity of

. . . . id
a non-ideal gas in a ideal gas mixture, fil :

id

fi=ai fi=vfi - (5.77)

The level of scientific knowledge has now reached the point whereby the mixing
properties of many geologically relevant and important binary gas mixtures are
known (see Kerrick and Jacobs 1981; Grevel and Chatterjee 1992; Aranovich and
Newton 1999). Hence, the partial fugacities of the gases participating in such mix-
tures have been determined too. In those cases where the thermodynamic properties
of mixtures are not known, the fugacity of a real gas in a non-ideal gas mixture is
determined by using the fugacity rule of Lewis and Randall. According to this rule,
the fugacity of a real gas in a non-ideal gas mixture can be estimated as follows:

id _

fixfi = X Ji (5.78)

5.2.3 Chemical potential of components in ideal solid solutions

In analogy to Eq. (5.59), the chemical potential of a component in an ideal solid so-
lution is given by:

u; = ﬂ? + RTInx;, (5.79)

where ,u? designates the standard potential of the component, i. Its numerical value

depends on pressure, temperature and the value of the standard state chosen. In most
cases the standard potential refers to the pure phase at the pressure and temperature
conditions of interest. It thus differs from the standard potential of a gas, which nor-
mally refers to the actual temperature and ambient pressure (0.1 MPa).

In deriving the expression for the chemical potential of an ideal gas in an ideal
gas mixture, it was shown that the term R7 Inx; accounts for the change in the entro-

py of the gas due to the mixing process. The same holds for a solid component in a
solid solution. However, the entropy change of crystalline solid is given by Eq.
(4.86):

§;—S8; = —z;RInx;,,
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where z; refers to the number of crystallographic sites per formula unit containing
the same fraction of atoms of the component i. If, however, the mixing atoms are
distributed non-equally over different crystallographic sites, each site must be given
separately. The more general form of Eq. (5.79), therefore, reads:

o
u; = p; +RTS z.Inx,. (5.80)
i i E i

Example I: Let us consider an olivine solid solution once again. In this solution
magnesium and ferrous iron occupy the sixfold coordinated M1 and M2 sites. Al-
though the two sites are crystallographically non-equivalent, neither cation shows a
clear preference for either site. Therefore, the chemical potential of fayalite,
Fe,Si0y, in an olivine solid solution, (Mg,Fe),SiOy4, can be written as follows:

ol _ o0l ol
HFe,s5i0, = HFe,sio, * 2RTINXp,,

ol . . . . . .. ol ol
where x, gives the atomic fraction of iron in olivine. Because xp, = xp 0,80,

the expression for the chemical potential of fayalite can be rewritten replacing the

. . ) . !
atomic fraction, x; . » by the mole fraction, x; ¢,Si0,"

ol _o,0! ol
HFe,s5i0, = HFe,sio, T 2RTINXE, 0, -

If one wants to eliminate the multiplier in front of the term that accounts for the
concentration of the component in the solution, one has to divide the above given
equation by 2 and one obtains:

1 ol 1 ool

ol
- o=z + .
2HFe,si0, = 3Hpe,sio, RTInxg, sio,

or

ol 0,0/ ol
HFeSiy;0, = MFesiy;0, T RTIXEog 0,

In this case, one has to keep in mind that the chemical potential refers to one half
of the formula unit.
Example 2: As discussed previously, in orthopyroxene, (Mg,Fe),Si,04, ferrous

iron occupies preferably the larger and more distorted M2 sites. Hence, its site frac-
tions for M1 and M2 are different and must, therefore, appear as separate terms. The



5.2 The chemical potential of components in solutions 183

chemical potential of ferrosilite, Fe,Si,Og, in an orthopyroxene solid solution reads:

opx _ o,0px opx opx
HFeySi,0, = HFe,si,0, T RTINXpe ppy T RTINX g, yp,

opx opx . . . .
where x e. M1 and xp, o, M2 Are the atomic fractions of iron on the M1 and M2 sites,

respectively. Note, that the mineral name ferrosilite is used to designate a compo-
nent. In a strict sense this is not correct because a mineral name designates a phase
of definite composition and definite crystal structure. Nonetheless, in the mineral-
ogical literature mineral names are often assigned to components. This practice,
however, becomes problematic when a component undergoes a phase transitions in
the course of a thermodynamic process. One should always bear in mind that a com-
ponent is a chemical entity that should be expressed in terms of a chemical formula.
A mineral name can be used only when confusion with the phase is excluded.

Example 3: In section 4.3.2 it was shown that the configurational entropy of the
diopside-jadeite solid solution can be expressed using the mole fractions of the com-
ponents. Therefore, the chemical potential of diopside in the diopside-jadeite solid
solution can be written as follows:

cpx _o,cpx cpx
HCaMgsi,0, = FcaMgsi,o, T RTINX Cappesiyo,-

The term containing mole fraction accounts for the change in the entropy of a
component as a result of the process of mixing. If there are different crystallographic
sites in a structure that are available for some atoms or ions, their distribution over
these sites must be known in order to formulate the chemical potential.

5.2.4 Chemical potential of components in non-ideal solid solutions

Similarly as in the case of non-ideal gas mixtures, the mole fraction must be re-
placed by the activity in order to express the chemical potential of a component in a
non-ideal solid mixture. At constant pressure and temperature the chemical potential
of the component i then reads:

;= p; +z,RTIna,. (5.81)

In Eq. (5.81) y? and z; designate the standard potential of the component i and z;
gives the number of crystallographic sites per formula unit with the same atomic
fraction of the component i. Generally u? is independent of composition, but it de-

pends on temperature and pressure.
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The activity of a component is proportional to its mole fraction. The proportion-
ality factor is referred to as the activity coefficient. Thus, it holds:

a; = v;-x; (5.82)
and the chemical potential reads:
{; = p; +z,RTInx; +z,RTlny,. (5.83)

The activity coefficient is a function of pressure, temperature and composition of
the solution. It is an empirical quantity and is often evaluated from the phase equi-
librium studies. In some cases it can be determined by different electrochemical
methods, e.g. emf-measurements or calorimetric studies.

Activity and activity coefficient as a function of composition

The relationship between the concentration of a component and its activity in a so-
lution is generally complex. In every solution, however, there are concentration re-
gions where the relationship is relatively simple.

At high concentration of a component when its mole fraction in the solution ap-
proaches 1, the activity coefficient also approaches 1 and the activity becomes equal
to the mole fraction, i.e.

a. = x.. (5.84)

The chemical potential is, according to Eq. (5.81), then:

p; = p; +z,RTlnx,. (5.85)

1

The compositional region, where a component behaves this way is referred to as
the region of Raoult’s law. Within this region the chemical potential of a component
is directly proportional to the logarithm of its mole fraction. Its extension to lower
concentrations depends on the interaction between the components in the solution.
The smaller the interaction, the larger is the region in which Raoult’s law is obeyed.

In Fig. 5.3 Raoult’s region, R, extends from xg toxg=1.

At low concentrations of a component, when its mole fraction approaches 0, the
chemical potential varies linearly with the logarithm of the mole fraction. The pro-
portionality factor, however, differs from 1. It can be greater, as well as smaller, than
one. The activity is directly proportional to the mole fraction, i.e:
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a. = h.-x.. (5.86)

The proportionality factor, #; is called Henry constant. Its value depends not only

on the nature of the solute but also on the solution. The compositional region in
which a component displays this kind of behavior is referred to as the region of Hen-
ry’s law and the chemical potential is given as:

p; = p; +z,RTInx; + z,RTInh,. (5.87)

In Fig. 5.3 the region of Henry’s law is designated by the letter H. It extends from

H . . . .
xp=0to xp . The extension of Henry’s law region toward higher concentrations de-

pends on the nature of mixing in the solution. The smaller the interaction between
the components in the solution, the larger is this region. In ideal mixtures, where no
or only negligible interactions between the components exist, Henry’s line and
Raoult’s’ line coincide and the activity equals the mole fraction from xz =0 to xg =
1.
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Fig. 5.3 Schematic representation of the activity of the component B, ag, as a function of
the mole fraction x in the solution 4-B at constant temperature and pressure. R = region

of Raoult’s law and H = region of Henry’s law. Raoult’s and Henry’s line are tangents to
the ap(xp) curves at low and high concentration of B, respectively.
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The region of Henry’s law and the one of Raoult’s law are separated by the so-
called intermediate region. Here, the activity coefficient is a function of solution
composition and the expression for the chemical potential has the general form giv-
en in Eq. (5.83), namely:

p; = p; +z,RTInx; +z,RTIny,.

In the mineralogical literature there are different approaches to solving the 'y(x)
problem'. Some of them will be discussed later.

5.2.5 The standard state

The classical thermodynamics does not give any information about the absolute val-
ue of the chemical potential. Therefore an arbitrary standard state has to be chosen.
One type of a standard state was already presented in the discussion of the chemical
potential of ideal and non-ideal gases. In both cases, a state of an ideal gas at
0.1 MPa and the temperature of interest was chosen as a standard. In the case of con-
densed phases other standard states are normally used. Here we want to present three
of them.

a) The most widely used standard state is that of a pure phase at pressure and
temperature of interest. In the case of crystalline solid solutions the pure end-mem-
ber phase must have the same crystal structure as any solid solution composition.
We used this standard state implicitly in our examples 1, 2 and 3 on pages 182 and
183. Using this standard state the chemical potential is expressed according to Eq.
(5.83) as:

u; = [.l;) +z,RTnx; +z,RTny;.

As the mole fraction x; approaches 1, the activity coefficient also approaches 1 and

the two last terms on the right side of the equation giving the chemical potential van-
ish, so that

o

Hi = H; (5.88)

is obtained. This is in accordance with the chosen standard state.

b) The standard state presented in the previous section could be difficult to
apply, if a component does not occur as a pure end-member phase (e.g. pyroxene
with Rare Earth cation only). In this case the state of infinite dilution is chosen as
the standard. The corresponding standard potential consists of the chemical poten-
tial that consists of the hypothetical pure end-member phase and Henry’s constant,
h;, such that:
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[ee]

u; = p;+RTnh,. (5.89)

Hence, this standard potential refers to a 'pure end-member phase' having the
thermodynamic properties extrapolated from the state of infinite dilution.

Using the standard potential defined in Eq. (5.89), the chemical potential of a
component i can be written as follows:

{; = p; +RTlnx;. (5.90)

Eq. (5.90) holds only in the region of Henry’s law. At higher concentration of the
component, the mole fraction must be corrected introducing a new activity coeffi-

cient, y?o . The chemical potential, therefore, reads:
;= p; +RTInx, + RThny; . (5.91)

The activity coefficient y?o approaches 1 as the mole fraction approaches 1 such
at x; = 1 it holds that:

W= (5.92)

In order to determine the relationship between the activity coefficient related to
the pure phase and the one related to infinite dilution, we take the expression given
in Eq. (5.83) and first add and then subtract the term R7In/;:

p{; = p; +z;RTlnh,—z,RTInh,+z,RTInx, + z,RTlny,. (5.93)

The first two terms on the right side of the 'equal' sign of Eq. (5.93) give the stan-

dard potential at infinite dilution, u?o. Hence, one can write:

Yi
h,

1

u; = p; +zRTnx,+z,RTIn (5.94)

A comparison of the terms in Eq. (5.94) to those in Eq. (5.91) shows that
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v, = (5.95)

The two different activity coefficients are proportional to one another. As can be
seen in Fig. 5.4, the Henry’s constant corresponds with the activity coefficient y; at

x; = 0 (double arrow). At this concentration, yjo has the value of 1. Generally it

holds: If y; has a value greater than one, y?o is smaller than one and vice versa.

In the case that the pure component and the solid solution have different crystal
structures, the mixing process is associated with a phase transition. Hence, the
Gibbs’ free energy of transition must be included in the expression for the chemical
potential. Assume that a component i crystallizes in an a-structure, while the solu-
tions has the S-structure. The chemical potential will then read:

0,0

= p>% 4z RTInx, + 2. RTIny P+ (u®P — %), (5.96)

B

where the difference y?’ - ,u?’q gives the Gibbs free energy of the phase transition

from a to .

The last two terms in Eq. (5.96) can be combined to give a new activity coeffi-

. o
cient, y; , namely:

ﬂqB #oq
o i Fi
Y, = yiexp[Tj. (597)

Using this activity coefficient, Eq. (5.96) simplifies to

p; = p;% +z,RTinx, + z,RTIny; . (5.98)

Fig. 5.4 shows graphically the three different standard states of the chemical po-
tential. In order to simplify the image, a binary system consisting of the hypothetical
components 4 and B was chosen, where the component B forms a complete solid
solution with A. The heavy line gives the chemical potential of the component B as
a function of its mole fraction. The double arrow at xz = 0 corresponds to the term

RTlnhg. Note that the arrow giving the activity coefficient related to the state of in-

finite dilution and the one giving the activity coefficient related to the state of a pure
phase point in opposite directions.
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Fig. 5.4 Relationships between different standard states of the chemical potential in the

§

binary system A-B. ,uj; , u;’ and u;’a are the standard potentials of the component B

referenced to the state of infinite dilution of B in 4, to the pure component B occurring as

. . 0
the phase 3, and to the pure component B occurring as the phase «, respectively. yp,

p

yg and yg are the corresponding activity coefficients. ﬂOB’ - /J;’a gives the Gibbs

free energy of the phase transformation from « to 3.

The activity coefficient as a function of temperature and pressure

The activity and the activity coefficient of a component depend not only on compo-
sition but also on temperature and pressure.

In order to derive a mathematical expression for the temperature dependence of
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the activity coefficient, we make use of a relationship analogues to the one given in
Eq. (5.17), namely:

i(i’) _ 4 (5.99)

Dividing Eq. (5.83) by T and differentiating it with respect to temperature at con-
stant pressure and constant mole fraction, x;, yields:

H, H,; Olny;
- ;—2+ziR( — )P’xi (5.100)
or
Blnyi) H,—H,
(— =_ , (5.101)
oT /P,x; ZZ-RTZ

where H; and H; are the partial molar enthalpy of the component i for mole fraction
x; and the molar enthalpy of the pure component i, respectively. Thus, the difference
H; - H; corresponds to the partial molar excess enthalpy, H l.ex, of the component i in

the solution for x; and Eq. (5.101) can also be written as:

X

(alanTy’)P I .. (5.102)
i ZRT

Hence, the partial molar excess enthalpy of a component determines the temper-
ature dependence of the activity coefficient.

The pressure dependence of the activity coefficient can be derived analogously.
In this case, the relationship corresponding to the one given in Eq. (5.14) is used,
namely:

(Zﬁpl)T - . (5.103)

Differentiating Eq. (5.83) with respect to pressure at constant temperature and
composition of the solution gives:
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Olny;
v, = Vi+ziRT(a_P)Tx (5.104)

>

or upon rearranging terms

Olny; Vi=V;
( )T,x = (5.105)

oP )T.x,  zRT

In Eq. (5.105), V; and V; designate the partial molar volume of the component i
for the mole fraction x; and the molar volume of the pure component i, respectively.
The difference V; - V;, therefore, corresponds to the partial molar excess volume of

X . . .. . .
the component, V;™, for given concentration of i in the solution. One can also write:

ex

(alny’) d 5.106
oP /T.x, zRT" (5.106)

Hence, the pressure dependence of the activity coefficient of a component in a
solution is determined by its partial molar excess volume.

5.3 Gibbs free energy of mixing

At constant temperature and pressure, the Gibbs free energy of mixing, A,,G, is giv-

en by the difference between the molar Gibbs free energy of the system before and
after mixing, i.e.

AmC -G after e befbre.

(5.107)
Only in the case of a mechanical mixture does it hold that A,,,G = 0. In solutions,

the Gibbs free energy of mixing always differs from zero, because mixing is a nat-
ural process that generates an increase in entropy.

Using the definition of the molar Gibbs free energy given in Eq. (5.48), Eq.
(5.107) reads:

A,G =3 x; = iy, (5.108)
14 1

where p; and y; are the chemical potentials of the pure component i and in the solu-



192 5 Gibbs free energy and Helmholtz free energy

tion, respectively.
Expanding y; in Eq. (5.108), according to Eq. (5.83), yields:

A,G =Y x(u; +z,RTInx; + z,RTIny,) = 3" xp1;. (5.109)
1 1

Because the standard potential, /.t?, in Eq. (5.109) refers to the pure component

i, the first and the last terms cancel and one obtains:

A,G = RTY x;lnx; +RTY x;lny;’ (5.110)
7 1
or
A,,G = RTY x;lna,, (5.111)
7
where
Zi
a=(xy,)" (5.112)

In Eq. (5.110), the term RT Z xl.lnx? gives the change in the Gibbs free energy
i

Z.
due to ideal mixing and the term RT Z xilnyi' accounts for the non-ideal behavior
i

of the solution. The latter is referred to as the excess Gibbs free energy of mixing.
Using these definitions one can write:

AG=AG +A G . (5.113)
If one defines the excess chemical potential of a component as:
{;* = z,RTIny, (5.114)

the excess Gibbs free energy of mixing reads:
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— ex
AGT = xuy (5.115)
1

Analogously to Egs. (5.49) and (5.50), the excess chemical potentials of the var-
ious components in a binary solution can be calculated from the excess Gibbs free
energy as follows:

_ oA, G
1y = RThny, = AmG“xl{ - J (5.116)
xp Jp 1
and
— X
_ A G
fy = RThny, = A, G +(1 xB)(—’”——j . (5.117)
xp Jp 1

According to Eq. (5.16), the differentiation of the excess Gibbs free energy of
mixing with respect to temperature at constant pressure yields:

—eXx
oA G
m - —ex
( 2 jP—AmS , (5.118)

where AmS'ex is the excess entropy of mixing. Replacing A, G~ by RT Z xilnyji
i

gives:
ex Fl z;
AS = —ﬁ(RTZixilnyi)P,Xi
a1 (5.119)
= —R In ZIFRT xz( nyl)
zl_xi ¥ Zi #i\"or ) P.x;

Substituting Eq. (5.102) into Eq. (5.119) yields:
8,87 = ~RY xjiny; - 23 5, (5.120)

l 1

Multiplying both sides of Eq. (5.120) by 7T and considering that RT Z xilnyji
i
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and Z'xiH le * correspond to A,,G** and A, H ¢, respectively, the following rela-
1

tionship between the excess Gibbs free energy of mixing, the excess enthalpy of
mixing and the excess entropy of mixing is obtained:

— ex

— ex - ex
AG = A H -TA, S (5.121)

m m

So, the Gibbs-Helmbholtz relation holds also for the excess functions of mixing.

5.3.1 Mixing and activity models

In a binary system 4-B the excess Gibbs free energy of mixing is zero at both ends
of a composition line and it is a function of mole fraction for the intermediate com-

positions. In order to describe A,,G “(x) mathematically, Guggenheim (1937) sug-
gested a power series having the argument (x4 - xp), so that:

— ex 1 2
A,G = x xp[K +K(x,—xp) +Ky(x,—xp)" +...1, (5.122)

where x4 and xp are the mole fractions of the components 4 and B, respectively and
K,, Ky, and K, are empirical parameters that are generally functions of pressure and
temperature.

Using the relationship (x4 - xg) = [(1 - xg) - xg] = (1 - 2xp), Eq. (5.122) can be
rewritten as follows:

Am(_?ex = (1 =xp)xp[K,+ Ky (1 =2xp) + K)(1 —Z)CB)2 tod (5.123)

Depending on the number of parameters that are necessary to describe the excess
Gibbs free energy, different types of mixtures are distinguishable.

Solutions whose excess Gibbs free energy can be represented using only param-
eters with an even number as a subscript are called symmetrical. If all constants but
the first are zero, the solution is called simple (Guggenheim 1967).

From relations (5.116) and (5.117) and (5.123) it follows that:
{y = RTlny, = xé[KO + K (3—4xp) + Ky(1 -2xp)(5—6xp)...] (5.124)

and
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uS = RTIny, = (1-x) [K, + K (1 —4xp) (5.125)
+ Ky ((2xg— 1)(6x5—1)..)].

These expressions are also termed the Redlich-Kister equations (Redlich and Ki-
ster 1948).

In the case of a simple solution, Egs. (5.124) and (5.125) simplify to:

pjx = RTlny, = xéK

o

(5.126)

and
pS = RThny, = (1-x)°K,. (5.127)

In order to determine the physical meaning behind K, the values of the excess

chemical potential for components at infinite dilution must be considered. If com-
ponent 4 is infinitely diluted in B, xg approaches 1 and Eq. (5.126) reads:

, 00 0
" = RTny, = K

o

(5.128)

In the case that component B is infinitely diluted in 4, x5 approaches 0 and Eq.
(5.127) obtains the following form:

Hy " = RTlnyg = K. (5.129)

[}

In Egs. (5.128) and (5.129) uzx’ * and ,u;x’ * designate the excess chemical po-

tential of component 4 and B at infinite dilution, respectively. yj and YO; are the

corresponding activity coefficients.
Eqgs. (5.128) and (5.129) can be combined to give:

ex, o

p" " = uy " = RTiny = RTIny, = K, (5.130)

Hence, in the case of simple solutions the excess chemical potentials of the com-
ponents at infinite dilution are equal.

The constant K, is often replaced by wo (e.g. Thompson 1967) or G” (Froese
and Gunter 1976). Both W ¢ and G* refer to the physical meaning behind this quan-
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tity, which is, as demonstrated above, the partial molar excess Gibbs free energy of
the component at infinite dilution.

The partial molar excess Gibbs free energy, G*, consists, according to Egs.
(3.21) and (5.9), of the partial molar excess internal energy, U®, the partial molar
excess entropy, S%, and the partial molar excess volume, V™, as follows:

00

G =U"-15"+PV”. (5.131)

Because U™ and H" are nearly equal at ambient pressure, Eq. (5.131) is normally
written as

G =H -15"+PV” (5.132)
or

we=w_rwi+pw” (5.133)

for the case where W ¥ is used instead of G*. W 9 is frequently referred to as an in-

teraction parameter. wH wSand w” depend on temperature and pressure. Their
dependence, however, is small and can be ignored in most cases. Solutions where

all terms except WwH are zero are termed regular (see Hildebrand 1929).

Substituting W © for K, in Eq. (5.22) and truncating the A,,G “*-polynomial after
the first term yields:

— ex

G
ALGT = (L—xpxp) . (5.134)

Accordingly it holds that:

= ex

AT = (1=xg)xg W, g (5.135)

m

= €ex

A S = (1=xp)xg W5 4 (5.136)

and

A = (1=xg)xWh . (5.137)
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If two parameters are required to describe the excess Gibbs free energy of mix-
ing, Eq. (5.123) becomes:

A,G ™ = (1 —xp)xglK, + K (1 -2xp)] (5.138)

and the excess chemical potentials and the activity coefficients of the component 4
and B are given by:

u = RTIny, = xp[K, + K,(3—4xp)] (5.139)

and
pe = RTIny, = (1-xp) [K, + K, (1—4xp)]. (5.140)
The relationship between the parameters K, and K and the excess chemical po-
tentials of the components can be determined in the same way as in the case of a sim-
ple solution. One has to set the mole fraction xp successively to one and to zero. For

xg=1, Eq. (5.139) reads:

ex,

uy” = RTny, = K, K, (5.141)
and similarly for x5 = 0, Eq. (5.140) becomes:

ex,

uy " = RThny, = K, +K,. (5.142)

o

From Egs. (5.141) and (5.142) it follows that

Hex,oo_"_'uex,oo
"4 B
K, = — (5.143)
and
#ex,oo /lex,oo
B~ Hy
K, = — (5.144)

or
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G G
woe o+ w
A-B B-A4
K, = ——5——= (5.145)

and

G G
w -w
B4 A-B
K, = B S— (5.146)

if W © is used instead of the chemical excess potentials of the components at infinite
dilution.

When the K parameters with both odd and even subscripts are required to de-
scribe the A,,G* as a function of composition, the solution is called asymmetric.

Substituting the expressions given in Eqgs. (5.145) and (5.146) for K, and K into
Eq. (5.138) yields:

— ex G G G
A G = xg(L—x ) (WG (W = WS xgl. (5.147)

Rearranging terms in Eq. (5.147) gives the so-called sub-regular or Margules
formulation of the excess Gibbs free energy of mixing (see Margules 1895). It holds
that:

— G G
AmGex _ )CB(I_xB)[xBWAfg-i_(l_xB)WBfA] (5.148)
or
—ex 2 G 2. G
AmG = xB(l—xB)WA_B+xB(l—xB) WB—A‘ (5.149)

In this context the W s are termed Margules Parameters.

Using the relationship between the excess Gibbs free energy of mixing and the
activity coefficients of the components, as given in Eqs.(5.116) and (5.117), yields:

2 G G G
RTIny, = xg[W,; p+2(Wgp_ W, p)(1—xp)] (5.150)
and

20 .,G G G
RTInyg = (1-xp) [Wy_,+2(W, 5—Wy_ ¥z (5.151)
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Eqgs. (5.149) through (5.151) are frequently used expressions to describe the sub-
regular mixing behavior in mineral solutions. Their usefulness has been discussed a
number of times e.g. Carlson and Colburn (1942), Hardy (1953) and Thompson
(1967).

Two additional expressions for the activity coefficients in binary solutions have
been developed by Carlson and Colburn (1942), namely:

G G 2 G G 3
RTIny, = QWy_~ Wy pxa+2(W, z—Wy_ )xn (5.152)

and

RTIny, = QW5 .~ WS (1—xp) +2005 — W5 p(1-xz)°. (5.153)

They are derived from Egs. (5.150) and (5.151) by rearranging of terms and fac-
toring out the mole fractions.

Following Egs. (5.147) through (5.149), the A, G~ polynomial for regular so-

lutions reduces to the one for simple mixtures if W27 4= Wg7 4= Wi B
Example I: According to Hovis (1995) the heat of mixing for the sanidine-anal-
bite solid solution series is a symmetric function of composition. The enthalpic in-
teraction parameter, wh ,at 977 K, has a value of 17.0 kJmol™!. The solution can be
described as being regular which means that both " and W are zero and, conse-

quently, WH=w G The excess Gibbs free energy of mixing is given, according to
(5.134), by:

— ex

-1
AG = (L =Xggy51,0)%ka151,0, % 170 KImol .

The resulting excess Gibbs free energy of mixing is shown graphically as a func-
tion of mole fraction of sanidine in Fig. 5.5. The two dotted lines are tangents to the

A,,G t 5. =0and 1 tively. Their intersecti ith the or-
- curve at Xg /5. 0 and 1, respectively. Their intersections with the or
dinate at x 4, Siy0g = 0 and 1 give the excess chemical potentials of the components

at infinite dilution and correspond to the interaction parameter, W ©. Because the
mixture is symmetric, the interaction parameters of the two components are equal.

In order to calculate the activity coefficients of the two components Eqs. (5.126)

and (5.127) are used. Rearranging terms and inserting the numerical value for wo
gives for analbite:
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B 2 17000 Jmol "
YNaalsi;0, — SXP| (Xgqrsi,0) RT

and for sanidine:

- | 2 17000 Jmol
Yeasi.o, = P (1 =Xgy750.0) :
3Us 3Ug RT

20
G G
WNaAlSI308 ...‘ ‘..- WKA|8I3OS
154
5
£
S 1071
O
‘—eX
| 4,6
o

00 02 04 06 08 1.0

XKAISi,0,

Fig. 5.5 Excess Gibbs free energy A,,G “* as a function of the composition in the system

- . G G . .
sanidine-analbite. Wy, ,; Si304 and Wy, Sij0, 1€ the interaction parameters of the

corresponding components. They are equal because of the symmetric nature of the solu-

tion. (Data: Hovis 1995)
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Multiplying the activity coefficients by the corresponding mole fractions yields
the activities of the components, namely:

aNadisi;05 = X VNaisi,oq
and
axaisi0, — (X Vkasi 04

The results of the calculations for a temperature of 1173 K are given in Tab. 5.2.

Table 5.2 Activity coefficients and activities of the components in the system
analbite-sanidine at 7= 1173 K. (Data: Hovis 1995)

XKA1Si,0y  YNadlSi,0y  9INadISi;04  VKAISi;0f  9KAISi,O4

0.000 1.000 1.000 5.715 0.000
0.100 1.018 0.916 4.104 0.410
0.200 1.072 0.858 3.051 0.610
0.300 1.170 0.819 2.349 0.704
0.400 1.322 0.793 1.873 0.749
0.500 1.546 0.773 1.546 0.773
0.600 1.873 0.749 1.322 0.793
0.700 2.349 0.704 1.170 0.819
0.800 3.051 0.610 1.072 0.858
0.900 4.104 0.410 1.018 0916
1.000 5.715 0.000 1.000 1.000

Fig. 5.6 shows the activities of analbite and sanidine as a function of the mole
fraction of sanidine.

Example 2: Using the experimental data on the (Na,K)Cl solvus, Chatterjee
(1991) derived polythermal-polybaric expressions for the Margules parameters.
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They are:

WS = 23730-20.527 T +0.52x10 °P [Jmol ']

and

1.0

0.8 +

0.6 +

activity

04+ A N

. :
KAISi ;04 ANaalsi ;0,

0.2 +

00— : : :
00 02 04 06 08 10

XKAISi 5,04

Fig. 5.6 Activities of analbite and sanidine as a function of the mole fraction of sanidine.
Dotted lines give the activities for the case of ideal mixing. Note that the activities of the

components are equal for x4, Siy04~ 0.5.

WS e = 37959 -30.954 T +0.52x10 P [Jmol '],

with T expressed in K and P in Pascal. In these equations the numbers refer, accord-
ing to Eq. (5.131), to the partial molar excess internal energy, U ©, the partial molar
excess entropy, S, and the partial molar excess volume, ¥ * of the respective com-

ponent. Because V* is small, U® can be replaced by H* at ambient pressure (P =
0.1 MPa).

In order to calculate the excess Gibbs free energy of mixing as a function of com-
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position we use Eq. (5.149). At 873 K and 0.1 MPa the calculation reads:

0,8 (e (1) 313020527 6873
+ () —ch1)2(37959 ~30.954 % 873)

and the results are shown in Fig. 5.7.
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0.0 0.2 0.4 0.6 0.8 1.0
Xkel

Fig. 5.7 Excess Gibbs free energy of mixing for the halite-sylvite solid solution as a

function of the mole fraction xg; at 873 K and 0.1 MPa (Data: Chatterjee 1991).

Fig. 5.8 shows the excess Gibbs free energy of mixing, A, Gex, the ideal Gibbs
—id
free energy of the ideal mixing, A G , and the total Gibbs free energy of mixing,

—real . . .. . . .
A, G ““ as a function of the concentration of sylvite in the halite-sylvite solid so-

lution.
Using Egs. (5.150) and (5.151) the activity coefficients of halite and sylvite in the
NaCl-KCl solid solution are calculated as follows:
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2. G G
RTInyy,cr = (Xgep) [WNa—K+2(WI§—Nu_ Wya— )1 =xgcp]

and

2 G G G
RTInyge; = (1=xgc) Wg _na P 20W g k= Wi na)Xkcil

4000

2000 A

-4000 -

-6000 ; ; ; }
0.0 02 04 0.6 0.8 1.0
Xkcl

Fig. 5.8 The Gibbs free energy of mixing in the system halite-sylvite as a function of
composition of the solution. (Calculated using data of Chatterjee 1991).
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Following Chatterjee (1991), the Margules parameters for 7= 873 K and 0.1
MPa are: Wy, = 5810 Jmol ' and WS . = 10936 Jmol .

Inserting these values into the equations given above, yields the following ex-
pressions for the activity coefficients of NaCl and KCl:

RTInyy,c1 = (xKCl)2[5810+2(10936—5810)(1 ~Xgep]
and
RTInyg = (1 _xKC1)2[10936 +2(5810 - 10936)x k1.

The results of the calculation are presented graphically in Fig. 5.9.

1.2 ¢

1.0 1
0.8
0.6
0.4 1
0.2

0.0 f I I T
0.0 0.2 0.4 0.6 0.8 1.0

KCl NaCl

Iny
\

Xkl

Fig. 5.9 The logarithms of activity coefficients for NaCl and KCl in the halite-sylvite
solid solution as a function of composition at 873 K and 0.1 MPa. (Data: Chatterjee
1991)

Fig. 5.10 shows the activities of the components NaCl and KClI as a function of
the mole fraction of sylvite, xx;, which were calculated using Eq. (5.82). They are:
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aNacl = (VX yacr

and

ager = (V- Xger -

1.0

0.8 +

0.6 +

04+

0.2+

0.0 4 | : : :
00 02 04 06 08 1.0

Xkel

Fig. 5.10 Calculated activities of NaCl and KCl as a function of composition at 873 K
and ambient pressure. For further explanation see text. (Data: Chatterjee 1991)

As shown in Fig. 5.10, at xp,;= 0.1 the value of the NaCl activity is 0.3022. This
means that NaCl with a mole fraction of 0.1 'behaves' thermodynamically as if it had
a mole fraction of 0.3022.

The expression in Eq. (5.122) can be extended to multicomponent systems
(Redlich and Kister 1948). By truncating after the third degree-term, the excess
Gibbs free energy of mixing of a ternary solution is given as (King 1969):
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— ex
A,G = xxp[K, + K (x —xp)] +x,x[L,+Li(x—x0)] (5.154)
txpxc[M,+ M (xp—xc)]+x,xpx-N,

where the x;s are the mole fractions of the components 4, B and C. K, L and M are

empirical terms and are constant for constant P and 7. The constant N describes the
ternary interaction between the components. As demonstrated by Cheng and Gan-
guly (1994), Eq. (5.154) is equivalent to that of Wohl (1953), which in the case of a
ternary solution reads:

— ex G G G G
A,G = xAxB[xAWB,A+xBWA73]+xAxC[xAWC7A+xCWA7C] (5.155)
G

G G 1...G
txpxelegWe_ptxcWp_ (] +xAxBxc[§(WA—B W4

G G G G
Wyt We_ 4t Wg_ ot WC—B)+NA—B—C]'

Eq. (5.155) is obtained by replacing the constants K;, L; and M; by the corre-

sponding interaction parameters, W;_ Iz which, in the case of a binary solution, are

termed Margules parameters, namely:

K, = KVE—B;LZ?A (5.156)
K, = wﬁ (5.157)
L, = @;—Wg—i‘ (5.158)
L, = _VK(Ci_/L%_V.VﬁG.._C (5.159)

M = -B-Cc _C°B (5.160)

and
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(5.161)

In the case that the bounding binaries behave as simple solutions Eq. (5.155) re-
duces to:

Am@ex = xAxBWAG’B+xAxCWiC+xBxCWg’C+xAxBxCD (5.162)

o G G G .
withD=Wyp+Wyct+WpctNypc) Wy ps Wy ¢ and Wy - are the interac-
tion parameters of the bounding binaries A-B, A-C and B-C, respectively.

The activity coefficients of the components in ternary systems are calculated sim-
ilar to the case for binary solutions. It holds that:

on, G oA, G
_ mex m B m
RTlny, = A, G XB( o, JC XC( o B, (5.163)
on, G oA, G
_ =ex m B m
RTlny, = A, G xA( ox, )C xc( g, (5.164)
and
oA, G oA, G
_ ex m _ m
RTlny- = A, G xA[ o, jB XB[ o, A. (5.165)

If the excess Gibbs free energy of mixing can be described by the expression giv-
enin Eq. (5.162), the following activity coefficients are obtained for the components
A, Band C:

2 2 G
RTlnyA = xBW,4G,B+xCWA,C+xBxC(WAG,B+

+xpx(1-2x,)D,

Sh

o Wﬁc) (5.166)

2 G 2 G G G G
RTInyg = xAWA,B+xCWB,C+xAxC(WA,B+ WB,C* WA, c) (5.167)

+x,xc(1-2xp)D

and
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2 G 2 G G G
RTInye = x3 Wy o+ xgWy o+ xmp(Wy o+ Wy o= W5 5) . (5.168)

+x,x(1-2xp)D.

In the case that all three bounding binaries of the system A-B-C behave as sub-
regular solutions the activity coefficient of, for example component A4, reads:

2 G
RTIny, = xg[WS p+2x, (005 W5 ] (5.169)

2. G G G
txelWy_ct2x We_ =Wy _ )]
G G G G
+2x xpx o (Wp_ g+ We_ g)=2xpxc(xgWe_ptxcWg_ )
1. .G G G
+xBxC|:§(WA—B+ Wg_4tWy_c

G G G
Wl WS ot chB)+NA,B>C}(1 “2x)).

The expressions for the activity coefficient of the two remaining components are
analogous and are obtained by the cyclic permutation of the indices.

The use of Egs. (5.166) through (5.169) is only possible if the ternary term N p ¢
is known. This, however, is rarely the case. To overcome the problem, the assump-
tion is frequently made that the ternary interaction is negligibly small and it can be
ignored.

Example: 1f Eq. (5.169) is applied to the ternary system albite (ab)-orthoclase
(or)-anorthite (an), the following expressions for the activity coefficients of the
components albite, orthoclase and anorthite are obtained:

2 G G
RTlnyab = xor[ Wfb—or—‘r zxab(Wor—ab - Wab—or)] (5.170)
2 G G G
+ xan[ Wab —an + 2xab( Wanfab - Wabfan)]

G G
+ 2xabxor’xan(W0rfab + Wanfab)

-2x_x (xorWG +x WG )

an—or an  or—an

1 G G G
+x0rxan|:§(Wabfor+ Worfab + Wabfan

G G G
W oan—ab T Wor—ant Wan—or) + Wfb’ or, an](l =2x,p)
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for the albite component,

RTIny,, = x5, Wfrfab +2x,,( ngfor - Wfrfab)]
X W an* 250 W= W )]
+ 2xabx0rxan( WLCl;b —or + chl;n — or)
- 2xabxan(xab Wfrf ab T Xan ng - an)
+ xabxan[%(Wabeor + W(?rfab + chl;bfan
+ Wgnfab + Wfrfan + Wgnfor) + ng, or,an

for the orthoclase component and

2 G G G

RTlnyan - xab[Wan —ab + 2xan(Wab —an Wan 7ab)]

2 G G G

+ xor[ Wanfor + 2xan(W0r7an “Van 7or)]

+ 2xabxorxan(Wc(z;b—an + Wc?r—an)

2% o s Wy ap X0 W e o)

+ xabxor[%( W or* Wor—an* Wap—an

+ Waanab + Wfrfan + cht;nfor) + ng, or,an

for anorthite.

](1 ~2x,,)

](1 ~2x,)

(5.171)

(5.172)

Consider now a ternary feldspar solid solution that contains 63.2 mol% albite, 6.6
mol% orthoclase and 30.2 mol% anorthite. In order to calculate the activity coeffi-
cients of the three components the binary and ternary Margules parameters are re-

quired.

Tab. 5.3 gives the Margules parameters that were derived from phase equilibria
data for coexisting alkali feldspar and plagioclase (Fuhrman and Lindsley 1988).
The values presented in the last column give the Gibbs free energy interaction pa-

rameters. They are calculated for 1073 K and 0.1 MPa using the relationship: wo=

wH_TwS+ pwV.
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Table 5.3 Margules parameters for ternary phases in the system albite-orthoclase-anorthite
(Fuhrman and Lindsley 1988).

wHImol']  wSImol''K'] W em’mol'] W Imol ™

Wib-or 18810 10.3 3.94 7758
W oab 27320 10.3 3.94 16268
Wpan 28226 - - 28226
Wi 8471 - - 8471
Wor-an 47396 - - 47396
Wonor 52468 - -1.20 52468
Wi-or-an 8700 - -10.94 8700

Inserting the various WY values into Egs. (5.170) through (5.172) yields:

Yoy = exp{{0.0662[7758 +2 % 0.632(16268
—7758)] + 0.3027[28226 + 2 x 0.632(8471 — 28226)]
+2 % 0.632 x 0.066 x 0.302 x (16268 + 8471)
~2 % 0.066 x 0.302 x (0.066 x 52468 + 0.302 x 47396)
+0.066 x 0.302 x [%(7758 + 16268 + 28226 + 8471

+ 47396 + 52468) + 8700](1 —2x 0.632)}/(8.3144 x 1073)} = 0.981

for the activity coefficient of albite,
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Y, = epoo.6322[16268 +2 % 0.066(7758 — 16268)]
+0.302°[47396 + 2 x 0.066 x (52468 — 47396)]
+2 % 0.632 x 0.066 x 0.302 x (7758 + 52468)
— 2% 0.632 x 0.302 x (0.632 x 16268 + 0.302 x 28226)
+0.632 x 0.302[%(7758 + 16268 + 28226 + 8471 + 47396

+52468) + 8700](1 —-2x 0.066)}/(8.3144 X 1073)} = 8.913
for that of orthoclase and

Vow = exp{{0.6322[8471 +2 % 0.302(28226 — 8471)]
+0.066°[ 52468 +2 x 0.302(47396 — 52468)]
+2 % 0.632 x 0.066 x 0.302(28226 — 47396)
— 2 x0.632 x 0.302(0.632 x 16268 + 0.066 x 7758) + 0.632
X 0.066[%(7758 + 16268 + 28226 + 8471 + 47396 + 52468)

+ 8700](1 ~2x 0.302)}/(1073 x 8.3144)} = 2349

for the activity coefficient of anorthite.

In order to account for the configurational entropy resulting from the aluminium-
silicon order, which is governed by the Al-avoidance rule, the so-called ideal activ-
ities must be calculated. They are, according to Ghiorso (1984), given by:
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id 2
any = x,,(1-x, ), (5.173)
id 2
ay =x,(1-x,) (5.174)
and
id _ 1 2
Ay = Xan(1H30,)" (5.175)

Inserting the numerical values for the mole fractions of albite, orthoclase and an-
orthite into Egs. (5.173) through (5.175) yields:

a'% = 0.632 x (1-0302%) = 0.574,

a' = 0.066 x (1-0302%) = 0.060

or
and

a? = %x 0.302 x (1 +0.302)* = 0.128.

In order to obtain the activities of the components in a non-ideal feldspar solid
solution, the ideal activities are to be multiplied by the respective activity coeffi-
cients, i.e.:

a, = a4 xy, =0574x0981 = 0.563,
a,, =dalxy, =0060x8913 = 0.535

and

a, =da?xy, =0128x2349 = 0301.

an —

The activity models, which are presented above, were derived from an analysis
of the compositional behavior of the excess Gibbs free energy of mixing. Models
that were developed considering interactions between the atoms constituting the so-
lution are rarely used and will not be discussed here.
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5.4 Gibbs free energy of reaction

Consider a closed thermodynamic system consisting of components 4, B, C and D.
If a chemical reaction of the type

vaA+vbB = ch+vdD

takes place at constant pressure and temperature, the change in the Gibbs free ener-
gy, dG, is given by:

4G = ZD(E) dn., (5.176)
A 6”[ P, T n;,; !

where n; designates the number of moles of the component i. Considering the defi-
nition of the chemical potential (Eq. (5.43)), Eq. (5.176) can be rewritten as follows:

D
dGg = ZA udn;. (5.177)

In the case of a chemical reaction the molar increments, dn;’s are related to one

another through the stoichiometric coefficients and the extent of reaction, &, as given
in Eq. (2.113). So, the change in the Gibbs free energy of a system is given by:

D
dG = ZA v dE. (5.178)

Dividing Eq. (5.178) by dé and assuming that the reaction occurs at constant pres-
sure and temperature, yields:

oG P 3
(a_g)“ = ZAVI#I. = AG. (5.179)

A,G is called the Gibbs firee energy of reaction. It corresponds to the change in

the Gibbs free energy of a system with respect to the extent of reaction at constant
pressure and temperature.

The relationship between the Gibbs free energy of reaction, the enthalpy of reac-
tion and the entropy of reaction is given by the Gibbs-Helmholtz equation, namely:

AG = AH-TA,S. (5.180)
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5.4.1 Standard Gibbs free energy of reaction

If the chemical potential, y;, in Eq. (5.177) is split into standard and rest potential,
the Gibbs free energy of reaction reads:

D
AG =Y v,(u] + RTna,). (5.181)
A

In the case that reactants, as well as products, occur in their standard states, all
activities in Eq. (5.181) are 1 and the second term within the parentheses vanishes.
The Gibbs free energy of reaction is then equal to the stoichiometric sum of the stan-
dard potentials, and Eq. (5.181) obtains the form:

D
AG® = 3 v (5.182)
A

In this case A,G° is referred to as the standard Gibbs firee energy of reaction and

the corresponding reaction is called the standard reaction. The choice of standard
conditions depends on the definition of the standard potential of the phase under
consideration. For gases, the state of an ideal gas at 0.1 MPa and the temperature of
interest are frequently chosen as the standard state. The standard potential of solid
phases, however, generally refers to the pure phase at the temperature and pressure
of interest. In the case of aqueous solutions, the state of infinite dilution is normally
chosen.

The second term within the parentheses in Eq. (5.181) accounts for the concen-
tration of the components participating in the reaction. Combining Eqs. (5.181) and
(5.182) yields:

D
AG = ArGoJrRTZ v;Ina;. (5.183)
A

A special type of reactions is that one in which a compound is formed from the
elements at standard conditions. The Gibbs free energy associated with this reaction
is referred to as the standard Gibbs free energy of formation, AfGygg.

Using the Gibbs-Helmholtz equation, the standard Gibbs free energy of forma-
tion can be calculated from the standard enthalpy of formation, Ad,9g, and the con-

ventional standard entropies of the components, as follows:

A/Grog = AfHyos—298.15%" v,S 00 (5.184)
i
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or

A/Grog = Adrgq—298.15A 8, (5.185)

where A/S298 designates the change in the entropy associated with the formation of

the

compound from the elements at standard conditions. In analogy to the standard

enthalpy of formation, A/,H298 , Af.S'298 can be called the standard entropy of for-

mation.

5.5 Problems

. Consider a pyrope-almandine garnet solid solution, (Mg,Fe);Al,Si30,, con-

taining 70 mol% pyrope, Mg3Al,Si501,.

Calculate the Gibbs free energy of mixing at 1000 K assuming ideal mixing
behavior for garnet.

Calculate the change in the chemical potential of an ideal gas in the case that at
a constant temperature of 800 K, the pressure of the gas increases from 0.1 MPa
to 0.5 GPa.

The binary solid solution muscovite, KAI;[AlSi;0,¢](OH), - paragonite,
NaAl,[AlSiz04](OH),, shows asymmetric behavior. The corresponding Gibbs
free interaction parameters, according to Chatterjee and Froese (1975), read:

G 6
Woe mu = 12230 +0.71T[K] +6.65x10 "P[Pa] and
G 6
Wi pg = 19456 + 1.654T[K] +4.56x10 "P[Pa]

Express the excess Gibbs free energy of mixing as a function of composition.

Calculate the molar excess enthalpy of a muscovite-paragonite solid solution
containing 15 mol% paragonite for 0.2 GPa.

Calculate the molar excess volume and the molar excess entropy of the musco-
vite-paragonite solid solution containing 10 mol% muscovite.

Calculate the activity coefficients and activities of the components in a solid
solution containing 15 mol% paragonite at 0.2 GPa and 600°C.

Calculate the molar Gibbs free energy of mixing for a muscovite-paragonite
solid solution containing 15 mol% paragonite at 0.2 GPa and 600°C using the
activities calculated above.
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4. The heat of formation of grossular, Ca3zAl,;Si30;,, equals -6638.30 kJmol!. Its
third law entropy and molar volume are equal to 256.00 Jmol 'K and
125.35 cm®mol respectively. The thermal expansion @ = 2.39x10 K, the
compressibility coefficient 8 = 6.3 x 102 Pa! and C,[Jmol'K™"] = 728.6 -
40.986x 10737 - 3.128 x 10°T%- 6077.4 T “*3(Holland and Powell 1990).

» Calculate the chemical potential (apparent Gibbs free energy) of grossular at
2.0 GPa and 800°C. Assume that the thermal expansion as well as the com-
pressibility coefficient are pressure and temperature independent.

5. The dehydration of phlogopite, KMg;[AlSi3O;3](OH),, in the presence of
quartz can be described by the following chemical reaction:

Phlogopite + 3 Quartz — Sanidine + 3 Enstatite + H,O (steam).

» Calculate the standard Gibbs free energy of the reaction at 0.3 GPa and 600 K
using the data in Tab. 5.4. Assume that steam behaves ideally, that the enthalpy,
the entropy and the volume of reaction are temperature and pressure indepen-
dent, and that total pressure equals the pressure of the steam.

Table 5.4 Thermodynamic data of the components involved in the reaction
of phlogopite with quartz (Holland and Powell 1996)
-1 -1,,-1 3 -1
Phase AfH298[kJmol ] Syg[Jmol 'K '] V,ge[em mol ]

Phlogopite -6219.44 328.00 149.64

Quartz -910.88 41.50 22.69

Sanidine -3964.90 230.00 109.00

Enstatite (MgSiO5) -1545.13 61.25 31.31

H,0 (steam) -241.81 188.80 -

How do you interpret the result?
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An isolated system is in the state of thermal equilibrium if the total entropy has a
maximum value, i.e.

3 ds; = 0. (6.1)

From Eq. (6.1) it follows that the temperature, as well as the pressure, are the
same throughout the system. If this is not the case, irreversible equalization process-
es take place. This can be verified by a simple thought experiment. Consider an iso-
lated system that is in equilibrium. If an infinitesimal amount of heat is transferred
from one part of the system to another, then, in order to maintain thermal equilibri-
um, the condition

dS = dS, +dS, = 8Q(—<Ti) -0 (6.2)

must be fulfilled. This is only the case if the temperature in all parts of the system is
the same, that is

T, = T,. (6.3)

An analogous relationship holds for pressure.

In order to derive the equilibrium condition for a closed system, we start with the
statement that says that a system is in equilibrium when all infinitesimal changes of
state occur reversibly. Excluding chemical reactions from the consideration, these
changes are given by Egs. (4.5) and (4.6). Hence, the equilibrium conditions for adi-
abatic (dS = 0) and isochoric (dV = 0) changes of state read:

(dU)y s =0 (6.4)
and for adiabatic (dS = 0) and isobaric (dP = 0) changes:

(dH)p g = 0. (6.5)
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Expressions, analogous to Eq. (6.5) are obtained from Eqgs. (5.12) and (5.13). For
isothermal (dT = 0) and isochoric changes it holds:

(dF)r =0 (6.6)
and for isothermal (dT = 0) and isobaric (dP = 0) changes:
(dG)g p = 0. 6.7)

According to Egs. (6.4) through (6.7), the functions of state U, H, F, and G and
the total entropy, S, have extreme values at equilibrium. Because all states of a sys-
tem in the neighborhood of equilibrium can be attained only by work, the values of
the functions U, H, F and G must be at a minimum.

In the case that a phase undergoes a phase transition from « to 8 at constant P and
T, the equilibrium is, according to Eq. (5.176), given by:

(dG)p, 1 = podn, + pgdng = 0. (6.8)

The molar increments in Eq. (6.8) are interdependent, because the amounts of the
disappearing and the appearing phase must be the same. Therefore, one can write:

dnB = —dn = dn (6.9)
and
(,uB—,ua)dn = 0. (6.10)
Eq. (6.10) holds only if
Mg = M- (6.11)

Following Eq. (6.11), equilibrium between phases exists when the chemical po-
tentials of the component in the coexisting phases are equal. This condition is not
restricted to the case of two phases only. It holds for any number of phases that co-
exist at a given temperature and pressure.

For reacting systems containing many components, the condition of chemical
equilibrium is given by:

(dU)s, = (dH)g p = (dF), = (dG)p p = Yvudé = 0. (6.12)
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For practical use only those functions whose variables are P, T and V are useful,
because the use of entropy as an independent variable is inconvenient.

6.1 Stability conditions for phases in one-component sys-
tems

Because heat capacity can not have a negative value, the entropy of a stable phase
can only increase with increasing temperature. This fact can be expressed mathe-
matically as follows:

55) C
> = L5, .1
(GTP T>0 (6.13)

On the other hand, the derivative of the Gibbs free energy with respect to temper-
ature at constant pressure gives negative entropy, Eq. (5.16):

8G) _
&), =-s.
Combining the two equations yields:

2
0G

—| <0. (6.14)
[arsz

Y

T

Fig. 6.1 Schematic representation of the Gibbs free energy of a stable phase as a function
of temperature at constant pressure.
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Thus, according to Eq. (6.14), the Gibbs free energy curve of a stable phase as a
function of temperature at constant pressure is concave with respect to the T axis.
Moreover, because of the relationship: G = H - TS, the G(T)-curve has a negative
slope. The temperature dependence of the Gibbs free energy at constant pressure is
shown schematically in Fig. 6.1.

According to Eq. (5.14) the volume corresponds to the derivative of the Gibbs
free energy with respect to pressure, namely:

(S—IG’) T V.

Because the volume of a stable phase decreases with increasing pressure, its de-
rivative with respect to temperature at constant temperature must be negative i.e.:

(S_I;)T< 0. (6.15)

Considering this two relationships, one can write:

2
0G

—| <0. (6.16)
(GTZJT

P

Fig. 6.2 Schematic representation of Gibbs free energy of a stable phase as a function of
pressure.
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Hence, the curve of Gibbs free energy of a stable phase as a function of pressure
is concave with respect to the P axis. The mathematical expression for the G(P)
curve is G = U - TS + PV. Because volume can assume positive values only, the
slope of the curve is normally positive. The run of the G(P) curve is presented graph-
ically in Fig. 6.2.

In an orthogonal coordinate system a G(P,T) function of a stable phase is repre-
sented by a curved surface. The intersection between the surface and any plane, that
stands perpendicular on the P-T-plane results in a curve which is concave with re-
spect to the P-T-plane (see Fig. 6.3).

Fig. 6.3 Gibbs free energy surface as a function of pressure and temperature. The trace
of the intersection between the free energy surface and the plane that is parallel to the G
axis is a curve that is concave with respect to the P-T plane.

The stability conditions, discussed above, can be described mathematically as
follows:

2

0°G) (o 5
(—Cij (—GJ —[%j 0. (6.17)
0T~/ p\oP /r
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In the case of polymorphism, every phase has its own G(7) and G(P) curve. Fig.
6.4 shows an example for a trimorphic substance with three phases @, 8 and y. Ata
given temperature, the most stable phase has the lowest Gibbs free energy. The tem-
peratures at which two G(7) curve cross is termed the transformation temperature
and here, the chemical potential of the transforming phases are equal, as required by
Eq. (6.11). The temperature of the intersection of the Gibbs free energy curves for
the phases a and v lies above the G(7)-curve of the phase 8. This means that phase
[ is stable at this temperature, while the coexistence between @ and vy is metastable.

! >
T/B (TG/Y) ThIY —= T

Fig. 6.4 G(T)-curves of a trimorphic substance with the phases @, 8 and y. T%B, 7% and

TP are the transformation temperatures. The parenthesis designate the metastability of
the phase transformation.

6.1.1 Phase equilibria in one-component systems.

At the transition point the coexisting phases are, according to Eq. (6.11), in equilib-
rium with one another, if the chemical potentials of the component in both phases
are equal. Should equilibrium persist after infinitesimal changes in pressure and
temperature, it must hold that the incremental changes in the chemical potentials are
also equal i.e.

«_ B
¢ = du (6.18)

i

dp
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where i designates the component and @ and 3 the two coexisting phases.

In the case of pure components, the pressure and temperature dependence of the
chemical potential is given by Eq. (5.22). Thus, Eq. (6.18) can be written as follows:

—8%ar+ viap = - sPar+ viap, (6.19)

In Eq. (6.19) § l.a and S lﬁ are the molar entropies and Vl.q and VI.B the molar vol-

umes of the component i in the phases @ and § at P and T of interest, respectively.
Because the system contains only one component, the subscript 7 is not necessary
and can be dropped. Reordering the terms and factoring out dP and dT yields:

/B
ar _ A _ A V?

P (-5 A,

T (6.20)

where A,S /B and AWVQ/B are entropy and volume of transformation, respec-

tively. Eq. (6.20) gives the slope of the phase boundary in the P-T diagram. It is re-
ferred to as the Clausius-Clapeyron equation and can be used to calculate the
position of phase boundaries in one component systems provided that one point of
the transformation is known. For this purpose, the expression in Eq. (6.20) must be
integrated over the range between the known temperature and pressure of transfor-
mation, T, and P, and the temperature and pressure of interest, 7 and P, i.e.

T PA a/B

de: j L dp. (6.21)
A Sot/ﬁ

To po tr

In the case of solid-solid transitions the pressure and temperature dependence of
the entropy and volume of transformation is small and can be neglected without in-
troducing considerable error, provided the pressure and temperature intervals are
not to large. Integrating Eq. (6.21) yields:

o/B

A
S {— Y
T = - s“/B(P P)+T,. (6.22)
tr

Example: Consider the one component system Al,SiOs. It consists of three phas-

es: kyanite, andalusite and sillimanite. In order to calculate the boundaries between
the three stability fields using the Clausius-Clapeyron equation the molar volumes,
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the standard entropies of the phases and the P-T-coordinates of two different transi-
tions are required. We take 454 K and 950 K (derived from thermodynamic data
given by Robie and Hemingway 1995) as the transition temperatures for the trans-
formation of kyanite to andalusite and for andalusite to sillimanite at ambient pres-
sure, respectively. Using these data and the data from Tab. 6.1 all three phase
transition boundaries can be calculated.

Table 6.1 Thermodynamic data of the phases in the system Al,SiOs5. (Robie and
Hemingway 1995)

Phase V{em’mol'] S[Imol 'K
Andalusite 51.52 91.4
Kyanite 44.15 82.8
Sillimanite 49.86 95.4

We begin with the phase transition boundary between kyanite and andalusite. Be-
cause of the linear relationship between the temperature and pressure of transforma-
tion, the phase transition boundary can be defined by two transition points. The first
one, which holds for the ambient pressure, is at 454 K. For the second one, a pres-
sure of 0.3 GPa is chosen and the calculation of the corresponding temperature
reads:

phvand _ 51.52x10 *m mol ' —44.15x10 *m>mol '
0.3GPa — 1.1 1.1
91.4Jmol K —82.8Jmol K

(3.0x10°Pa
—1.0x10°Pa) + 454K = 711 K.

The transition temperature for the transformation of andalusite to sillimanite at
ambient pressure is 950 K. The transition temperature at 0.3 GPa is then:

pandssil _ 49.86x10 *m’mol ' — 51.52x10 *m>mol "

8
0.3GPa — 11 11 (30)(10 Pa
95.4 Jmol K -91.4Jmol K

~1.0x10°Pa) + 950K = 826 K.

In order to calculate the phase transformation boundary kyanite/sillimanite we
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make use of the fact that the three curves intersect at the so-called triple point. At
the pressure and temperature conditions of the triple point all three phase coexist
and, therefore, the following relationship holds:

51.52x10 *m’mol ' — 44.15x10 *m°>mol |
91.4 Jmol 'K ' — 82.8 Jmol 'K

_ 49.86x10 “m’mol ' - 51.52x10 *m’mol !
95.4 Jmol 'K ' —91.4 Jmol 'K

(P,,Pa—1.0x10°Pa) + 454K

(P, [Pa] - 1.0x10°Pa) + 950K ,

where Py, is the pressure of the triple point.

Solving the above equation yields:
P,, = 0.39 GPa.

The temperature of the triple point, 77,
of the two equations that were used to calculate the phase transition boundaries. We
take the equation giving the phase transition boundary andalusite/sillimanite and ob-

tain:

can be calculated by inserting P, into any

_ 49.86x10 °m>mol ' = 51.52x10 ®m°mol "
95.4 Jmol "K' —91.4 Jmol 'K

T (0.39x10°Pa

tp

- 1.0><105Pa) + 950K = 788 K.

The pressure and temperature of the triple point are now used to determine the
phase transition boundary kyanite/sillimanite. A pressure of 0.6 GPa is chosen as the
second transition point and the corresponding temperature is calculated as follows:

Pl _ 49.86x10 *m>mol ' —44.15x10 *m°>mol '
0.6GPa ~— 1.1 1.1
954 Jmol K —-82.8JJmol K

(0.6x10°Pa
—039x10°Pa) + 788K = 883 K.

The results of the calculation are presented in Fig. 6.5, where the calculated tem-
peratures are designated by open squares. The filled squares give the transition tem-
peratures for kyanite/andalusite and andalusite/sillimanite at 0.1 MPa. These are the
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transition points that were used to undertake the calculations.

8

6 -4
S kyanite
S 4 sillimanite
a

2 -4

andalusite
O ) ) ) ) )

400 500 600 700 800 900 1000
TIK]

Fig. 6.5 Phase transition boundaries in the one-component system Al,SiO5 that were

calculated using the Clausius-Clapeyron equation. Filled squares: given transition points
and open squares: calculated transitions points.

6.1.2 Classification of phase transformations

According to the work of Ehrenfest, phase transitions are classified according to the
behavior of a state function at the transition point. A first-order transition is one in
which the Gibbs free energy as a function of state variables (P,7) is continuous,
while the first derivative of the Gibbs free energy with respect to any variable of
state is discontinuous. Considering the relationships that are given in Egs. (5.16) and
(5.17), the functions of state entropy, enthalpy and volume are discontinues at the
transition point. Examples of first-order phase transitions are melting and transfor-
mations between isostructural phases (Toledano and Toledano 1987). Variation in
the Gibbs free energy, entropy and enthalpy with temperature are illustrated sche-
matically in Fig. 6.6.

One important feature of first-order transitions are definite values for the entropy,
enthalpy and volume of transformation. This is the result of the fact that the values
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of these functions change stepwise at the point of transition.

>

T T

Fig. 6.6 The variation of the Gibbs free energy, entropy and enthalpy as a function of

temperature at the transition point in the case of a first-order transition. A,.S and A, H

are the entropy and enthalpy of transformation from a to 3, respectively.
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The behavior of the Gibbs free energy and volume as a function of pressure is
shown schematically in Fig. 6.7.

\B\i
G V !
| AtrV
~_ 7
|
> ' >
R P R P

Fig. 6.7 Variation of the Gibbs free energy and volume with pressure in the case of a
first-order transformation. A,V gives the volume of transition from 3 to y.

After Ehrenfest, a second-order transition is one in which the Gibbs free energy
function and the first derivatives are continuous while the second derivatives are
discontinuous. Thus, the functions S, H, and ¥ should show no discontinuity. How-
ever, the heat capacity, Cp, the thermal expansion coefficient, @, and the compress-
ibility coefficient, 3, should be discontinuous at the transition point, because they
are the second derivatives of the Gibbs free energy with respect to temperature and
pressure, respectively. Some of these relations are illustrated by the following equa-
tions:

Eq. (6.23) shows, for example, the correlation between the second derivative of
the Gibbs free energy with respect to temperature, the first derivative of the entropy
with respect to temperature and C,;:

oG oS c
P
7 = (2) = =, (6.23)
(87‘2}13 (aT)P T

Eq. (6.24) gives the relationship between the second derivative of the Gibbs free
energy with respect to pressure, the first derivative of volume with respect to pres-
sure and the compressibility, namely:

2
G v
el (&) = pr (6.24)
(apzjf (GP)T P



230 6 Thermal equilibrium

and Eq. (6.25), finally, demonstrates the correlation between the second derivative
of the Gibbs free energy divided by temperature, the first derivative of the enthalpy
and the heat capacity at constant pressure, i.e.:

%[%L B @—Izﬂp = G (6.25)
4 ;
o i
G |
| B
i
; -
T
A A
| |
; Cp ;
S 'p |
o |
| |
| . | _
Te T T, T

Fig. 6.8 Variation of the Gibbs free energy, G, entropy, S, and heat capacity, C,,, with
temperature in the case of the second-order transition. 7}, gives the transition tempera-

ture.

Fig. 6.8 shows schematically the variation of the Gibbs energy, entropy and heat
capacity with temperature. The Gibbs free energy and its first derivative, the entro-
py, do not show a discontinuity at the temperature of transition. The heat capacity,
which is the second derivative of the Gibbs free energy with respect to temperature,
however, is a step function. Directly at the transition temperature, there is a change
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from one definite value to another definite value. Ehrenfest’s classification requires,
therefore, that A;.C,, is finite. This, however is normally not the case. For most sec-

ond order transitions there is experimental evidence that C,,, and thus A,.C,, be-
comes infinite at the transition temperature. The shape of the C,, curve near the

transition temperature then resembles the greek letter A, and thus this type of transi-
tion is often referred to as lambda transition. An example of a lambda transition is
shown in Fig. 6.9.

90

80 + Fayalite

60 T

C,lumol 'K]

40 +

30 f f f f f
50 55 60 65 70 75 80

TIK]

Fig. 6.9 Heat capacity of fayalite, Fe,SiOy, as a function of temperature showing a
Lambda transition at 64.9 K.

Another way to determine the change in the Gibbs free energy associated with a
phase transition is given by Landau theory. Central to this theory is the concept of
an order parameter, Q, which is related to the change of some macroscopic property
through the phase transition. Such macroscopic properties can be, for example, op-
tical birefringence, spontaneous strain, etc. The proportionality between the order
parameter, O, and the measured macroscopic properties is usually either linear or
quadratic. Although changes in macroscopic properties are clearly related to some
microscopic interactions, a knowledge of these interactions is not necessary for Lan-
dau theory, where the Gibbs free energy associated with a phase transition is given
as a polynomial expansion of the order parameter. It describes the energy changes
that are superimposed on those caused by "normal" temperature variations and is
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therefore called the excess Gibbs free energy of transition.

Landau’s expression for the excess Gibbs free energy associated with a phase
transition reads:

Gt = aQ+%AQ2+%BQ3+iCQ4..., (6.26)

where a, A, B and C are empirical coefficients. The value of the order parameter, Q,
vary from 1, at absolute zero, to zero at some critical temperature, 7, where the high

temperature phase becomes stable.

At equilibrium, the function G has its minimum value with respect to O, i.e:

oGt o°GH
G o and Y so. (6.27)
20 00

In order to satisfy the conditions given in Eq. (6.27), the coefficient @ in Landau’s
expression must be zero and, in addition, 4 must be positive. If 4 was negative, the
low temperature phase would be stable. At T'= T, the sign of 4 must change from

positive to negative. These requirements are governed by the expression:
4 =a(T-T,), (6.28)

where a is a constant.

Substituting Eq. (6.28) into the Landau’s expression for the excess Gibbs free en-
ergy yields:

L 1 2 1 3.1 4
= = — - + =
G 2a(T T)0 +3CQ 4DQ (6.29)

In the case of a second-order transition, Q must vary continuously from 1 to 0
with temperature. This is only the case if all the odd order terms in the polynomial
expansion are zero. Considering this and also the fact that two or three terms of the
expansion are normally sufficient to describe the excess Gibbs free energy changes,
the Landau’s equation can be rewritten as:

L 1 2 1 4 1 6
= = _ 4= 4= . .
G a(T-T,)Q cQ DQ (6.30)

Expression Eq. (6.30) allows Q to change between 1 and 0, but it does not pre-
clude the possibility of a discontinuity in Q. Depending upon the value of the coef-
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ficients C and D, three types of transformation can be defined, namely:

a) Cis positive and the sixth-order term is negligibly small. In this case
Q varies continuously between 1 and 0 as a function of temperature
and the phase transition is second-order.

b) Cis negative and D is positive. Here, at some given temperature,
which is designated as 7}, and where T},.> T, O is discontinuous as a
function of temperature. It jumps from a definite value 0 = 0, to O =
0. At this temperature, the low temperature phase with Q = Q, coex-
ists with the high temperature phase with O = 0.The phase transition
is first-order and the height of the 'step' corresponds to the change in
the thermodynamic functions associated with the phase transition.

¢) Ciszero and D is positive and the sixth-order term is present and is
positive. Such an expansion describes a phase transition that is some-
where between second and first-order in nature. It is called tricritical
phase transition.

Fig. 6.10 shows the order parameter Q as a function of temperature for a sec-
ond-order and a tricritical phase transition.

0.2 + — second-order
------- tricritical
0.0 } } } } 1
0.0 0.2 0.4 0.6 0.8 1.0

TIT

Cc

Fig. 6.10 Q as a function of temperature in the case of a second-order phase transition
(solid line) and a tricritical phase transition (dotted).

In the case of a second-order phase transition, Q varies with temperature as:

0 = (TCT_ 7)1/2’ 6.31)

c
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and in the case of a tricritical phase transition as:

0= (T"_T)m. (6.32)

T

c

In order to obtain the excess Gibbs free energy due to a second-order phase tran-
sition, Q in Eq. (6.30) has to be substituted by the expression given in Eq. (6.31).
Considering the fact that in the case of a second-order phase transition the sixth-or-
der term in negligibly small, the Landau expansion reads:

2
L

Gt = —Z—é(Tf T). (6.33)

The other excess thermodynamic functions can be derived from Eq. (6.33). The
excess entropy, SL, is

L 2
L_ (0G ) _a . _ 1 2
S (B_T » 2C(T T, 2aQ (6.34)
and the excess enthalpy, H’ L accordingly
ot = Ghirst = A—I‘CQ‘L %aTCQZ. (6.35)

The excess heat capacity, C ; , can be obtained from Eq. (6.34), namely

2
aSL) _i_d
57 ), =Cy = 52T (6.36)

Analogous calculation yields the excess thermodynamic quantities for the tricrit-
ical phase transition:

st = —%aQ , (637)

H" = éDQ f%aTCQ (6.38)

and
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L aTl 1/2

T.-T
4ﬁ(c )

(6.39)
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Fig. 6.11 Square of the intensity of the superlattice reflection (1123) for CaCOj; as a
function of temperature. The intersection of the regression line with the abscissa gives
the critical temperature 7, = 1260 K. All reflection intensities are normalized to 1 by
dividing them by the strongest reflection (Data of Dove and Powell 1989).

Example: The high temperature phase transition in calcite, CaCOj3, involves the
orientational disordering of CO5 groups. In the low temperature modification, the
planar COj5 groups are ordered in alternate layers where they point in opposite di-
rection. The ordering is associated with extra reflections in x-ray diffraction pat-

terns, giving so-called superlattice reflections. In the high temperature phase, the
COj5 groups are free to rotate and, thus, are crystallographically equivalent. There-

fore, the intensity of the super lattice reflections decreases on heating and they be-
come zero at the temperature of transformation, 7. If the square of the reflection
intensity is plotted versus temperature, a linear relationship is obtained (see Fig.
6.11). This is, according to Eq. (6.32), an indication of a tricritical transition. Sym-
metry considerations, which cannot be discussed here, require a quadratic propor-
tionality between the intensity of the superlattice reflections and the order
parameter, Q. Thus, if the reflection intensity is expressed to the second power, the
following relationship holds:
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Pt = (1,-m/T, = 1-L.

c

(6.40)

Fig. 6.11 shows the square of the intensity of the superlattice reflection 1123 for
CaCOgj as a function of temperature. The best-fit line to the data points intersects the
abscissa at 1260 K, which, according to Eq. (6.40), is the temperature of transfor-
mation, 7.

In Fig. 6.12 the logarithm of the normalized reflection intensity is plotted versus
the logarithm of the temperature difference (7. - 7). The plot yields a linear relation-
ship and the slope of the line is twice the exponent that characterizes the nature of
the transition (see Egs. (6.31) and (6.32)). In our example, the slope has a value of
0.48, which is very close to 0.5. The exponent is therefore, equal to 1/4 and the trans-
formation is, as already stated, tricritical.

0.0

-0.5

-1.0 - slope 0.484

=
= -15-
E
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-2.5
[
I 1 1 1 1 1
1 2 3 4 5 6
In(T, -T)

Fig. 6.12 Logarithm of the normalized reflection intensity, In (/1) vs. In (T - T) for cal-
cite, CaCOj;. According to Eqs. (6.31) and (6.32) the slope of the line is twice the expo-
nent that characterizes the nature of the phase transformation.

Following Egs. (6.37) through (6.39), the values of the Landau constants a and D
are needed to calculate the excess enthalpy, HE, excess heat capacity, CII; and ex-

cess entropy, S L associated with the tricritical phase transition in calcite. Redfern et
al. 1989 determined experimentally the required constants using the calorimetry.
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They measured the change in the enthalpy associated with the disordering in calcite
as a function of temperature and determined the following values:

a =24 Jmol'K"!
D =30 kJmol ..

The temperature dependence of the excess entropy arising from the disordering
is calculated according to Eq. (6.37):

L
S = AoralS: -

24Jmol’1K’1(1260K _ T[K]) 172
2 1260K

At a temperature of 7= 0 K the zero point entropy of ordering, A,,.;S7=¢) is ob-
tained, namely:

—-1,,-1
24Jmol K -1,-1
AordS(T:O) = *f: —12 Jmol K .

In order to calculate the enthalpy change associated with the tricritical phase tran-
sition Eq. (6.38), is used:

-1
L_ _ 30000Jmol (1260K—T[K])3/2
H™ = Bt 6 1260K
B 24Jmol 'K ! x 1260K(1260K - T[K]) 172
2 1260K '

The enthalpy of ordering at absolute zero is then:
AggHl(7— gy = 5000Jmol ' —15120Jmol ' = 10120 Jmol .

The excess heat capacity due to ordering is obtained using Eq. (6.39):

-1.,-1
243mol K TIK] 1560k — 7ik]) /2,

4J1260K

ct =

p Aordcp =

6.2 Stability conditions for solutions

The stability of a solid solution depends not only on temperature and pressure but
also on its composition. This means a stable solid solution must not decompose
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spontaneously in two or more phases of different compositions if temperature and
pressure are held constant.

Consider a hypothetical binary system 4-B. According to, the Gibbs free energy
of this system is

G = (1 —xp)py +xpup. (6.41)

Dividing the chemical potentials into a standard potential and a composition de-
pendent part yields:

G = (1-xp)[p+ RTIna ]+ xy[py+ RTInay). (6.42)

A Xg —» B
Fig. 6.13 The Gibbs free energy of a binary solution 4,B as a function of composition at
constant pressure and temperature. The double arrow designates the deviation of the
Gibbs free energy of the solution from that of a mechanical mixture for the given mole
fraction of xp.

Fig. 6.13 shows schematically the variation of the Gibbs free energy as a function
of the mole fraction xp in the binary solution, (4,B), at constant pressure and tem-

perature. At xz = 0 and at xg = 1, the value of G equals [.lf; and /Jz , respectively.
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The G(x)-curve, therefore, starts and ends at the values of the chemical potentials of
the pure components. The dashed line gives the contribution of the standard poten-
tials to the Gibbs free energy of the solution. Because the activities of the compo-
nents A and B vary between 0 and 1, their contributions to the Gibbs free energy are
negative over the whole compositional region. The G(x)-curve must, therefore lie
underneath the dashed line that represents the Gibbs free energy for the mechanical
mixture of the pure end-members. For any xp, the distance between the dashed line

and G(x)-curve corresponds to the term RTXx;Ina;. The tangent to G(x)-curve is giv-
en by

oG
(@)P e - p5+ RTInx, + RTIny, (6.43)

— 5~ RTIn(1-xp)—~RTIny,,

X Y
= y%—,uz-i-RTln—B-i-RTln—B.
1-xp Y4

The limiting values of yg and v, at xg = 0 and xg = 1 are finite and zero, respec-
tively. The slope of the G(x)-curve at xp = 0 is, therefore, -0 and at xz = 1 +o0. In
the intermediate compositional region two different cases are to be distinguished:

Case #1: The Gibbs free energy curve as a function of composition is convex with

respect to the concentrational join, as demonstrated in Fig. 6.14. Consider a solution
that contains xg moles of the component B and assume that it decomposes into the

phases @ and 3. The Gibbs free energy of a mechanical mixture is then:

o
—mm ’/;_XB a , *B~*p g

= >
Goxp

(6.44)

where G% and GP are the Gibbs free energies of the phases @ and (3, respectively. As
shown in Fig. 6.14, the Gibbs free energy of a mechanical mixture (G™™) is greater

than that of a homogenous solution (G**). The homogenous solution is, therefore,
stable under the given conditions. Because the Gibbs free energy curve is convex
with respect to the compositional join between xg = 0 and xz =1, a solution is always
more stable than any mechanical mixture of two phases of the same bulk composi-
tion. This means that there is complete miscibility between the components 4 and
B. In this place it is important to mention that a complete miscibility is only possible
if the end-members, as well as the solid solution, have the same crystal structure.
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A xg Xg xt B

Fig. 6.14 The Gibbs free energy as a function of composition in the case of complete
miscibility between the components 4 and B. xg designates the mole fraction oft the

component B in the solution 4, B, xg and )c’g are the mole fractions of the component B

in the phases @ and S, respectively. Gmm gives the Gibbs free energy for a mechanical

mixture consisting of phases @ and S. G’ is the Gibbs free energy of the homogenous

solution. G* and G# give the Gibbs free energies of the phases o and £.

Case #2: The Gibbs free energy curve as a function of composition has convex
as well as concave segments (see Fig. 6.15). In the region between S* and S B, small
separation of composition, due to the fluctuations, leads to a lowering of the energy.
Any solution inside this compositional region is, therefore, unstable and decompos-
es spontaneously into two phases. The compositions of the stable phases are given
by the points of tangency to the Gibbs free energy curve at 0% and Qﬁ . They are
referred to as binodes, and because they lie on the common tangent, the chemical
potentials of the components 4 and B are equal in both phases, i.e.:

pt = and  u% =4 (6.45)

Using the relationships that are given in Egs. (5.49) and (5.50), one can write:
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G*- xg[a_a -G~ ;@(ﬁﬂj (6.46)
Oxp a*j; P, T

P, T

for the chemical potentials of the component 4 in the phases @ and S and
— —
G*+(1 xg)(a_ij -G +a )@)(Eﬁ (6.47)
0xp’p 1 6%2 P, T

for the chemical potentials of the component B in the coexisting phases.

Fig. 6.15 Variation of the Gibbs free energy as a function of the mole fraction xp in a

system in which spontaneous decomposition takes place. G*° and G™" give the Gibbs
free energy of the solution and the corresponding mechanical mixture consisting of two

separate phases, respectively. S and sB designate the spinodes and Q% and 0P the bin-
odes.

Subtracting Eq. (6.46) from Eq. (6.47) yields:

1

Eq. (6.48) requires that the slope of the tangent to the G(x) curve is the same at

P, T
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both points of tangency, i.e. at 0% and Qﬁ, respectively.

It is important to note that the binodes do not the necessarily coincide with the
minima of the Gibbs energy versus mole fraction curve.

S® and SP are referred to as spinodes and designate inflection points on the G(x)
curve. In the region inside these points, the second derivative of the Gibbs free en-
ergy with respect to the mole fraction, xp, is positive for all compositions. Such so-
lutions are unstable, because any compositional fluctuations gives rise to a decrease
in the total Gibbs free energy. The process of separation continues until two differ-
ent phases attain spinodal compositions. This process of spontaneous unmixing is
referred to as spinodal decomposition. Here, it is important to note that spinodal de-
composition takes place inside a homogenous phase. On a local scale the concentra-
tion of some component in the phase increases and as a result a depletion of the same
component occurs in the surrounding region.

At the inflection points, the second derivative of the Gibbs free energy with re-
spect to composition is zero. Infinitesimal compositional fluctuations around these
points do not lead to a reduction of the Gibbs free energy. Solution having the spin-
odal composition do not, therefore, decompose spontaneously, although the system
is not at equilibrium.

+ surface strain
energy energy

P
o radius
o O .
8 c resultant
= energy change
free Gibbs
- | enery of
the bulk

Fig. 6.16 Energy relationships associated with the formation of a spherical nucleus.
Because the positive energy contributions of the surface energy and the strain energy
dominate over the Gibbs free energy of the bulk, the resultant Gibbs free energy
increases until it reaches a maximum at the critical radius .. With further growth of the

nucleus, the resultant free Gibbs energy decreases.
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Solutions with compositions lying between the spinodes and binodes do not de-
compose spontaneously but are metastable. The process of spontanecous decompo-
sition can not take place in these two regions, because, as can be seen in Fig. 6.15,
small fluctuations in composition lead to an increase in the Gibbs free energy. De-
composition only occurs if the degree of undercooling is large enough to overcome
the energetic barrier associated with the energy of nucleation. Thereby a nucleus

with composition ,\é can form. Initially, the decrease in the Gibbs free energy of the

bulk system resulting from the undercooling is outweighed by two positive energy
contributions, which are the strain and the surface energy (see Fig. 6.16). A positive
strain energy arises because the compositions and, thus, the molar volumes of the
parent and the exsolving phase are different. Consequently, the exsolving phase re-
quires more or less space than the original phase. The positive surface energy is due
to the surface tension that always exists between two different phases. After the nu-
cleus reaches some critical size (r,.), the negative Gibbs free energy of the bulk out-

weighs the positive Gibbs free energies originating from the strain and the surface
tension. Thereby the new phase can grow. The diffusion of one of the components
into the new phase causes the original solution to change in composition until the

oq - . .. o .
equilibrium composition, x, is reached.

In the early stage of phase separation, the process of spinodal decomposition dif-
fers significantly from that of nucleation and growth. In the case of spinodal decom-
position, the separation of phases occurs by so-called uphill diffusion (Cahn 1968).
This means that the component, that accumulates in the exsolving phase diffuses
continuously from lower to higher concentration, a behavior that is somewhat con-
tradictory to that which might be expected. The driving force for diffusion is a de-
crease in the total Gibbs free energy that is associated with the decomposition of the
original solution into two phases (see Fig. 6.15). Initial separation occurs inside a
grain and the result is a wavy micro structure with sinusoidal variation in composi-
tion about a mean without sharp interfaces between the compositional crests and
troughs (see Fig. 6.17b). With time, the concentrations of the diffusing components
in the new phases increase in wavelength as well as in amplitude. In the final stage,
the compositional profiles square up and are not distinguishable from those that are
formed by nucleation and growth (Fig. 6.17d).

The nucleation and growth process leads to nuclei having definite (binodal) com-
positions with sharp interfacial boundaries (see Fig. 6.17¢). In the immediate local
region around the nucleus, the component that accumulates in the new phase is de-
pleted. Subsequent growth of the new phase requires, therefore, a continuous supply
of this component from the host phase. Thus, the component diffuses from a region
of higher to the a region of lower concentration. Hence, the new phase grows by
so-called downhill diffusion.
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Fig. 6.17 A comparison between spinodal decomposition and nucleation and growth
mechanisms. a) initial stage, b) sinusoidal fluctuation in composition due to spinodal
decomposition, ¢) formation of exsolution lamellae in the case of nucleation and growth,
and d) final state for either process. The arrows show the direction in which the compo-

. b . . .
nent B diffuses. xp is the mole fraction of the component B in the homogeneous solu-

tion before decomposition. x; and xf; give the equilibrium mole fractions for the

component B in the phases @ and S, respectively.

6.2.1 Coherent exsolution

An exsolving phase and its host can have a close structural relationship with one an-
other. In the case that their crystal structures are similar, they can be oriented such
that their planes match across the interface. The degree of this lattice match is ex-
pressed in terms of coherency. In the case where the lattice spacings of the exsolved
phase and the host match exactly, the planes of the host continue across the interface
into the new phase. The interface is then called coherent. If the difference between
the crystal structures of the parent and exsolving phase are to large to form coherent
boundaries then a semi-coherent interface is formed. In this case some planes of the
host continue into the exsolved phase and some terminate at the interface. If there is
no structural relationship between the parent and the exsolved phase, a incoherent
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interface is obtained. Fig. 6.18 shows schematically the cases for coherent, semi-co-
herent and incoherent interfaces between host and exsolved phases.

The adjustment of the lattice at and near the interface creates strain that generates
positive Gibbs free energy. This energy is termed the Cahn energy, @, and, accord-
ing to Robin (1974), can be calculated as follows:

— 2
D = G+k(x;—x}), (6.49)

where £ is a constant that is derived from the elastic constants of the phase under

consideration. x and x° give mole the fractions of the component i for the exsolved
phase and for the bulk crystal, respectively. G is the strainfree Gibbs free energy of
the system.

Fig. 6.18 Coherent (a), semi-coherent (») and incoherent (c) interfaces (schematically)
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Example: A well known case for coherent exsolution is shown by crypthopertitic
alkali feldspars. Using two different data sets of elastic constants for feldspar, Robin

(1974) calculated two different values for k, namely: 2525.5 Jmol! and
2948 Jmol™!. In our calculations, we will use the smaller one rounded up to a value
of 2526 Jmol L.

For the sake of convenience, the Gibbs free energy of mixing, A,,G(x), instead of

the total Gibbs free energy, G(x), will be considered here. The two functions show
the same dependence on composition because, the free Gibbs energy of mixing,

A,,G(x), is obtained by subtracting the sum in/,t? from the total Gibbs free ener-

gy, G(x). The same is true with respect to the relationship between ®(x) and AD(x).
In order to calculate A,,G(x) we follow Robin (1974) and use the exchange param-

eters, WI(\;, 4_x and W1(<;7 Ng» @s determined by Thompson and Waldbaum (1969)

and obtain:

A, G = RTI(1 =xg 15:,0) M1 =Xk 41510,
2 G
+Xga18i,0 0k a1si,00 T (1 =Xk q151,0) Pk arsiyo) Wa -k
2 G
(=g g151,09) XKa151,0W K - N

where

WS [Jmol '] = 26475 +0.389x10 " P[Pa] - 19.383 T[K]
and

wo . [Jmol '] = 32103 + 0.469x10 " P[Pa] - 16.139T[K].

Using the value 2526 for &, the Cahn energy is calculated according to Eq. (6.49),
as follows:

_ o 2
AD = A, G+2526(xg 41510, ~ ¥KAlSi,04) >

o . . g .
where x Si,04 and xg 4, Siy0, Are the mole fraction for sanidine in the bulk crys-

tal and in the exsolved phase, respectively. Two mole fractions were chosen for the
bulk crystal, namely: 0.3 and 0.4. The results of the calculation are presented graph-
ically in Fig. 6.19.
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As can be seen in Fig. 6.19, the slope of the common tangent to the AD(x) curves
depends on the bulk composition of the solution. The points of tangency, which de-
termine the composition of the coexisting coherent phases, however, remain invari-
able. The inflection points of the AD(x) curve give the coherent spinodes. They
delimit the compositional region where a spontaneous coherent decomposition takes
place. Coherent spinodes lay inside the strainfree or chemical spinodes. Similarly,
the coherent binodes lay inside the chemical or strainfree binodes.

-
o -

G[J-mol™]

T=773K
P=0.1 GPa

| | | : |
0.0 0.2 0.4 0.6 0.8 1.0
XKAIS|0,

Fig. 6.19 Variation of the Gibbs free energy with composition for the system high albite
- sanidine. The solid curve gives the Gibbs free energy of mixing, A,,G(x). The dashed

and the dotted curves represent the Cahn energy calculated using the bulk compositions

x% ALSiy 04~ 0.4 and 0.3, respectively. xllrjcz marks the composition of the incoherent
and xi 5 that of coherent binodes. While the slope of the common tangent to the AD

.. o . .
curve depends on the bulk composition, x4, Si,04° the location of the two binodes

does not. The value of the constant k = 2526 Jmol™L.

A G(x) curve extends over the entire compositional region only if the end-mem-
bers, as well as the solid solution phases, crystallize in the same crystal structure. If
this is not the case, different G(x) curves exist for the different phases. The phase
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with the lowest Gibbs energy is the stable one and if two G(x) curves intersect, two
phases coexist. In order to obtain the composition of the coexisting phases, a com-
mon tangent to the curves must be drawn. The points of tangency give the mole frac-
tions for the components for the coexisting phases. Fig. 6.20 shows G(x) curves for
the case where the end-member phases crystallize with different crystal structures.
The end-member A4 crystallizes as the phase a and the end-member B as phase f.
The G(x) curve of the phase @ does, therefore, not intersect the ordinate at xz = 1. In

the same way the Gibbs free energy curve of the phase 3 does not intersect the or-
dinate at xg = 0. At equilibrium, the solution (4,B)* coexists with the solution
(4,B)P. The concentration of B in the coexisting phases is determined by the points

of tangency of the common tangent to the Gibbs free energy curves of the two phas-
es.

o,
pe P
e

o B
Fig. 6.20 G(x) as a function of composition for the case where the end-member 4 crys-
tallizes as phase « and the end-member B as phase (5. xg and ,\/g are the mole fractions
of the component B in the coexisting solid solutions a and 3, respectively. ,uf;’ﬂ is the

standard potential of the component A in phase @ and y%’ﬁ is the standard potential of

the component B in phase .
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6.3 Gibbs free energy and phase diagrams of binary sys-
tems

Fig. 6.21 Relationship between the Gibbs free energy of mixing and a 7-x diagram in the
binary system A-B containing a miscibility gap. T, = critical temperature of mixing, and
x, = critical mole fraction.

The nature of the A,,G(x) curve depends on the activities of the components in the

solution. The latter depend on pressure, temperature and composition and, therefore,
the Gibbs free energy of mixing depends on these variables. If at constant pressure,
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A,,G(x) curves are known for a series of different temperatures, a corresponding 7-x
diagram can be constructed. Similarly, a P-x diagram can be drawn if the A,,G(x)
curves at different pressures and constant temperature are known.

The relationship between the Gibbs free energy of mixing and a 7-x diagram is
shown schematically in Fig. 6.21.The system consists of the components 4 and B.
The A,,G(x) curves are drawn for temperatures 7 through T, whereby increasing
numbers designate increasing temperatures. The points of tangency of the common
tangents to the curves give the position of the binodes for the corresponding temper-
atures. If the binodes of subsequent temperatures are connected by a curve, a misci-
bility gap as a function of temperature is obtained. In our example, the curve
connects the chemical binodes. It, therefore, represents the strain-free or chemical
solvus. The connection of the inflection points on the curves for different tempera-
tures would yield the strainfree spinodal, which, however, does not play any practi-
cal role in the case of solid solutions. At temperature T5, the binodes and spinodes

coincide. This temperature is called the critical temperature of mixing (T,) and the
corresponding mole fraction is referred to as the critical mole fraction, x... The two

variables are the coordinates of the crest of the miscibility gap in the 7-x diagram.
Above T, there is complete miscibility between components 4 and B.

instabile ‘\

|
]
!
| region
1
|
1
|
|

Fig. 6.22 Schematic 7-x diagram for the system A4-B. 1 = strain-free or chemical solvus,
2 = coherent solvus, 3 = strain-free or chemical spinodal, 4 = coherent spinodal. Inside
the coherent spinodal is the region of spontaneous decomposition.
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The stabile binodal compositions can only be achieved after the coherency is re-
moved. This happens, for example, by the formation of discrete grains. As long as
the coherency strain is maintained the Cahn energy determines the position of the
spinodes and binodes. The coherent spinodal and coherent solvus can be construct-
ed in the same way as in the case of incoherency. The points of tangency from the
common tangent to the Cahn energy curves yield the coherent binodes and the
points of inflection give the coherent spinodes. The temperature and the mole frac-
tion at which the binodes and spinodes coincide represent the critical conditions for
the coherent solvus. The concentration region inside the coherent spinodals is the re-
gion of spontaneous decomposition and is frequently referred to as the instable area.

Fig. 6.22 shows a schematic 7-x diagram with a strain free solvus, incoherent
spinodal, coherent solvus and coherent spinodal. The coherent solvus occurs inside
the strain free one. The consequence is that further decomposition takes place as
soon as coherency is lifted. Moreover, the critical temperature of the coherent solvus
is lower than that of the strain free one.

T
;
I
!

Ta

3

Fig. 6.23 T-x diagram for the system A-B with complete miscibility of the components in

o . . .
the phases @ and 8. x and ,\’g give the concentration of the component B in the coex-

isting phases @ and 3, respectively.

Fig. 6.23 shows a T-x diagram for a system where the end-members 4 and B form
two complete solutions (@ and §). The phase transformation « to 8 for the end-mem-
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ber A takes place at temperature 74 and that for the end-member B at Tz. The rela-
tionship between this diagram and the Gibbs free energy as a function of
temperature and composition is shown in Fig. 6.24.

—= I

—= I

—= Ol

B AX’BB

—0= DI

B

Fig. 6.24 G-x diagrams for the binary system 4-B at four different temperatures. The
end-members form two complete solutions @ and .

At Ty, which is lower than T4, the G(x) curve for the phase « is below that for the
phase 8 over the entire compositional region. Hence, phase « is the only stable mod-
ification at this temperature. At 75, the G(x) curves of the phases « and S intersect.
The points of tangency of the common tangent to the curves give the composition
of the coexisting phases @ and (3 at the temperature 75. In the compositional region

between xp = 0 and xg = & , the G(x) curve of phase S is below that of phase a.

Phase 3 is, therefore, the stabile phase over this compositional region at temperature
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T,. In the region xg < xg < 1 the Gibbs free energy curve of phase « is lower than
that of phase 8. Phase « is, therefore, at this temperature the stabile modification. At
T5 a similar arrangement of curves is observed. The only difference is that their in-
tersection is now closer to the pure end-member component B. Lastly, at 7, the G(x)

curve of phase 8 occurs under that of @ over the entire compositional region. At this
temperature phase S is, therefore, the only stable modification.

6.3.1 Calculation of phase diagrams from thermodynamic data

Critical mixing conditions, binodal, spinodal

At the critical mixing conditions the binodal and spinodal curves coincide. The spin-
odes are the inflection points of the G(x) curve and mark the transition between the
concave and convex segments of the curve. Therefore, the following relationship
holds:

2_

(a—Gj - 0. (6.50)
2

ox P, T

At the spinode located on left side of the hump of the Gibbs free energy curve,
the third derivative is negative because the second derivative changes from positive
to negative. The spinode on the right side, however, is the point where the second
derivative changes from negative to positive. Here, the third derivative is, therefore,
positive. At the critical conditions the two spinodes coincide and the third derivative
must be zero in order to fulfill the conditions for both spinodes simultaneously, i.e.

3_

(wj = 0. (6.51)
3

ox P, T

In order to formulate the critical condition using the chemical potentials and the
activities, one has to start with G(x) as a function of composition, which reads:

G(x) = (1 —xp)uy +xgpp+RT[(1 —xp)In(1 —xp) +xzlnxy (6.52)

+(1-xp)Iny, +xplnyg].

Substituting the excess Gibbs free energy of mixing, A,,G, for the last two
terms in Eq. (6.52) yields:
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G(x) = (1 —xp)uS+xguy+ RT[(1 —x5)In(1 —xp) + xzlnx,] + A, G (6.53)

Consecutive differentiation of G(x) with respect to the mole fraction x5 gives:

—ex
oG 8(AmG ) o o Xp
G _ Zom? 00 4R 54
Oxg Oxg HaTHp Il1 fxB’ (6.54)
2 =

2 0,0 gr

. e o e (6.55)

oxy oxs xp(1-xp)

and

5 (A, G RT(2xz-1)
= +

. (6.56)
3 3 2 2
Oxp Oxp xp(1-xp)
From Egs. (6.50) and (6.51) it follows that
62(Am6”) RT
5 = -7 (6.57)
oxp xp(1—xp)
and
3 —ex
0 (A, GT) RT(2x,-1)
m - B (6.58)

3 2 2°
Oxp xp(1-xp)

In the case of simple solutions, the excess Gibbs free energy can be expressed,

according to Eq. (5.134), using the interaction parameter WO as:

— G
A, G™ = (1—xp)xyW”. (6.59)

The second derivative of the excess Gibbs free energy is then:
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2 —ex

0 (A G

% - oW, (6.60)
Oxp

and the third derivative is:
3 —ex
o(A,G)
——’”3—— = 0. (6.61)
Oxp

Combining Egs. (6.60) and (6.61) with (6.57) and (6.58) yields:

RT .G

—_— = 2W 6.62

xp(1—-xp) ( )
and

RT(2x,—1

% = (6.63)

xp(1—xp)

From Eq. (6.63) the critical mole fraction x; = (.5 is obtained and inserting this

value in Eq. (6.62) gives the critical temperature, T, as:

7. = 2. (6.64)

= 2. (6.65)

The meaning of Eq. (6.65) can be demonstrated using the activity/mole fraction
relationship.

In the case of a simple binary solution, the activity of component B as a function
of mole fraction is, according to Eqgs. (5.82) and (5.127), given by
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wC 2
ag = xBexp{ﬁ(l —Xp) }, (6.66)

where K in Eq. (5.127) is replaced by wo.
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Fig. 6.25 Activity as a function of mole fraction for a simple binary solution with differ-
ent values of W 9/RT. The solid curve gives the activity of the component B at the criti-
cal temperature 7. The composition ¢ is metastable. A solution with this composition

decomposes into two phases (a and b).

Fig. 6.25 shows a plot of the thermodynamic activity, ag, vs. mole fraction, xp,
for different values of W /RT. At temperatures higher than the critical temperature,
T, W /RT is smaller than 2 and the activity increases monotonously with increas-
ing mole fraction. Here, the miscibility between the end members is complete. At
the critical temperature WO/RT is equal to 2 and the ag(x)-curve has an inflection
point with a horizontal tangent. At temperatures below the critical temperature,

WO/RT is larger than 2 and the activity curve has a S like form. Initially, the activity
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increases with increasing mole fraction of B until it reaches a maximum value and
then it decreases and after reaching a minimum value it slightly increases again. As
a result, three different compositions can have the same activity. Two of them give
the compositions of the coexisting stable phases into which a solution decomposes

(a and b in Fig. 6.25). The composition c is metastable. For the case WOCIRT=0, the
activity is equal to the mole fraction over the entire compositional region, i.e., the
activity coefficient equals 1 and consequently, the excess Gibbs free energy of mix-
ing is zero. The solution is ideal and ideal mixtures can not have a miscibility gap.

The binodal compositions can be calculated using the conditions of chemical
equilibrium, that require the chemical potentials of the components to be equal in
the coexisting phases, i.e:

ug =i (6.67)

and
uo = b (6.68)
In the case of a simple solution, Egs. (6.67) and (6.68) can be written as follows:
S+ RTIn(1 - xi) + (xg)ZWG =y +RTIn(1-xh)+ (x';)2 o (6.69)

and
1S+ RTIS + (12w =y T + (1570 (6.70)

For the coexisting phases, the chemical potentials of the components 4 and B re-
fer to the same standard state (pure end-member). Therefore, Egs. (6.69) and (6.70)
can be rewritten as:

2 2
RTIn(1—x5) + (x) WY = RTIn(1 - ) + (o) w© 6.71)
and
2 2
RTInx%+ (1 —x) W = RTInxds + (1) W (6.72)

In the case of a simple symmetrical solution it holds that
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XetAh =1, (6.73)
so that Egs. (6.71) and (6.72) simplify to:
RTInx+ (1 - xg)2 w9 = RTIn(1 - x3) + (xg)2 wC. (6.74)
Reordering of the terms in Eq. (6.74) and solving for T yields:

wO(2x5 1)
R a
X
In B

T= (6.75)

o
l—xp

Considering the relationship given in Eq. (6.64), Eq. (6.75) can also be written in
terms of the critical temperature, 7, i.e.:

(2xg—1)
27T, ——.
Xp

T = (6.76)

In

o
l—xp

From Eq. (6.62) follows that:

G
LB _ L J1-2RT/W 677

B 2

or

1+ 1-7/T
PR g . S (6.78)

2 b

if the term 2R/W is replaced by 1/T.

Fig. 6.26 shows calculated binode and spinode for a hypothetical system 4-B
with a critical temperature of mixing of 7,, = 973 K. A simple mixture model is as-
sumed to describe the mixing behavior and the value of the interaction parameter
WS is 16.18 kimol ..
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wE = 16.18 kJmol '

1000 + T =973 K

TIK] 800 -

600 A

Fig. 6.26 Calculated binode and spinode in a hypothetical system 4-B, where the com-
ponents A and B form a simple mixture. The interaction parameter, WG, is assumed to
have a value of 16.18 kJmol™!. The critical temperature of mixing is 973 K. xp . = criti-
cal mole fraction of the component B.

Simple eutectic system

Consider the 7-x diagram for a hypothetical binary system A-B as shown in Fig.
6.27. In this system, the components 4 and B are completely soluble in the liquid
phase but are immiscible in the solid phases. The two boundaries, that separate the
stability field of the melt from the areas with two coexisting phases (melt and
end-member 4 and melt and end-member B, respectively) are called the liguidus.
The point, where the two curves intersect designates the lowest melting temperature
in the system. It is referred to as the eutectic temperature. Consequently, the corre-
sponding composition is termed the eutectic composition.
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Fig. 6.27 Schematic 7-x diagram of a hypothetical binary system 4-B with complete
miscibility of the components in the melt and no miscibility in the solid phase. 7, and Tg
are the melting temperatures for the end-members 4 and B, respectively. E = eutectic.

l . . . § .
H g = chemical potential of the component B in the melt, ,uzs = chemical standard

potential of the component B.

At temperature T the pure solid end-member B and a melt with composition xg

coexist. The condition for the thermodynamic equilibrium requires that the chemical
potentials of the component B are equal in both liquid and solid phase, i.e.:

/ 0,8

Hp = Hp (6.79)

or
o,/ / 0,8
1S+ RTIndy = p%, (6.80)

where uz’l and ag designate the standard chemical potential of component B and
its activity in the melt, respectively. Assuming that the melt is an ideal solution, the

activity of component B in Eq. (6.80) can be replaced by the mole fraction, xfg , and

the equilibrium condition reads:
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u' + RTInxl, = . (6.81)

In order to maintain thermodynamic equilibrium after infinitesimal changes in
temperature and pressure, changes in the chemical potentials of the component B
must be equal in both phases, so that:

duly = du%’. (6.82)

A T-x diagram shows the phase relationships as a function of temperature at con-
stant pressure. Therefore, in order to calculate such a phase diagram using thermo-
dynamic data, the variation in the chemical potential with temperature must be
known. According to Egs. (5.16) and (5.17) the derivatives of the chemical potential
with respect to temperature yield the entropy or, if the chemical potential is divided
by 7, the enthalpy. For the sake of convenience, the enthalpy is preferred over the
entropy and the relationship given in Eq. (5.99) is used. Dividing Eq. (6.81) by T
and differentiating with respect to temperature yields:

N s
B / B
~ =B 47+ Rdinxl, = ——L-ar (6.83)
B
7 7
or
/ 0,
Hy - Hy
dinxy = 2L 4r. (6.84)

RT

To calculate the liquidus curve, Eq. (6.84) has to be integrated over the tempera-
ture range between the melting temperature of component B, T, and the tempera-

ture of interest, T-

xp(T) T

oy

j dinxy = j ——Tz—dr. (6.85)
xp(Tp) Ty R

Considering the fact that xz equals 1 at Tp and assuming that the difference

Hg’[— Hg’x is independent of temperature, integration of Eq. (6.85) gives:
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T T,

(6.86)
TT,

o,/ 0,
o — Hz —Hp (1 1) _ _AfusHB(TB_T)
B R R ’

where Afu (H p is the enthalpy of melting for the pure component 5.

The liquidus curve on the left side of the eutectic (see Fig. 6.27) can be calculated
in a similar way. In this case, the equilibrium condition at temperature 7 is described
by the following expression:

0,5

pS F RTIn(1 = xh) = u%", (6.87)

/ K . . . .
where ;13’ and ;1;)1’Y designate the standard chemical potentials of component 4 in

the melt and in the solid end-member 4, respectively. Dividing Eq. (6.87) by T'and
differentiating with respect to temperature gives:

o,/ 0,5

H
—A a7+ Rdn(1 - xly) = ——A-ar. (6.88)

r’ r’

Integrating Eq. (6.88) over the temperature range between 7 and 7 leads to:

A, H,T,~T
In(1-x}) = J%*—l(%——) (6.89)
A

where A, H , designates the enthalpy of melting for the pure component 4.

. . .
At the temperature of the eutectic, 7, the value of the mole fraction x, is the

same in Eq. (6.86) and Eq. (6.89). Hence, the two equations can be combined to
give:

A, H, /T,—T A, HyTh—T
_ Tfus A( A E) i _Tfus B( B E) -1
exp{ R __TTA exp R _TTB . (6.90)

Eq. (6.90) cannot be solved analytically. In order to calculate the temperature of
the eutectic, the trial-and-error or Newton’s method has to be applied.

Example: Consider the binary system CaMgSi,O¢ - CaAl,Si,Og. At 0.1 MPa, the
melting temperatures of diopside and anorthite are 1668 K and 1830 K, respective-
ly. The enthalpy of melting for diopside is 137.7 kJmol™! and that one for anorthite
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is 133.0 kJmol L. (All data are taken from Robie and Hemingway 1995).
The mole fraction of CaAl,Si,Og in the melt that coexists with pure diopside,
CaMgSi,0g, is calculated using the exponential form of Eq. (6.89), i.e.

N 71 exp{ 137700Jmol ' (1668K—T[K])}
Cadl,Si,04 ~ '~ - —— )
440705 8.3144Jmol 'K ' 068K < TTK]

Eq. (6.86) is used to calculate the mole fraction of CaAl,Si,Og in the melt, which
is at thermodynamic equilibrium with pure anorthite, namely:

N B Xp{ 133000Jmol ' (1830K—T[K])}
Cadl,Si,0p - — .
R 8.3144Jmol 'K ' 830K x T[K]

The results of the calculations are shown in Fig. 6.28.

an

TIK]
o

melt + anorthite

1550 + . diopsid + anorthite

1500 f Y f f f
0.0 0.2 0.4 0.6 0.8 1.0

XCaAl,Si,0,

Fig. 6.28 T - x diagram for the system CaMgSi,Og - CaAl,Si,Og calculated using ther-
modynamic data of Robie and Hemingway (1995). T,;; = melting temperature of diop-
side, T, = melting temperature of anorthite, £ = eutectic, T = eutectic temperature,
arrow marks the eutectic composition (30.22 mol% CaAl,Si,Og).
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The eutectic temperature is calculated using the Newton’s method, where the so-
lution to an equation is found by an iteration procedure according to the formula:

-, S
X, = x"_f‘(x)’ (6.91)

where x,, is the initial value and x; is the result of the first cycle that is then used as

the input value for the second cycle etc. The calculation is repeated until the differ-
ence between two consecutive values of x; is close to zero. Applying this method to

our example gives:

oo LT T o Sl TaoT))

R TT, R TTy
Tl - Tof
A)’14511A Afus}IA TAiT Afus118 Afus}IB TBiT
2‘3"1’*12(TT)+ 2eXp*R(TT)
RT A RT B
or

’ 8.3144Jmol 'K “1668Kx T[K]

-1
. exp{_ 133000Jmol i (183OK— T[K])}_ 1}/

-1
=T _[exp{_ 137700Jmol 1X(1668K—T[K])}

83144Jmol 'K ! 830K x T[K]
137700Jmol " 137700Jmol !
B 2. < CXPy— I
83144 Jmol 'K ' x 7K 8.3144Jmol 'K

) (1668K - T[K]) } . 133000Jmol !
1668K x TIKV | g 3144Jmol 'K x T7[K?]

133000Jmol ' (1830K — 7[K]
*eXPY T T1o-1 1830k < 7KV [ |
8.3144Jmol 'K

Using 1620 K as the initial value, the iteration procedure yields the following
temperatures:
T,=1620 K (initial value),
Ty =1610K,
T,=1609 K and
T5=1609 K.
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As can be seen, 7, and T35 are the same. Hence, 1609 K is the temperature of the
eutectic.

Binary system with complete miscibility of the components in two
phases

Fig. 6.29 shows a schematic 7-x diagram of a binary system in which the two com-
ponents A and B form two complete solutions termed @ and 8. T, and T mark the

transition temperatures for the end-members 4 and B, respectively.

At some temperature, 7, lying between the melting points of the end-members,
the phases a and f are in equilibrium with one another, if the chemical potentials of
the respective component are equal in both phases, i.e.

ui =i (6.92)
and
uo =4, (6.93)

Phase a, as well as phase (3, are solutions and, therefore, Eqs. (6.92) and (6.93)
can be extended to:

%%+ RTinay = p5” + RTInd) (6.94)
and
uo%+ RTInay = p3’ + RTInd,, (6.95)

respectively.

In the case that the solutions « and 8 are ideal, the activities can be replaced by
the mole fractions and one obtains:

pS“+ RTIn(1 = x5y = pSP + RTIn(1 -5 (6.96)
and

pS"+ RTInxs = p%P + RTIn. (6.97)
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Ta B
a+ﬁ T
a TB
A XCEY; xg B

Fig. 6.29 A hypothetical binary system A4-B with complete miscibility of the components
in the two phases a and . T, marks the melting temperature of component 4 and 7p that
of component B. The two 'single phase' stability fields of phases o and [3 are separated

s

by the 'two phase' field where the phases @ and S coexist. xg and x5 are the mole frac-

tions of the coexisting phases at temperature 7.

Should thermodynamic equilibrium remain when temperature and pressure
change, the changes in chemical potentials of the components in the coexisting
phases must be equal, i.e.,

du’ = i’ (6.98)

and

dus = dils. (6.99)

In order to calculate a 7-x diagram, the derivatives of the chemical potentials with
respect to temperature are required. Because the enthalpy is a more convenient func-
tion for the calculation of a 7-x diagram than the entropy, the derivative of the quo-
tient p/T with respect to temperature is taken again, so that:
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0,0 Hosﬁ
— A AT+ RdIn(1 -x3) = ——A-dT+ Rdin(1-5) (6.100)
7 7
and
0,0 Ho,ﬂ
— =L ar+ Rdinx% = - —£_aT+ RdIn (6.101)

r r

is obtained.

Rearranging Egs. (6.100) and (6.101) and solving them for the natural logarithm
of the composition yields:

[¢3 0,8 0,0 a/B
=) He “He o A,

(1-25) RT RT

dT (6.102)

and

o O,ﬁ (X/B
dIn"B — —MdT _ At

e kP

0,0
(6.103)
B

In Egs. (6.102) and (6.103) the terms AtrHZL/I3 and Atng/B designate the en-

thalpy of the phase transformation of @ to 8 for the end-members 4 and B, respec-
tively.

In order to calculate the mole fractions of the components 4 and B in the phases
a and 3 as a function of temperature, Eqs.(6.102) and (6.103) must be integrated.
The limits of integration are given by the transformation temperature of the
end-member and the temperature of interest. Considering that the mole fraction of
the component B, xp, is zero at temperature 74 and one at temperature 75 and as-
suming that the temperature dependence of the enthalpies of transformation is small
and can, therefore, be neglected, the integration yields:

ln(1 —xg) _ AtrHAa/ﬂ(TA - T)

(1-) R \TT,

(6.104)

for the component 4 and
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o o/B
x A T,-T
-2 - %(?’T) (6.105)
o B
for the component B.
The exponential forms of the Egs. (6.104) and (6.105) read:
(1-x%) AHYP T T
= exp 7 ( i ) (6.106)
(1-22) 4
and
o o/B
Xg {AWHB (TB—T)}
— = exp . (6.107)
R T
V ;

A reordering of Eq. (6.107) leads to the expression for the mole fraction xg,

namely:

o/

AHY P Ty T
o _ B B
x5 xgexp{———R (——TTB )} (6.108)

Substituting the expression in Eq. (6.108) for the mole fraction xg in Eq. (6.106)

gives:

AHYP T, T AHYP T T
tr’'"B B _ _ tr'" A A
I—A/gexp{ . ( I )} = (1 xg)exp{ - ( T )} (6.109)

Solving Eq. (6.109) for 5 yields:

. Zp{A,rIZZ/ﬁ(T;TAT)} 1/,; | 6110
{A”HZ (TA—T)} . {A,ﬂg (TB—T)}

R \TT,
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Eq. (6.110) gives the mole fraction of component B vs. temperature curve for the
phase . The corresponding curve for the phase « is calculated according to Eq.

(6.108) using the mole fractions ,\é obtained from Eq. (6.110).

Example: Forsterite, Mg,S10,, and fayalite, Fe,SiO,, are completely soluble in

the liquid as well as in the solid phase. At ambient pressure, forsterite melts at
2174 K (Richet et al. 1993) and fayalite at 1490 K (Stebbins and Carmichael 1984).

The enthalpies of melting are 142 kJmol™' (Richet et al. 1993) and 89.3 kJmol™!
(Stebbins and Carmichael 1984) for forsterite and fayalite, respectively. The calcu-
lation of the liquidus curve as a function of temperature is carried out by applying
Eq. (6.110) as follows:

N B {exp{ 142000Jmol ' y (2174K—T[K])} 1} ,
Fe,SiO, — 1. -
N 2x 83144 Jmol 'K | “2174K X TTK]

[exp{ 142000Jmol ' (K- T[K])}
2 x 83144Jmol 'K ‘2174K x T[K]

~exp { 89300Jmol ' (1450K - TIK]) H
2 x83144Jmol 'K ' 490K x TK]

In the expression given above, the enthalpies of melting are divided by 2 because
a one cation basis is used in the calculation. This means that (Mg,Fe)Si 50, is taken
as the chemical formula of olivine and not (Mg,Fe),SiO,4 as normally done. The en-
thalpy of melting given in the thermodynamic tables refers to the full formula unit
and, therefore, half of these value has to be used in the calculation of the phase
boundaries.

The solidus curve as a function of temperature is calculated using Eq. (6.108). In-
serting the numerical data in this equation, the calculation reads:

r _ exp{ 89300Jmol | (14901( _ T[K]) }
Fe,SiO, = “Fe,SiO, 1. — :
e TN 2 < 8.3144 mol 'K M 490K X TTK]
The results of the calculation are shown graphically in Fig. 6.30.

In order to calculate a P-x diagram for a hypothetical binary system A-B, the de-
rivatives of the chemical potential with respect to pressure are required. In the case
of an infinitesimally small changes in pressure at constant temperature the equilib-
rium between two ideal solid solutions (e.g. @ and f) is maintained if the conditions:

VidP + RTdIn(1-x%) = VAdP + RTdIn(1 - o) (6.111)
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and
V3dP + RTdInxs = VhdP+ RTdInt) (6.112)
are fulfilled.
2200 +
m g\
Mg,Sio,
2000 A
TIK] 1800
1600 +  (Mg,Fe),SiO, ss
A m
{TFe,sio,
......... |IC|UIdUS
1400 + — solidus

00 02 04 06 08 1.0
Xpe,Si0,

Fig. 6.30 7-x diagram of the binary system Mg,SiO, - Fe,Si0,4 at 0.1 MPa calculated

using the heats of fusion of the end-members. T J\ngz Si0,~ melting temperature of for-

sterite, 7' ;:nez si0,~ melting temperature of fayalite.

Rearranging terms in Egs. (6.111) and (6.112) leads to
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=2 ViV,

T dP (6.113)
and
S T 7
dinE- = L —Lap, (6.114)
%

where the terms Vﬁ— Vj and Vg - V;" give the changes in volume of the pure

components 4 and B associated with the phase transformation from a to S, respec-
tively.

In order to obtain the compositions of the coexisting phases as a function of pres-
sure Egs. (6.113) and (6.114) must be integrated. The limits of integration are the
transformation pressure of the respective end-member component and the pressure
of interest. At P, and Pg the mole fraction of either component is zero and one, re-
spectively.The integration therefore yields:

N
e Y ApP-P,) (6.115)
G b R
and
a B
Ve _
mZ -2 _Bp p, (6.116)

B RT
5

where P is the transformation pressure of the pure end-member component 4 and
Pp that one of the pure end-member B.

In the exponential form Eqgs. (6.115) and (6.116) read:

o o/
(1 7xB) = ex AtrVA
PYTRT

= €
(1-+0)

(P—PA)} (6.117)

and
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xa o/
2 - exp{ ”mlf (P—PB)}, (6.118)
%

’F and AtrVg/ﬁ designate the volumes of transition of the compo-

o
where A,V
nents 4 and B, respectively.

Rearranging Eq. (6.118) gives:

A, VP
x5 = x‘;exp{ r B (P—PB)}. (6.119)

RT

Substituting Eq. (6.119) for xg" and rearranging the terms yields:

o/

exp{ ’”R;f (PPA)}I
o= . (6.120)

/B o/p
AV AV
exp{ WR; (PPA)}exp{ WRYZ? (PPB)}

Using Eq. (6.120) the mole fraction of component B in the phase § as a function
of pressure can be calculated. The results can then be used to calculate the compo-
sition of the coexisting phase @ according to Eq. (6.119).

6.4 Gibbs phase rule

The Gibbs phase rule gives the number of variables that can be changed indepen-
dently of one another without changing the number of phases in a system. It defines
the variance at equilibrium in the case where the number of components and the
number of coexisting phases are known. The number of free variables is referred to
as the number of the degrees of freedom. It is equal to the difference between the
number of state variables and the number of equations relating these variables. The
Gibbs phase rule can be derived as follows:

Consider a system containing C different components that occur in ¢ different
phases. The thermodynamic state of each phase is determined by pressure, temper-
ature and composition, where the latter is generally expressed in mole fraction. If all
components occur in all phases, there are ¢ x C mole fractions in total. In each phase,
however, the mole fractions sum to 1 and, therefore, only
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o(C-1) = ¢C—¢ (6.121)

mole fractions are required to describe the composition of a system. One mole frac-
tion of each phase is determined by the rest of the (C-1) mole fractions. In addition
to the composition, i.e. mole fractions, pressure and temperature must be known in
order to define the system at equilibrium. The total number of variables that are re-
quired to specify the thermodynamic state of a system is, therefore, given by:

OC—¢+2. (6.122)
The variables are related to each other by the chemical potentials of the compo-
nents, which, in the case of thermodynamic equilibrium, are equal in all phases. For

a component i that is contained in the phases 1 through ¢, for example, it holds that:

1 2 3 ¢
Hi = H T H = oK

In the case that a system contains ¢ different phases, (¢ -1) independent pairs of
equal chemical potential can be formulated. For example, if the component i occurs

in three phases, only the pairs:

1 2 23
pi =y oand o= p;

are independent, while the equality

Hi = H;
results automatically from the two relations that are given above. Generally, it holds
that in a system containing C different components, there are in total C(¢-1) inde-
pendent equations interrelating the variables. In order to obtain the number of the

degrees of freedom or variance, the number of independent equations has to be sub-
tracted from the number of independent variables, i.e:

F=($C—0+2)-C(d-1) (6.123)
or
F=C+2-9¢, (6.124)

which is the usual form of the Gibbs phase rule.

Depending on the number of degrees of freedom, equilibria are designated as in-
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variant (F = 0), univariant (F = 1), or divariant (F = 2), etc. The largest number of
coexisting phases is equal to C + 2.

Example: The one-component system Al,SiOs is trimorphic. The three phases

are kyanite, andalusite and sillimanite. If all three phases coexist, the number of the
degrees of freedom is, according to the Gibbs rule, zero, namely

F=1+2-3.

Hence, the equilibrium is invariant. The coexistence of kyanite, andalusite and
sillimanite is only possible at one definite pressure and one definite temperature. In
a P-T-diagram these two variables define a point, the so-called triple point. A
change in either variable causes the loss of equilibrium and at least one phase dis-
appears.

Although the Gibbs phase rule appears to be simple, its application to natural sys-
tems is in many cases problematical. A violation of the phase rule clearly indicates
disequilibrium, but if it is obeyed, this does not prove a state of equilibrium.

The number of possible invariant, univariant, divariant, etc. equilibria can be cal-
culated using a combinatorial formula, that determines in how many ways N ele-
ments can be arranged in groups of & elements. The formula reads:

N) N (6.125)

Cni = () = mvemr

In our case, the total number of elements, &, corresponds to the largest number
of coexisting phases in a system containing C components. As can be determined
from the Gibbs phase rule, this number is equal to C + 2. Accordingly, the number
of elements, &, contained in the group corresponds to the number of coexisting phas-
es. Thus, one obtains:

r _ (C+2) _(C+2)!
C+20 g1 (C+2-¢) IR

(6.126)

Example: In the one-component system Al,SiO5 the number of invariant triple
points is:

T34 = 1.

= 300

The number of univariant curves, where two phases coexist is:
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6.5 Problems

1. According to Akimoto et al. (1977), fayalite, Fe,SiOy, undergoes a phase tran-
sition from @-Fe,SiO, (olivine) to y-Fe,Si04 (spinel) at 700°C and 52.1 kbar.
» Calculate the pressure of the phase transition at 1000°C using the Clausius-Cla-

peyron equation. Assume that entropy of transition and the volume of transition
are temperature and pressure independent.

W 5% _ 4631 em’mol

W - 04 eommol

ag 2% _ 151,00 Jmol 'K and
s> = 131,03 Jmol 'K

“Holland and Powell (1998), bMarumo et al. (1977), “Navrotsky et al. (1979)

2. The interaction parameter of a hypothetical regular binary solution A-B has a
value of 20 kJmol !,
* Calculate the critical temperature of mixing.

* Calculate the spinodal compositions at 700°C.

3. Calculate the melting temperature of a mechanical mixture consisting of 10
mol% sphene, CaTiSiOs, and of 90 mol% anorthite, CaAl,Si,Og. Assume that
the melt behaves ideally, that the melting enthalpy of anorthite is independent of
temperature and that no CaTiSiOj5 is insoluble in solid anorhtite and vice versa.

an -1
AfusHCaAleizOg = 133.0kJmol ~, T, Cadl,Si,Of ~ 1830 K.

» Calculate the activity coefficient for anorthite in the case that the same mixture
melts at 1818 K.
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For the binary system Mg,Si0O, - Fe,Si0y, the pressure of the phase transition

olivine — spinel depends strongly upon the composition of the transforming
phase. An increasing content of Mg,Si0O, increases transformation pressures.

Pure forsterite, Mg,Si04, does not transform directly to spinel type structure, but
to a phase that is termed 5-Mg,SiO,. At very high pressures S-Mg,SiOy finally
undergoes the transition to the spinel phase.

Using the thermodynamic data of Navrotsky et al. (1979) a pressure of 10.7 GPa
is obtained for the metastable phase transformation olivine — spinel for pure

forsterite at 700°C. The volume of transition equals - 4.02 cm>mol”!. Pure fay-
alite undergoes this phase transition at 5.21 GPa (Akimoto et al. 1977). The

change in volume is equal to - 4.27 cm>mol ™.

Calculate the mole fraction of fayalite for coexisting olivine and spinel at
700°C and 6.5 GPa assuming that olivine and spinel behave ideally and that the
volumes of transition are pressure independent.

Recall that there are two thermodynamically equivalent crystallographic sites
per formula unit in olivine!

Consider the ternary system MgO-Al,03-SiO, containing the phases: forsterite
(fo), enstatite (en), kyanite (ky), cordierite (crd) and spinel (sp).

Draw the Gibbs triangle for this system and plot the compositions of the phases
given above.

Show the univariant and divariant assemblages.
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7.1 Phase equilibria in reacting systems

A system is, according to Eq. (6.7), at equilibrium if its Gibbs free energy has a min-
imum value. This means that the total differential of the Gibbs free energy must be
equal to zero, i e.

dGg = 0.

Applying this condition to reacting systems (see Eqgs. (5.178) and (5.179)) yields:

AG = Z v;u; =0, (7.1)
i

provided the reaction takes place at constant pressure and temperature. If the chem-
ical potentials, p;, in Eq. (7.1) are written in the extended form as the sum of the

standard potentials and the logarithm of activities, the following expression results:

AG = v +RTY v;lna; = 0 (7.2)
i i

1

or

1

AG =Y v +RTY v;lnx; + RTY v;lny; = 0 (7.3)
i i

if the definition of activity is considered.
According to Eq. (5.182), the stoichiometric sum of the standard potentials of the

components coefficients gives the standard Gibbs free energy of reaction, AVGO .

Thus, Eq. (7.3) can be rewritten as:

A,G = AG+RTY v,Inx;+RTY v;Iny; = 0. (7.4)
1 1



278 7 Chemical reactions

Further, it holds that

z v;Ina, = nKp ,, (7.5)
i
where

Kp p = Mla;] . (7.6)

The value Kp 7 in Eq. (7.6) is referred to as the thermodynamic equilibrium con-

stant.

Considering Eqs (7.2) through (7.5), the condition for thermodynamic equilibri-
um in a reacting system reads:

A,G’+RTInKp 7 = 0 (7.7)
or

A,G® = —RTInKp ;. (7.8)

/%

7.1.1 Reactions in systems containing pure solid phases

In the case of a chemical reaction between pure phases, the activities of all compo-
nents equal 1. Consequently, the logarithm of the thermodynamic constant, Kp 7, is
equal to zero and the standard Gibbs free energy of reaction, A,G°, also equals zero.

In order to describe thermodynamic equilibrium in a reacting system as a function
of temperature and pressure, the standard Gibbs free energy as a function of these
two variables must be known.

The temperature dependence of the Gibbs free energy of reaction is given by the
Gibbs-Helmholtz equation, according to which it holds that

0
A, Gy = A H-TAS. (7.9)

If, additionally, the temperature dependence of the enthalpy and entropy of reac-
tion is considered, Eq. (7.9) can be written as:
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T T
o _ d A}"de
AGy = AHyg+ [ACAT—T|A Sy | —Ldr . (7.10)
298 298

In Eq. (7.10) A,H,¢g designates the standard enthalpy of reaction and, thus, rep-
resents the stoichiometric sum of the standard enthalpies of formation of the partic-
ipating phases. A,S,9g is the standard entropy of reaction and is calculated using
third-law entropies. Eq. (7.10) holds for the standard pressure of 0.1 MPa.

The pressure dependence of the standard Gibbs energy of reaction can be derived

using the cross-differentiation identity, which holds for an exact differential. Ac-
cording to this rule, one can write:

5$%) - 359
or

2

(2_VPG)T - (S_QT = AV, (7.12)

where A,V in Eq. (7.12) is the volume of reaction. It corresponds to the change in
volume of a system per unit reaction progress variable, &.

Using the relationship given in Eq. (7.12), the standard Gibbs free energy of re-
action at pressure P and temperature 7 reads:

P
A.Gp = AGp+ [AV(T)dP, (7.13)
P

o

if the reactants as well as the products are pure end-member phases. In Eq. (7.13)
A, W(T) indicates the volume of reaction at temperature 7. If the volume of reaction

is considered to be independent of pressure and temperature, the integration of the
last term in Eq. (7.13) within the limits of P, and P yields:

0 0
NGy 1= AGEHAVygg(P—P,). (7.14)

Substituting the expression present in Eq. (7.10) for ArG(} in Eq. (7.14) gives:
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T T
Go = AH, o+ [ACAT-T|AS, o+ ArCPdT 7.15
A, P, T — =r7298 J. rep?t T A,S708 J. T (7.15)
298 298

+A,Vygg(P—P,).

If additionally, the enthalpy and entropy of reaction are assumed independent of
temperature, Eq. (7.15) simplifies to:

0]
ArGP, 7= AHyg = TAS)og + Aergg(P —Po)~ (7.16)

In the case that the pressure and temperature dependence of volume is taken into
consideration, the integral in Eq. (7.13) obtains the form:

P P
[AVAP = [[A Vo5 +A(0V; 200)(T=298) = A(B,V; 295)P1dP
P, P, (7.17)

A BV 298)P
- [AFV298+Ar(ociVi7298)(T—298)——-—r--—f-—-é’--—-—-———](P—Po).

In Eq. (7.17), the term (A(B;V; 293)P,,)/2 is neglected. Its contribution to the result
is negligibly small, because P, « P. @; and §; are the thermal expansion and com-

pressibility coefficient of the component i, respectively. The term A(a;V; 29g) repre-

sents the stoichiometric sum of the products of the molar volumes times the
corresponding thermal expansion coefficients, i.e.

AoV 208) = D" ViV 20g- (7.18)
i

Analogously, the term A(B;V; 293) gives the stoichiometric sum of the products of
the compressibility coefficients times the molar volumes, so that

ABV; 208) = D2 VBV 20s- (7.19)
i

The volumes in Egs. (7.18) and (7.19) refer to the ambient pressure and temper-
ature. The bold letter is used to indicate the pure phases.
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Combining Eqgs. (7.10) and (7.17) yields the standard Gibbs free energy of reac-
tion for the case where the temperature and pressure dependence of the state func-
tions is considered, namely:

T T
= AC dT—T|A S, + A’CPdT 7.20
AGp 7= AHyg + _[ PCpdl =11 A,570g I T (7.20)
298 298
A(B;Vi, 208)P
+[AVVZ%+Ar(aiVi’298)(T7298)f—r—'é’——](P—PO).
or
AGp 7= A Hygg+ A a(T— 298)+———(T2 298%) (7.21)

1 1 T
Arc(}— 278) — T|:A}’S298 + (Ara)lnﬁ

+ A, b(T—298) + C(Tz 2918 )}[Arl/zgg

A BYi 208)P

0,0,V 09)(T—298) - L }(pro)

when the polynomials of the molar heat capacities of the phases involved in the re-
action have the form: C,=a + bT - T2,

For a system in thermodynamic equilibrium, A,Gp r equals zero and Eq. (7.20)
reads:

T T
AC,
AHygg+ [ AC,dT—T|ASys+ | —Ldr (7.22)
298 298

A (BV 298)P
+[Aergg+Ar(ociVi’298)(T—298)——r L ](P—PO) _

Eq. (7.22) can be used to calculate the equilibrium conditions for reacting sys-
tems when all reactants are solid phases and when a high precision is required. In
many cases, however, the pressure and temperature dependence of the state func-
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tions can be neglected and Eq. (7.22) simplifies to:
A Hygq—TASy95 + A Vyge(P—P,) = 0. (7.23)
Example I: Consider the reaction:
Cay41,8i30,, + 8i0, — CaAdl,Si,Og +2CaSiO5.

Assuming that all changes in thermodynamic functions associated with the reac-
tion are independent of temperature and pressure, the equilibrium conditions can be
calculated using, Eq. (7.23).

Table 7.1 Thermodynamic data for grossular, quartz, anorthite
and wollastonite (Robie and Hemingway 1995)

Phase Ad g Shog V2908
[kJmol']  [Jmol''K™]  [ecm’mol’!]
Grossular -6640.0 260.1 125.28
Quartz -910.7 41.5 22.69
Anorthite -4234.0 199.3 100.79
Wollastonite ~ -1634.8 81.7 39.90

First, the enthalpy, entropy and the volume of reaction are to be calculated. In or-
der to calculate the enthalpy of reaction the standard enthalpies of formation are
used and the calculation reads:

_ grt 1z n wo
AHygg = = A ogg = A gg + AH g9 + 24 H g

The entropy of reaction represents the stoichiometric sum of the conventional
standard entropies of the phases involved, namely:

_ grt qtz an wo
A,Sp93 = —8593 = 8298 T 295 T 28505

and the volume of reaction is obtained using the molar volumes of the phases at stan-
dard conditions as follows:
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rt 1z n Wo
AVags = = Viog—Viog + Vaog T2V a0g-

The required thermodynamic data are given Tab. 7.1. Using these data one ob-
tains:

A Hygg = 6640.0 kJ+910.7 kI —4234.0kJ -2 x 1634.8kJ = 47.1 kJ

for the enthalpy of reaction,
A Sy = —260.1 JK ' —41.5JK ' +1993JK ' +2x81.7JK ' = 61.1JK |
for the entropy of reaction and

AV, = ~125.28cm’ —22.69cm’ + 100.79cm” + 2 x 39.90cm” = 32.62 cm’.

for the volume of reaction.

In order to calculate the equilibrium temperature at any given pressure, the terms
in Eq. (7.23) must be rearranged, namely:

_ ArII298—"_A;’V(P*Po)

T
Ars 298

(7.24)

Inserting the values for the enthalpy of reaction, entropy of reaction and volume
of reaction into Eq. (7.24) gives:

;o 471000 o

61.1 JK !

at ambient pressure and

_ 47100 J +32.62x10 °m’(5x10°Pa— 10°Pa) _

r -1
61.1 JK

1038 K

at 0.5 GPa. The two temperatures determine the curve where grossular and quartz
react to anorthite and wollastonite. All four phases (grossular, quartz, anorthite and
wollastonite) coexist along this line. The area on the left side of the line represents
the stability field of the assemblage grossular and quartz and on the right side the
stability field of anorthite and wollastonite. Fig. 7.1 shows the calculated reaction
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curve together with the experimental results of Boettcher (1970) and Huckenholz et
al. (1975).

5000 -F o
4000 +
g %000t gg§ﬁ2"3r+
= 2000 + a/gtljlgg’i:)en;e
1000 +
0 — . :
600 700 800 900 1000 1100

TIK]

Fig. 7.1 Pressure-temperature diagram for the reaction grossular + quartz = anorthite +
wollastonite. Solid line = calculated using thermodynamic data, circles and dotted line =
experimental results of Huckenholz et al. (1975), dashed line = experimental results of
Boettcher (1970). Open circles = growth of grossular and quartz, closed circles = growth
of anorthite and wollastonite. The calculations are based on the thermodynamic data of
Robie and Hemingway (1995).

Example 2: In section 6.1.1 the phase diagram for the one-component system
Al,Si04 was calculated using the Clausius-Clapeyron equation. The calculation was
rather intricate. The knowledge of two transition points was necessary in order to
determine the phase boundaries of the stability fields of the three different modifi-
cations: kyanite, andalusite and sillimanite. This phase diagram can much easier be
calculated by treating the phase transitions as chemical reactions.

The phase transition kyanite to andalusite can be described by the chemical reac-
tion:

and

(4,510 = (41,5i05)
and the reaction:

(41,8i0)""" = (41,5104
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is equivalent to the phase transition andalusite to sillimanite.
The phase transition kyanite to sillimanite gives the reaction

(41,8i05)" = (41,5105

The heat of transformation, the entropy of transformation and the volume of
transformation correspond to the enthalpy of reaction, the entropy of reaction and
the volume of reaction. Assuming that all changes in the thermodynamic functions
associated with the phase transition are pressure and temperature independent, the
equation for equilibrium reads:

Ay Hygg = TA;Sy98 T A, Vagg(P—Py) = 0. (7.25)
Rearranging Eq. (7.25) and solving for 7 yields:

- A Hygg + A,V og(P—P,)
ASa0g

(7.26)

The thermodynamic tables for minerals of Robie and Hemingway (1995) give the
following standard enthalpies of formation: -2589.9 kJ mol™! for andalusite,

-2586.1 kJmol™! for sillimanite and -2593.8 kJmol™! for kyanite. Using these data
and the data from Tab. 6.1, the changes in the thermodynamic functions associated
with the transitions can be determined, namely:

A, HYE = 2593 8 kimol ' - 2589.9 kimol ' = 3.9 kimol ',

A, HYM = 2503 8 kimol ' —2586.1 kimol ' = 7.7 kJmol

1

A, Hopd"™ = 2589.9 kimol ' —2586.1 kimol ' = 3.8 kimol

A, S04 = 828 Jmol 'K +91.4 Jmol 'K ' = 8.6 Jmol 'K ",

A, SO = 828 Jmol 'K +95.4 Jmol 'K = 12.6 Jmol 'K,
A, SodSH — 91 4 Jmol 'K +95.4 Jmol 'K = 4.0 Jmol 'K ",

Atrngg/gmd = _44.15cm mol | +51.52ecm mol | = 7.37 cm3mol_1,
AtrV%/gi” = —44.15cm mol ! +49.86cm mol | = 5.71 cm mol |

and



286 7 Chemical reactions

A, Vagg " = =152’ mol ' +49 86em’mol | = ~1.66 cm’mol .

The temperature for the transition of kyanite to andalusite at ambient pressure is
then:

-1
Ti(i}/and _ 3900 Jmol = 453K

86IJmol 'K T —

and at 0.45 GPa:

839 K.

vland _ 3900 Jmol_ +737x10 °m’mol_(0.45x10’Pa— 10Pa) _
" 8.6 Jmol 'K '

The temperature for the transition of andalusite to sillimanite at 0.1 MPa is:

Jandsil 3800 Jmol !

P 7 " 950 K
4.0 Jmol K

and at 0.45 GPa:

) -1 6 3 1 9 5
Tf:d/ﬂ” _ 3800 Jmol ~—1.66x10 "m ni(il _(10.45><10 Pa—-10"Pa) _ 763 K.
4.0 Jmol K

The two lines drawn through the data points, calculated above, intersect at the tri-
ple point, where all three phases (kyanite, andalusite and sillimanite) coexist. At the
triple point, it therefore holds that:

ky/and ky/and, 5
Ay Hygg  + A, Vyeg (P, —107) (727)
A ky/and ’
=298
and/sill and/sill 5
_ Ay A Voeg (P, —107)
and/sill ’
Atr5298

where P, designates the pressure of the triple point.

Rearranging Eq. (7.27) and solving for P, gives:
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S 0 S o
P, = +10°. (7.28)
and/sill ky/and andysill

tp ky/and
AySyos XA, Vogg  —A,Syg XA,V

Inserting the numeric values into Eq. (7.28) yields:

P,, = (8.6 Jmol 'K ' x 3800 Jmol ' ~4.0 Jmol 'K

x 3900 Jmol )/ (4.0 Jmol 'K ' x 7.37x10 ®m>mol "
+8.6 Jmol 'K ' x 1.66x10 *m’mol ')+ 10°Pa = 0.39 GPa.

In order to determine the temperature of the triple point, the pressure of the triple
point (0.39 GPa) has to be inserted into one of the two equations that were used to
calculate the transition temperature as a function of pressure. We take the one, that
was used to calculate the phase transition andalusite to sillimanite and obtain:

-1 -6 3 -1 9 5
_ 3900 Jmol ~ +7.37x10 'm mol (0.39x10"Pa—10"Pa) _ 788 K.

T
” 8.6 Jmol 'K !
8000
6000 +
kyanite

5
S 4000+
@

2000 +

0 1 1 1 1 1

400 500 600 700 800 900 1000
TIK]

Fig. 7.2 P-T-diagram of the Al,SiO5 system constructed using thermodynamic data of
Robie and Hemingway (1995). Filled squares designate the calculated transition points.
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In addition, only one temperature for the phase transition kyanite to sillimanite at
some pressure above 0.39 GPa is required in order to construct the complete P-T di-
agram for the Al,SiO5 system. We take a pressure of 0.7 GPa and calculate:

, -1 6 3 -1 9 5
Tff/sm _ 7700 Jmol _+5.71x10 "m nicl)l 7(10.7><10 Pa—10"Pa) _ 928 K.
12.6 Jmol K

The resulting phase diagram is shown in Fig. 7.2. The extensions of the transition
lines (dashed) beyond the triple point give the temperatures and pressures for the
metastable phase transitions. Hence, the transition of kyanite to sillimanite can oc-
cur metastably within the stability field of andalusite, that of andalusite to silliman-
ite in the stability field of kyanite and that of kyanite to andalusite in the stability
field of sillimanite. The squares mark the transition points that were calculated
above.

7.1.2 Reactions in systems containing solid solutions

Consider a general reaction
v,A+v,B = v .C+v,D

that takes place at some P and 7. If the reactants and products do not occur as pure
phases but as components in solid solutions, the thermodynamic constant Kp 7 in

Eq. (7.6) does not equal 1 and its logarithm, InKp 7, differs from zero. In this case,
the equilibrium condition for the reaction reads:

v, (1 + RTna ) —v,(up+RTInag) + v (ue+ RTIna,) (7.29)
+vd(yOD+RT1naD) = 0.

The sum of the terms containing the standard potentials yields the standard Gibbs

free energy of reaction, AVG; 7> and Eq. (7.29) can be rewritten as:

Ve Vd

0 dc 4p _
ArGP,T+ RTIHT_V—b = 0, (730)
ay -ag

or
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Ve Vg
a~ - a
AGp = —RTIn——2> (731)
aAa aBb

If ArGOP’ r isreplaced by (A, Hygg - TA,Sp9g + A, V,95(P - P,)), an expression that

allows the calculation of the equilibrium pressure and temperature is obtained,
namely:

Ve Va

_ )
AHygg —TASyog + A, Vygg(P~P,) = —RTIn——n= (7.32)

a Vb
aA ~aB

for the case of non-ideal solid solutions, and

Ve Vg

Xc " ¥p
AHyg3 = TA 895+ A Viygg(P—Py) = —RTIn——> (7.33)

a Vi
X4 "Xp

in the case that the solutions are ideal and the activities can be replaced by the mole
fractions of the components. Egs. (7.32) and (7.33), of course, do not account for the
temperature and pressure dependence of the changes in the thermodynamic func-
tions associated with the reaction.

Example: Consider the anorthite breakdown reaction:
3CadlySinOg — CazAl,Sis 01, +241,5i05+ Si0O,

and assume that anorthite, CaAl,Si,Og, kyanite, Al,SiOs, and quartz, SiO,, are pure
phases and grossular, Ca3Al,Si30,, is a component of a pyrope-grossular solid so-
lution. Assume further that garnet is an ideal solution and the mole fraction of gros-
sular equals 0.22.

For the system at equilibrium, the following condition holds according to Eq.
(7.29):

o,pl ! grt grt
—3(HCaan,si,0," RTlnxléaAleizOs) +(Heaunsiz0, TIRTINNG, 41.51.0,,)

o,ky ky 0,qtz qtz _
+2(uy1,5i0, 7 RTInx ) g0 + (H5;0, ¥ RTInxg;0) = 0

or
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0]
ArGP’ T+RT1nKP7 r =0,
where

grt ky 2 gz
3 (XCaa1,siy0,,) ~ Kdnsio) " Xsio,

KPT 3

s

!
(s 1,5i,0)
If one assumes that the pressure and temperature dependence of the changes in
the thermodynamic functions associated with the reaction is negligibly small, the

expression given in Eq. (7.23) can be used to calculate the equilibrium conditions
and one obtains:

AHyo3 = TA,Syog + A Vy93(P=P) = —RTInKp 1.

Because all but the mole fraction of grossular equal one, the thermodynamic
equilibrium constant reads:

3
Kp g =022

and, therefore:
A Hyge—TA Syge + A Vygg(P—P,) = —3RTIn(0.22).

At any given temperature, the equilibrium pressure is then given by:

_ A Mgt TA Sy 3RTINO.22)

P .
A, Vg ?

Using the data on the enthalpies of formation, third-law entropies and molar vol-
umes given in the literature (Holland and Powell 1990) yields:

A H,yge = —41.54k]
-1
A8, = —135.8JK ~ and

3
ArV298 = —66.05cm".

The equilibrium pressure at a temperature of 1273 K is then calculated as fol-
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lows:

P = [41540] — 1273K x 135.8JK ' -3 x 83144 JK ' x 1273K
x In(0.22)]/[~ 66.05x10 °m>]+10°Pa = 1.26 GPa.

This result is to be compared with the equilibrium pressure of 1.99 GPa that is
obtained for the end-member reaction at 1273 K.

In order to consider the non-ideality of the garnet solid solution, the activity co-
efficient, y, has to be introduced into the equation and one obtains:

_ grt
A Hygs = TA, S+ AV93(P—=Py) = -3RTIn(x - Y)ca3A/2Si3012-

According to the results of the calorimetric measurements in the system
Ca0-MgO-Al,05-Si0, (Newton et al. 1977), the garnet pyrope solution is asym-

metric and can be modelled by the subregular solution model.

Using the exchange parameters recommended by Ganguly and Saxena (1984) the
logarithm of the activity coefficient for grossular reads:

Invs’! _ grt 2
NYCasal,Siy0,, — (1 =XCayuat,siz0,,) (16933 —6.28T) +2[(4184

grt
—6.28T) - (16933 — 6.28 T)](1 xcasAlzsl.3012)}/RT.

. . . grt _ . .
With the equation given above a value of v asA1,Sis0,p 0.53 is obtained for

x%;z A1L,Sis0p, 0.22. Using these two values, the equilibrium pressure for 7 =

1273 K is calculated as follows:

P = [41540] — 1273K x 135.8 JK ' —3 x 83144 JK ' x 1273K
x 1n(0.22 x 0.53)]/[<66.05x10 °m>] + 10°Pa = 0.96 GPa.

7.1.3 Reactions in systems containing solid and gas phases

The standard potentials of solid phases refer to pure phases at the temperature and
pressure of interest. The standard potentials of gases, however, refer to pure ideal
gases at the temperature 7 and the standard pressure P, = 0.1 MPa. In order to ac-

count for this difference, the Gibbs free energy of reaction is divided into three
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terms, namely:
_ s 0,8 g 0,8 g1 £
AGp = Z.viyi +Z.Vj'uj +RTZ.VJ' Inf>=, (7.34)
! J J

where the superscripts s and g designate solids and gases, respectively.

In terms of the standard Gibbs free energy of reaction, Eq. (7.34) reads:

= 0,8 0.g g1 8
ArGP, T~ Aer, rt Aeroj rT RTZjVj hl./?' . (7.35)

In the case where the solids as well as the gases are ideal mixtures and mixing in
the solids occurs on one crystallographic site only, Eq. (7.35) obtains the form:

r=p,T

P,
— 0,5 s N 0,8 g, L
AGp = AG +RTZivi1nxi +Aer0, T+Rszvj lnPO, (7.36)

where P; designates the partial pressure of gas j.
According to Eq. (7.15) it holds that

T T s
AC
0,8 S S 9 r
NGy = AHygg+ [ ACodT—T|A Sy + | —=Lar (7.37)
298 298
k A BV 293)SP
' [AFV;% AV} 50) (T 298) - ————=— (P~ P,)
and
g " At
%8 g &g g r
ArGPO, T A Hygg + J'AGCde T|A,S595 + j _T‘EdT . (7.38)
208 298

Substituting Eqs. (7.37) and (7.38) into (7.36) yields:
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T
AC
= r
A,Gpp = AHy+ [A,CdT- T[Ars298 + _TEdT] (7.39)
298
: A, BV 205) P
’ [AFV;% FALV; 299) (T 298) - ———=— (P~ P,)
+RTS vinx, + RTS V41 P
Zivi i Zjvj HITO
if
— s g
A Hygg = A Hyog + A Hyg, (7.40)
S
A,Sr05 = ASy05+ A, S0 (7.41)
and
_ s g
A”CP B AGC + AGC' (7.42)

In the case where the temperature and pressure dependence of the enthalpy of re-
action, entropy of reaction and volume of reaction is neglected, Eq. (7.39) simplifies
to:

S
AGp 7 = AH g~ TA Sy T A Vogg(P—P,) (7.43)
+RTS vilnx, + RTS V51 il
3. e <RTE, g

For a system in thermodynamic equilibrium A,Gp 7 equals zero, and Eq. (7.43)
reads:

P,
s _ N N g
A Hyge— TA,Syoe + A Vygs(P—P,) = -R Tzivl. lnxifRTZjvj 1n1—31. (7.44)

o

The terms on the right side of equation Eq. (7.44) correspond to the term
- RTInK p 7. In the case where the reacting solids and gases both represent ideal so-

lutions, the thermodynamic equilibrium constant has the form:
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S g

Vi V7
Kp p = M[x;] TI[P;/P,]. (7.45)

When pressure is measured in bar, then P, equals one and instead of Eq. (7.45)
one can write:

g

V; Vj
Kp g =T[x] TI[P]. (7.46)

Example I: Consider the dehydration of pure muscovite in the presence of quartz.
The reaction reads:

KAL[AISiy0,,1(OH), + SiOy = KAISi;O4 + A1,SiO5 + H,O.

Assume that the enthalpy, entropy and the volume of reaction are pressure and
temperature independent and that steam behaves as an ideal gas. In this case, the
equilibrium conditions are given by Eq. (7.44) and the dehydration temperature at
any given pressure is calculated as follows:

_ AHygg +8,V305(P~P,)
A, 805~ RIn(Py/P,)

Tab. 7.2 contains the standard heats of formation, third-law entropies and the vol-
ume data for the reacting phases. (Holland and Powell, 1990).

Table 7.2 Thermodynamic data for muscovite, quartz, sanidine, sillimanite and
steam (Holland and Powell 1990)

Phase Adog[kImol™]  Shog[Imol 'K Wygg[cm®mol ']
Muscovite -5981.63 289.00 140.83
Quartz -910.80 41.50 22.69
Sanidine -3959.06 230.00 108.92
Sillimanite -2586.67 96.00 50.03
Steam -241.81 188.80 -

With the data from Tab. 7.2, the following values for the changes in thermody-
namic functions associated with the dehydration reaction are obtained:
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A H,ge = 104.89kJ,
-1
A, 8,95 = 1843 JK and

3
Aergg = —-457cm".

8000
....... |dea|
— non-ideal
6000 1
5 :
S 1 , . KAISi,O4
= 40001 KAI[AIS;O4](OH), + SO, + ALSIO,
+H,0
2000 1
01— : :
400 600 800 1000 1200

TIK]
Fig. 7.3 Upper thermal stability of muscovite in the presence of quartz, calculated using

the thermodynamic data of Holland and Powell (1990) and H,O fugacity data of Grevel
and Chatterjee (1992).

Assume that the total pressure and the water pressure are equal, that is:
Pior = Pp,o-

The dehydration temperature for muscovite in the presence of quartz, is then:

104890J  _ 569 K

Ir= IR
184.3JK

at 0.1 MPa,
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104890] — 4.57x10 °m>(0.05x10°Pa — 10° Pa)

T =
1843JK ' —8.3144JK " x In(0.05x10°Pa/10°Pa)

= 789K

at 0.05 GPa and

;- 104890) - 4.57x10 °m’(0.8x10’Pa—10°Pa)  _ o).
1843JK ' —8.3144JK ' x In((0.8x10°Pa)/(10°Pa))

at 0.8 GPa.

The entire dehydration curve as a function of temperature is shown in Fig. 7.3.
Note that at low pressures the dehydration temperature depends strongly upon pres-
sure. This is typical of all degassing reactions and is due to the high initial compress-
ibility of gases. At high pressures, the compressibility of gases becomes similar to
that of solids and the dehydration curve becomes steeper (see Fig. 7.3).

Example 2: Consider the oxidation of fayalite, Fe,SiO,, to magnetite and quartz.
The corresponding reaction reads:

3Fe,Si0,+ 05— 2Fe;0, +3Si0,.

If one assumes that the enthalpy of reaction, entropy of reaction and volume of
reaction are independent of pressure and temperature and that oxygen is an ideal gas,
the thermodynamic equilibrium can be described by:

P
02
A Hyog~TA,Sy55 + A, Vos(P = P,) = RTIn—=. (7.47)

o

The oxidation of fayalite occurs at very low oxygen pressures and, therefore, the
assumption that oxygen pressure and total pressure are equal is inappropriate. It is,
however, important to know the equilibrium oxygen pressure of the assemblage fay-
alite/magnetite/quartz at any given temperature and total pressure.

In order to calculate the equilibrium oxygen pressure as a function of temperature
at constant pressure, Eq. (7.47) is divided by RT, which gives:

A +A VS A
P, - Haos A, 298(P7P0)7 298
2

+ . .
T InP (7.48)

R o

As it is apparent from Eq. (7.48), a plot of the logarithm of the oxygen pressure
versus reciprocal temperature gives a straight line with the slope equal to
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A, Hygg + ArV;98(P_P )
R o’

Thus, at constant temperature and pressure the assemblage fayalite/magne-
tite/quartz defines the uniquely oxygen pressure. This assemblage is, therefore used
as a buffer in experiments where the oxygen fugacity must be controlled. This, for
example, is the case when reactants contain transition elements such as iron, man-
ganese, chromium, etc.

Table 7.3 Thermodynamic data for fayalite, magnetite, quartz and oxygen (Holland and
Powell 1990)

Phase AH,gslkImol '] Sygg[Tmol 'K '] Wyeglem’mol ']
Fayalite - 1478.80 151.00 46.30
Magnetite -1115.81 146.10 44.52
Quartz -910.80 41.50 22.69
Oxygen 0.00 205.20 ;

Using the thermodynamic data in Tab. 7.3, the following values for the changes
in the thermodynamic functions associated with the oxidation of fayalite are ob-
tained:

A H,o = -527.62KJ,
-1
A,Syos = -24150 K and

3
A Vigg = - 1821 cm’.
The oxygen pressure at 1173 K and 0.1 MPa is then:

-527620] . 241.50JK "
83144JK ' x 1173K  8.3144JK '

InP, =

2

+1n(10°) = - 13.54

-6
Pp, = exp(-13.54) = 132x10 " Pa.

Fig 7.3 shows the logarithm of the oxygen pressure as a function of reciprocal
temperature at 0.1 MPa and 1.0 GPa total pressure.
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Example 3: The reaction between phlogopite, KMg;[AlSi;0;4](OH),, calcite,
CaCO;, and quartz, SiO,, yields tremolite, Ca,MgsSigO,,(OH),, sanidine,
KAISi;Og, carbon dioxide, CO,, and water, H,O, and reads:

5KMg5[A1Si;0,,]1(OH), + 6CaCO; + 245i0, —
3Ca, MgsSig0,,(OH), + 5KAISiy0g + 6CO, + 2H,O.

0
— -20 2 magnetite + quartz
3
[72]
©
o
.gN _40 -
a° Lo
= fayalite
o
£
60 4+
— 0.1 MPa
....... 1 O GPa
-80 } + } + } +
1.0 1.2 14 16x10°
UTIK™

Fig. 7.4 Plot of the logarithm of the oxygen pressure as a function of the reciprocal tem-
perature for the reaction 3Fe,Si0,4 + O, = 2Fe;04 + 3510, at ambient pressure and at

1.0 GPa, calculated using the thermodynamic data of Holland and Powell (1990).

If all solids phases are pure end-members and the temperature and pressure de-
pendence of the enthalpy, entropy and the volume of reaction is neglected, the equi-
librium condition is given by:

P Py o

_ co, 5
A Hogg — TA,Syoe + A Vage(P—P,) = —6RTIn 5~ 2RTIh—

o 4
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The partial pressures of the two gases can be calculated applying Dalton’s law,
according to which holds that:

P, = x.P (7.49)

i i" tot>

where P,,, and x; are the total pressure and the mole fraction of gas i, respectively.

Using Eq. (7.49), the following partial pressures are obtained:

and

P —=_p  =-P

H,0 = g4 tor = gltor-

Assuming that the total pressure is made up by the two gases and that the changes
in the thermodynamical functions associated with the reaction are independent of
pressure, the equilibrium temperature at any given pressure is calculated according
to

A H o+ A V3gg(P~P,)
A 8,0~ 6RTIN(3/4x P/P,)~2RTIn(1/4xP/P,)y

T =

where P and P, give the total and the ambient pressure, respectively.

Using the thermodynamic data for the pure end-member phases of Holland and
Powell (1990) the following values for the changes in the thermodynamic functions
associated with the reaction of phlogopite, calcite and quartz to tremolite, sanidine,
carbon dioxide and water are obtained:

A H,gq = 617.141J,
-1
A,Sys = 1288.6 JK ' and

3
ArV;98 = —153.5cm™.

The calculation of the equilibrium temperature at the ambient pressure of
0.1 MPa yields:
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e 617140J 65K

1288.6JK | —8.3144JK | x [61n(3/4) + 2In(1/4)]

and at 0.5 GPa:

T = [617140] — 153.5x10 °m>(0.5x10°Pa

- O.1><106Pa)]/{ 1288.6JK ' — 8.3144JK |

9 9
x {6111(3/4 y (LIOJ +21n(1/4 y (Lloﬁn} - 711 K.
0.1x10 0.1x10 —

Example 3: In the foregoing example the mole fraction of carbon dioxide, Xco,

in the gas phase is 0.75. We want now to calculate the upper thermal stability of the
phase assemblage phlogopite, calcite and quartz for two other gas compositions,

namely for x co,~ 0.25 and 0.5. We begin with Xco,~ 0.25 and calculate the equi-

librium temperature at the ambient pressure of 0.1 MPa:

- 6171407 _ 453K,

1288.6JK | —8.3144JK ' x [61n(0.25) + 21n(0.75)]

and at 0.5 GPa:

6171407 — 153.5x10 °m>(0.5x10°Pa — 0.1x10°Pa)

9 9
1288.6JK '~ 8.3144JK ' {6ln(0.250'5X10 ] + 21n(0.750—'5><10 H

0.1x10° 0.1x10°

T =

= 679 K.

Analogous calculations for Xco,~ 0.5 yield:

. 6171407 - 40K

1288.6JK | — 8.3144JK | x [6In(0.5) + 21n(0.5)]

at 0.1 MPa and
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617140 J— 153.5x10 °m® x (0.5x10°Pa—0.1x10°Pa)

T =
9 9
1288.6JK |~ 8.3144JK ' x {6 ln(O.SO'SXmJ + 21n(0.50'5X106ﬂ
0.1x10 0.1x10
- 703 K
at 0.5 GPa.

Fig. 7.5 shows the equilibrium curves as a function of temperature for all three
gas compositions.

8000
....... Xco, = 0.25
— Xgo, =050
6000 T __ Xco, = 0.75
\ *0
T phlogopite '
2 4000 + | tremoite
o calcite | +
+ : sanidine
+
2000 CO, + H,0
0 } g f
400 500 600 700 800

TIK]

Fig. 7.5 The upper thermal stability of the assemblage phlogopite + calcite + quartz for
three different gas compositions. The curves are calculated assuming ideal thermody-
namic behavior of the gases. The asterisk and the diamond give the equilibrium temper-

atures for Xco,~ 0.75 for the case that CO, and H,O are non-ideal gases in ideal and

non-ideal mixtures, respectively (see text).

Fig. 7.6 shows the upper thermal stability of the assemblage phlogopite/cal-
cite/quartz as a function of gas composition at a constant pressure of 0.5 GPa. The
three gas compositions which were used in the calculation of the equilibrium curves
in Fig. 7.5 are marked by the open squares.
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900
tremolite + sanidine
800 — + CO, + H,0
700 —
TIK]
600 —
phlogopite + calcite
500 — + quartz
400 T T 1

00 0.2 04 06 0.8 1.0
Xco,

Fig. 7.6 The upper thermal stability of the assemblage phlogopite, calcite and quartz as a
function of gas composition at 0.5 GPa. (thermodynamic data of Holland and Powell
1990). The squares give the gas compositions, that were used to calculate the equilib-
rium curves in Fig. 7.5.

The upper thermal stability of muscovite in the presence of quartz (Fig. 7.3) was
calculated assuming water as an ideal gas. This, however, is not strictly correct. At
elevated pressures water behaves non-ideally. In order to account for this non-ide-
ality, the fugacity coefficient has to be introduced into the calculations. If the solid
components are pure end-member phases and the changes in thermodynamic func-
tions are considered to be independent of pressure and temperature, the equilibrium
condition reads:

P,
g —
A Hygg — TA Syog + A, Vyog(P—P,) + RTZ,- v; 1n(}71¢ j) =0, (7.50)
o

where P;and g; are the pressure and the fugacity coefficient of the gas, respectively.

At any given pressure, the equilibrium temperature is calculated according to:
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_ A Hyog+ A Vyge(P—P,)

T
AS,0c— RTS Vi1 P
298 Z_Vj \p ¥
J 4]

(7.51)

Because the fugacity coefficient is a function of temperature and pressure, Eq.
(7.51) can only be solved iteratively.

Example: Consider now the reaction between muscovite and quartz once again,
but this time assume that steam is a non-ideal gas. Inserting the thermodynamic data
from page 295 into Eq. (7.51) yields:

;o 1048907 4.57x10 °m’ x (P[Pa] - P, [Pa])

1843JK 1 —831441K ' x1 Pro
) -8. xIn| —=¢p 0

o

We assume, again, that the total pressure is equal to the pressure of steam and,
therefore, the following relation holds P = Py ,.
2

The equilibrium temperature at the ambient pressure is the same as in the case for
an ideal gas because all terms containing pressure vanish.

For a pressure of 0.05 GPa, however, the equation can not be solved analytically,
because the fugacity coefficient is a function of both pressure and temperature. An
iterative calculation method is, therefore, made. To begin, the fugacity coefficient is
set to 1 and the same result is obtained as in the case of an ideal gas, namely:

104890J — 4.57x10 °m” x (0.05x10°Pa— 10°Pa)

5

T =
184.3JK ' —8.3144JK ! x In(0.05x10°/10° x 1)

= 789 K.

At 789 K and 0.05 GPa, the fugacity coefficient for water has a value of 0.681
(Grevel and Chatterjee 1992). Using this value, the second cycle is calculated and a
temperature of:

1048907 — 4.57x10 °m® x (0.05x10°Pa— 10°Pa)

T =
184.3JK | —8.3144JK | x In(0.05x10°/10° x 0.681)

=771 K

results. For a temperature of 771 K and at 0.05 GPa, a fugacity coefficient value of
0.649 is obtained (Grevel and Chatterjee 1992). In the next cycle, a temperature of
768 K is calculated and the corresponding value of the fugacity coefficient is 0.644.
The next calculation yields a temperature of 768 K, which is the same as in the fore-
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going cycle and, therefore, it represents the final result. The entire dehydration curve
is shown in Fig. 7.3.

If more than one gas participates in a reaction, the gaseous phase is as a mixture.
Thus, the partial fugacities of the different gas components must be known to cal-
culate the equilibrium conditions. However, if the mixing properties of the gases are
unknown, the fugacities of pure gases can be used instead. That is, the solution is
assumed to be ideal.

Example: In the examples where we calculated the equilibrium conditions for the
reaction of phlogopite, calcite and quartz to tremolite, sanidine, carbon dioxide and
water, the gaseous phase was considered to be an ideal mixture of ideal gases. In or-
der to account for the non-ideal behavior of the gases, we will now introduce fugac-
ity coefficients into the calculation. As a first approximation, we will assume that
the gases are non-ideal, but that they mix ideally. Hence, we can use the fugacities
for pure carbon dioxide and pure water. We want to calculate the equilibrium tem-
perature at P = 0.5 GPa for a gas composition following the stoichiometry of the re-

action, namely Xco,~ 3/4. For this purpose, the equation that was used in the

calculations where both gases were considered to be ideal has, thus, to be modified
and reads then:

A, Hygg + A, Vgg(P~P,)

T - .
P P

ASs05— 6RTI(3/4x L g ) —2RTI(1/4x L), )
o o

Inserting the numeric data yields:

T = [617140] — 153.5x10 °m" x (0.5x1090.1x106)]/{1288.6JK1

9 9
—8.3144JK ' x [61{3/4 « 03x10° gocoj + 2ln(1/4 SE=LILIP oﬂ}
6 2 67 11y
0.1x10 0.1x10

Because the fugacity coefficients are a function of both temperature and pressure,
the iteration procedure has to be applied once again. As a first step, the activity co-
efficients are set to one and the equilibrium temperature is calculated. Then, the val-
ues for the activity coefficients corresponding to the temperature obtained from the
first step are used to calculate the next temperature, etc. This procedure is repeated
until a constant value for the equilibrium temperature is obtained. The entire itera-
tion procedure with intermediate and final results is given in Table 7.4.
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Table 7.4 Calculation of the equilibrium temperature for the reaction phlogopite +
calcite = tremolite + sanidine + CO, + H,O at 0.5 GPa assuming an ideal mixing of
non-ideal gases CO, and H,O (data of Holland and Powell 1991 and Grevel and
Chatterjee 1992).

resulting temp.

$co, PH,0 K]
1. step 1.0 1.0 711
2. step 7.513 0.305 796
3. step 6.680 0.457 797
4. step 6.671 0.459 797

As can be seen from Tab. 7.4, the resulting value for the temperature is 797 K.
This value has to be compared with 711 K, which is the equilibrium temperature in
the case where the two gases are considered to be ideal.

If the gas phase is considered to be a non-ideal mixture of two non-ideal gases,
according to Eq. (5.73), the fugacity coefficients for the pure gases CO, and H,O
must be replaced by their partial fugacity coefficients ¢;, which depend not only on

temperature and pressure but also on composition of the gas mixture. Thus, the cal-
culation reads:

T = [617140] — 153.5x10 °m" x (0.5><109Pa—0.1><106Pa)]/{1288.6JK

9 9
0 0.5x10 0.5x10°

~83144JK  x {6ln[3/4 x —690(;on * 21“(1/4 % 69"H20ﬂ}'
0.1x10 0.1x10

As in the foregoing examples, the equation can, once again, be solved only iter-
atively. The iteration steps, the intermediate and the final result are listed in Tab. 7.5.

The resulting temperature of 807 K differs by only 10 degrees from that obtained
when considering CO, and H,O to be non-ideal gases in an ideal gas mixture. Ap-
parently, disregarding the effect of non-ideality of the gases introduces a much larg-
er error than disregarding the non-ideality of the gas mixture. The two equilibrium
temperatures that were obtained in the last two calculations are shown in Fig. 7.5 as
an asterisk and diamond.
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Table 7.5 Iteration procedure used to determine the equilibrium temperature for the
assemblage phlogopite/calcite/sanidine/tremolite/CO,/H,O assuming the gas phase to
be a non-ideal mixture of two non-ideal gases (thermodynamic data of Holland and
Powell 1991; Aranovich and Newton 1999).

resulting temp-

¥co, PH,0 (K]
1. step 1.0 1.0 711
2. step 7.713 0.496 808
3. step 6.732 0.734 807
4. step 6.741 0.732 807

7.1.4 Distribution coefficient, Kp

The distribution of an element between two or more coexisting phases depends upon
pressure, temperature and the composition of the phases. This is one of the conse-
quences resulting from equilibrium conditions that require equality of chemical po-
tentials of components in coexisting phases. Because the standard chemical
potential of a component is different in different phases, the term R7Ina is required
to compensate for the difference.

Consider a hypothetical ternary system 4-B-C where the component C is soluble
in 4 and B, but B is not soluble in 4 and 4 is also not soluble in B.

For the state of thermodynamic equilibrium it holds that
4,C B,C
it = (752)

or if the chemical potentials of the component C in the two coexisting phases are
expressed in terms of the standard potential and activity, R7Ina;:

(B,C)

po O +RThag . (7.53)

+ RTlna(CA’ O - /.tzi (8.€)

Rearranging terms in Eq. (7.53) and considering the definition of chemical activ-
ity gives:
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A, C A, C A, C ,(B,C , (4, C
A0 U0 )—exp{ﬂg( )840

} = const. (7.54)

1.0)  (B.C) (BC
A0 B0 BT RT

The relationship between the mole fractions of the component C in the coexisting
phases is referred to as the distribution coefficient, K. In ideal solutions, where the

activity coefficient y; equals 1, the distribution coefficient depends on pressure and

temperature but is independent of composition. At constant pressure and tempera-
ture, therefore, it holds:

(4, C)
Xc

(B,C)’
Xc

Ky = (7.55)

A special case of the relationship, as given in Eq. (7.55), is the so-called Nernst
distribution law. It holds for the partitioning of a dilute component that obeys the
Henry’s law between two liquid phases. In this case, the activity coefficients differ
from 1 but have constant values. They can. therefore, be incorporated into the stan-
dard potentials and Eq. (7.54) obtains the following form:

A0 ﬂoo(B, &) 7”00(A, O
= exp = const, .
C C C (7.56)
x(CB, &) RT

(4, C)

where 4 and B are two immiscible solvents. p - )

and yOCO(A’ are the standard

chemical potentials of the component C referring to the state of infinite dilution of
Cin 4 and B, respectively.

Example: Seck (1971) determined experimentally the phase relations in the ter-
nary system NaAlSi;Og - KAISi3Og - CaAl,Si,Og. According to his experiments,
at 650°C and 0.1 GPa, the solubility of anorthite, CaAl,Si,Og, in an alkali feldspar
solid solution, (Na,K)AlISi;Og, is very low (1.5 to 2.0 mol%) and can be neglected
as a first approximation. Similarly, the solubility of potassium feldspar, KAISi5Oy,
in a plagioclase solid solution, (Ca,Na)(Al,Si)AlSi,Og, at low albite concentrations

is very low. Thus, two solid solution series exist (alkali feldspar and plagioclase) in
which the NaAlSi;Og component is distributed. The equilibrium condition, there-

fore reads:

akf _ /
HNad1si;04 = Nﬁ/aAlsgog
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or

o, akf akf _ o,pl /
HNadlsi,o, T RTNANG 41510, = HNaaisi,o, T RTIn A 1Si;0¢°

if pure albite is taken as a standard state for the component NaAlSi;Og in both solid
solution series.

Considering the definition of the activity (a; = x;y;), the equation given above can
be rewritten as follows:

xakf Ypl
NaAlSiy0 NaAlSi,O
RTIn—22720%8 RTlnakf—H
NaAlSiy0q YNaAa1Si,04

Saxena (1973) used this relationship to calculate the activity of albite in alkali
feldspar and plagioclase based on the data of Seck (1971).

In the preceding example, there was only one component partitioning between
two coexisting phases. Another possibility is that two components are distributed
between two coexisting phases whose compositions can be described by the hypo-
thetical formulas: (A,B)X and (A,B)Y. In this case, the distribution of the compo-
nents A and B between the two phases is interdependent.

The formulation of the thermodynamic equilibrium conditions for this type of
distribution are typically expressed in terms of exchange reaction. In the case of our
hypothetical system it reads:

AX+ BY = AY + BX, (7.57)

where AX, BX, AY and BY are the end-member components.

The thermodynamic equilibrium constant for the reaction (7.57) is given by

_ %4y 9x _ Y4y ¥px Vav VBx

Ky = (7.58)
P, T
’ Aux 9y Y4x *By Yax VBy
or
Kpr=Kp-K,, (7.59)

where
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_ Yay XBx

K, (7.60)
Xax XBY
and
Yay Y
K, = A2 (7.61)
Yax VYBy

According to Ramberg and DeVore (1951), K, in Eq. (7.60) is also called the dis-
tribution coefficient, although it differs from that defined by Nerst.

In the case that the phases (A,B)X and (A,B)Y are ideal mixtures the distribution
coefficient depends only upon temperature and pressure. However, if the mixtures
are non-ideal, it depends also on total composition of the system.

Example:  The partitioning of magnesium iron between garnet,
(Mg,Fe)3Al,Si304,, and biotite, K(Mg,Fe)3;AlSiz;0;((OH),, can be used to deter-
mine the crystallization temperature of metamorphic rocks containing these miner-
als.

The correspondent exchange reaction reads:

Fe3A1,Siy0,, + KMg3A1Si;0,,(OH), (7.62)
= Mgy 41,5130, + KFe;A1Si;0,(OH),.

If the enthalpy of reaction, entropy of reaction, and volume of reaction are inde-
pendent of temperature and pressure, thermodynamic equilibrium is given by:

A Hygg ~ TA Syoe + A Vyog(P~P )+ RTINK, 1 = 0,

where

grt bt
IMg,41,8i50,, " IKFe,418i,0,4(OH),
Kpr=
> grt bt
9Fe,dl,8i50,, " TKMg,418i,0,,(0H),

(7.63)

or
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grt 3

bt
3 (Mg, 41,51,0,,) ~ (XKFe,418i,0,,(0H),)

Kp o (7.64)

(xgrt ) (xbl )3
Fe3A1,Si30, KMg;A1Si;0,,(0OH,)

grt

3 bt 3
5 (Yag,an,si,0,,) ~ (YKFeaisi,0,(0m),)

grt bt 3
(YFeyan,5i,0,,) (YK Mgyaisi,0,(0H),)

The exponents in Eq. (7.64) account for the three crystallographic sites per for-
mula unit that are available to magnesium and iron in garnet as well as in mica. If
the thermodynamic constant Kp ris expressed in terms of K and K, one obtains:

Kpp=3K, 3K, . (7.65)

Assuming that garnet, as well as mica, are ideal solid solutions, thermodynamic
equilibrium is given by:

A Hyg — TA,Syos + A, Vage(P—P )+ 3RTINK , = 0 (7.66)

or solving for InKpy:

ArPI298 n ArS298 _ Ar V298

InKp = =37 3R 3RT

(P-P,). (7.67)

If the negative logarithm of the distribution coefficient InK)y, is plotted versus re-
ciprocal temperature 1/7, a line with the slope

A Hygg + A Vygg(P—P,)

IR (7.68)
is obtained.
The term
AS
298
IR (7.69)

gives the intersection of the InK, vs. 1/T line at 1/7=0.

Ferry and Spear (1978) determined experimentally the equilibrium composition
of garnet and biotite as a function of temperature at 0.207 GPa. Their results are
shown graphically in Fig. 7.7. In the experiments marked by open squares, the equi-
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librium was approached from the left side of Eq. (7.62) that means, the iron compo-
nent in mica increased in these runs and that in garnet decreased. The filled squares
indicate the runs in which the exchange reaction proceeded in the opposite direction,
that is, the iron content in garnet increased and that in mica decreased. The dotted
line was calculated using the values of the thermodynamic functions A,.H, A,S and
A,V at standard conditions. In order to calculate the dashed line, these functions

were calculated to 970 K, which is the mean value of all the temperatures that Ferry
and Spear (1978) used in their experiments.

2.0
1.8 + Bt
[ __—.
1.6 + ot
><°
< et -
14+
“B.‘--__.— ]
‘D.-‘:.:—“.
12 __.“ i__ ....... CaICZQB
---- calcgy,
1.0 : : l l l I

090 095 1.00 1.05 1.10 1.15 1.201.25x10°
1TIK]

Fig. 7.7 Plot of InK, vs. reciprocal temperature for the exchange reaction of magnesium

and iron between garnet and biotite. The squares give the experimental results of Ferry
and Spear (1978). Equilibrium was approached from both sides of the reaction (filled
and open symbols). The dotted and dashed lines are calculated using the thermodynamic
data of Holland and Powell (1990) at 298 K and at 970 K, respectively.

As can be seen in Fig. 7.7, the experimental InK, values agree fairly well with
the calculated lines. This agreement does not, however, necessarily mean that the as-
sumption of ideal mixing for garnet and biotite is correct. This is actually not the
case, as the experimental determinations of the activity-composition relations for bi-
otite and garnet show (e.g. Holdaway et al. 1997). Nonetheless, if the activity coef-
ficients for garnet and mica have similar values, the value of K, approaches 1 and
the thermodynamic equilibrium constant, Kp 7, can be replaced by the distribution
coefficient, K.
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If the phases involved in the reaction are considered to be non-ideal solid solu-
tions, Eq. (7.67) obtains the form:

AHygg  ASrg A Vo

InKp = ——= T o (P=P,)~InK, . (7.70)
where
ygrt ’th
InkK, = 1n(—M£]1n(—M%]. (7.71)
Y art bt
TFe Tre

Following Mukhopadhyay et al. (1993) and Holdaway et al. (1997), the compo-
sition dependence of the activity coefficients for garnet and biotite can be represent-
ed by an asymmetric and a symmetric solution model, respectively. Hence, the
activity coefficients in Eq. (7.71) read:

Iy} = (ng’e’)z[WAgjg’Fe T 2(W 5~ Witare)¥iggl/3RT, (7.72)
Inys = (xﬁjé)z[W§234g+ 2(Wipare— Wannr)Xsg)/3RT, (7.73)
Inyyy, = (xﬁ’e)ZWb%RT, (7.74)
and
Inyo = (xf\}g)z w'/3RT, (7.75)

where Wﬁleg, Wf;gt Fo and Wbt are the interaction parameters for the components
in the asymmetric garnet and in the symmetric biotite solid solution, respectively.
Substituting Egs. (7.72) through (7.75) into Eq. (7.71), doing some algebra and

remembering that x), + xp, = 1.0, leads to:
_ grt 2 grt grt 2 grt grt_grt grt grt
any o [(xFe) WMgFe_ (ng) WFeMg+ 2ngxFe(WFeMg_ WMgFe) (7.76)

W, ~ xy,)]/3RT.

Replacing InK,, in Eq. (7.70) by the expression given in Eq. (7.76) yields:
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AHoos  ArSa08 ArVaog
3RT 3R 3R T

grt grt grt grt
[( ) WMgFe ( ) WFeMg

InK, = —

(P-P,) (7.77)

grt grt art grt
+2x Mg Fe(WFeMg MgFe) W (xFeing)]/?’RT

The interaction parameters in Eq. (7.77) are, according to Holdaway et al. (1997),
temperature and pressure dependent and they read:

we = 22265 12.40T +0.05x10° P [Jmol '],
WE g = — 24166 +22.09T - 0.034x10°P [Jmol '] and

b 40719-30T [Jmol '],

where 7 and P are given in K and Pa, respectively.

The relationship given in Eq. (7.77) can be used to evaluate the equilibration tem-
perature of metamorphic rocks containing garnet and mica in the case that both
phases contain no other components than iron and magnesium.

Reciprocal solutions

In the foregoing examples the cation mixing occurred only over one crystallograph-
ic site. In many solid solutions, however, mixing occurs over more than one site.
These solutions are of the type (A,B...)(X,Y...)gZ. Examples among the rock-form-
ing minerals are: garnet, A3B,Si;01,, pyroxene, ABSi,Oy, spinel, AB,0Oy, etc. In
such solid solutions the chemical potentials of the various possible end-member
components are not all mutually independent. This is because the number of inde-
pendent components necessary to describe the chemical variability of the phases is
smaller than the number of the possible end-member components.

In order to derive the energetics a the reciprocal solution we follow Wood and
Nicolls (1978).

Consider a hypothetical mineral with two different crystallographic sites having
the general chemical formula:

(4, B) o (X, V)pZ, . (7.78)

There are four possible end-member components, namely: A,XgZ,, B, XgZ,,
AyYpZ, and B, YgZ,. The composition of the solution, however, can be completely
described using only three components as demonstrated by the following example.
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Assume the composition of a solid solution (Ag 2By 8)o(X0.3Y.7)pZ, is to be de-
scribed using the three components A, XgZ,, B,XgZ, and A,YgZ,. Because the
mole fraction of the component B, Y gZ, is set to zero, the component A, Y pZ, is the
only one that contains the cation Y. Its mole fraction must, therefore, be equal to the
atomic fraction xy, namely 0.7. On the other hand, the mole fraction of the compo-
nent B, XgZ, must be equal to the atomic fraction xp, because B, XgZy is the only
component containing B after the component B, Y gZ, has been excluded form con-
sideration. Its mole fraction, therefore, equals 0.8. Finally, the mole fraction for the
component A,XgZ, must equal the difference xy - xp. In our example this is 0.3 -
0.8=-0.5.

Clearly the values for the mole fractions depend on the choice of the components.
This is demonstrated in Tab. 7.6, where all four possible sets of the ternary compo-
nents and their relationships to the atomic fractions of the cations are presented.

Table 7.6 Mole fraction of the components in the solution (Ag 2Bg 8)o(X0.3Y0.7)pZy
using different ternary phase combinations. x4, xp, Xy and xy designate the atomic
fractions of the cations mixing on the two different sites.

AXZ BYZ AYZ BXZ
0.0 0.5=(xy-xy) 0.2=xy 03=xy
-0.5=(xy-xp) 0.0 0.7=xy 0.8=xp
0.2=2xy 0.7=xy 0.0 0.1=(xy-xy)
03 =xy 0.8=xp -0.1=(xy-xp) 0.0

The molar Gibbs free energy of the solid solution consists of the sum of the stan-
dard potentials of the end-member components at the temperature and pressure of
interest, times the corresponding mole fractions plus the Gibbs energy of mixing,
ie:

_ o =
G = 3 x) + 8,0 (7.79)

The first term on the right side of equation Eq. (7.79) gives the Gibbs free energy
of a mechanical mixture, hence it holds that:

m

_ mech
S ] = A, (7.80)
i
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The second term in Eq. (7.79), contains the excess Gibbs free energy of mixing,

nf

—ex . =CO0 . .
A,,G , and the configurational entropy, A, S multiplied by the temperature 7.

Using the relationships between the atomic fractions for the cations and the mole
fractions for the ternary components as given in Tab. 7.6, four different expressions
for the free Gibbs energy of a mechanical mixture can be formulated, namely:

Ay G(ZithﬁZY) = xA”;)IG vyz, " xX”%aXﬁZY +(xy—xy )ﬂj;(1 YyZ, (7.81)

Ay (_;(rgchhﬁZY) = xB'u%aXBZY tx YI‘ZQ vyz, T (x— xB)ﬂzaXBzvs (7.82)

AmG(ZiC;IBZy) = )5/1”,(4)101)(132‘v tx Y”%aYﬁZY ey —xy )Fgaxﬁzy (7.83)
and

Am(_;(gzc)(hﬁzv) = xBﬂ;u vz, * xxl‘zu)(ﬁzy +(xy— XB)/ISI(X Yoz, (7.84)

In Eqgs. (7.81) through (7.84) the component set to zero is given in parenthesis as
a subscript.

The configurational entropy is, according to Eq. (4.82), given by

A S,conf

m = —aR(x Inx +xplnxp) —BR(x yInx, + xylnxy). (7.85)

According to Egs. (7.81) through (7.84) there are four different possibilities for
expressing the total Gibbs free energy of a solid solution, depending on which of the
four equations are chosen to give the Gibbs free energy of the mechanical mixture.
For example, if one takes the first expression, where the component A, XpZ, is set

to zero, the total Gibbs free energy of the solution reads:

_ 0 o o —ex —conf
G = xay v,z XxHp x,z t Sy =X Mg vz TA,G - TA,S

(7.86)

The chemical potentials of the end-member components remain the same regard-
less of which three components are taken. Hence, the Gibbs free energy of a me-
chanical mixture depends on the choice of components. The total Gibbs free energy
of a solid solution does, however, not depend on the choice of the components. The

difference must, therefore, be compensated by the term A,,G **.
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In order to evaluate the term A,,,G ®*, a random mixing on each site with no inter-

action between the atoms is assumed. Under these conditions, the probabilities of
occurrence of configurations AX, AY, BX and BY in the solution equals the prod-
ucts between the atomic fractions, i.e. x4xy, XXy, Xpxy and xgxy. If the interaction

energies between the pairs A-X, A-Y, B-X and B-Y are additive, the Gibbs free en-
ergy of the mechanical mixture should be given by the sum of the standard chemical
potentials of the end-members multiplied by the probability of occurrence of the re-
spective configuration in the solution:

— mech o o 0
A,G B2 O VARV IS VALY 25 U A (7.87)

+ 8]
*BYvlB, v,7,

For the case of ideal mixing, the total Gibbs free energy on the individual sites is
therefore:

—id 0 0 o

RRZLS O ARV IS VALY 25 (. ¥ (7.88)
o —conf

+xBxY/"BuYBZy*TAmS .

Subtracting Eq. (7.88) from Egs. Eq. (7.86) and solving for A,,G*" yields:

—ex

o o ()
AnClax,z) = Xala, v,z P Xxtp xz, T Sy =X )Hp v 7 (7.89)

] ] ] o
Xa¥xta x 2, m X a v vz, T B XM Xz, T XBY Y B Y, 2,

Substituting xg by (1 - x4) and xy by (1 - xy) and doing some algebra leads to:

—ex 0 (o) (o] o
ApGla,x,2) = xAxX(”AaXBZY THp, v,z " Ha, vz, _”BQXBZV)' (7.90)

The expression in the parenthesis gives the Gibbs free energy of the exchange re-
action:

A YpZ + B XpZ = A XpZ +B,YgZ, . (7.91)

Reaction (7.91) relates the three end-member components with the fourth and is

generally referred to as the reciprocal reaction. Using the symbol A,G " for the
Gibbs free energy of the reciprocal reaction, Eq. (7.90) can be written as:
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—ex

AnGa,x,z) = Xaxxh, G (7.92)

[0
THa.xsz, ,#wzy
o o - -
Haxsz, + Hg x,z, -7 0
B.Y,Z, |
VISR B,Y;Z
A YsZ, Yho,xz / Ca'BS

Ao XpZ, B, XsZ,

Fig. 7.8 The standard chemical potentials for the four end-member components of the
reciprocal solution (A,B)(X,Y)gZ,. The hatched triangle is formed by the connection

of the standard chemical potential values of the three end-member components
(o] (o) o] . .
s and . The extension of this plane to A, XpZ, inter-
Ha,vyz->Hp,x,z Hp,v,z, p aSply
sects the ordinate at ,uza Y2, + y%a X,Z,~ yga v,z which is not the actual value
of the standard chemical potential for the dependent component A, XgZ,,
uj X7, The difference between the point of intersection and yj XyZ equals,
a y o y

[} [} o [¢]
therefore, u 4, ny(u 4,7, +u BX,Z, Hp, Y, Zy) and corresponds to

rec

AG

Eq. (7.92) was derived using the expression for the Gibbs free energy for the me-
chanical mixture that was obtained by dropping the component A, XgZ,. Using the

other three expressions in Eqgs. (7.82) through (7.84), one obtains:

—ex rec

AmG(BaYBZy) = XBXYA’,G . (793)



318 7 Chemical reactions

—ex

rec
AmG(AaYBZy) = _xAxYAVG

(7.94)

and

—ex

AwG(B,x,2) = ~prxd, G (7.95)

respectively.
The relationship between the chemical standard potentials of the end-member

components and the definition of ArGrec is illustrated graphically in Fig. 7.8.

The compositional plane for the reciprocal solution (A,B)(X,Y)gZ, is a square
with the end-member components A, XgZ,, A, YpZ,, B XpZ, and B, YpZ,. It forms
the basis of the G-x diagram shown in Fig. 7.8. A connection between the values of

the standard chemical potentials of the three end-member components ﬂzayﬁ z,
u; X,Z and y; YyZ defines a plane that, when extended to AgXpZ,, intersects the
o Y o v

ordinate at a value of uj YyZ + p; X,Z,~ pg Y2, The point of intersection gives
o v o v o v
the value of the standard chemical potential of component A, XgZ, only if the stan-

dard Gibbs free energy of the reciprocal reaction, ArGrec, is zero. According to
Egs. (7.90) and (7.92) it holds that

rec 0 o o o
AG =y x,z THB v,z T Ha Y,z T HB X7,

and this equation, thus, represents, thus, the difference between the actual value of
the standard chemical potential for the end-member component A,XpZ, and the

value at which the plane intersects the coordinate (see Fig. 7.8). In our example, it
is assumed that the value of the standard chemical potential of the fourth component

is greater than the sum 'UZQYBZV + ﬂ;aXBZy - ,uj;a YyZ, so that ArGrec > 0.
The excess chemical potential of any component in the solution is obtained by

. . . —ex . .. .
differentiating A, G~ with respect to composition, i.e:

—EXs

oA G oA G
ex —ex m m
= A — — .
ﬂAaXBZ,/ mG xB( axB jP, T.x, xY( axy jP, T XB, (7 96)
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oA G oA G
ex —ex m m
7 =A G —x ( j —x)({ , (7.97)
B,YpZ, m 4 axA P, T, xy axX P, T,x,
oA G oA G
ex —ex m m
u =A G —x ( j —x)({ , (7.98)
A, Y2, m B axB P, T, xy axX P, T, xg
and
oA G oA G
ex —=ex m m
U =A G —x ( ] —xy( . (7.99)
B, X,Z, m A Oy )P Tx, Xy )P Tx,

The differentiation procedure gives following results:

i Xz, = ~xpxyA G, (7.100)

;12); vz, = X A, G (7.101)

Ky vz, = xpx A, G (7.102)
and

Hp, Xz =X A G (7.103)

In accordance with Eq. (5.114) the chemical potentials in Eqs. (7.100) through
(7.103) can be replaced by the corresponding activity coefficients and one obtains:

rec

RTIny, "y 7 = —xpxyA, G, (7.104)

rec

RTInyy %ﬁz = —x,xA,G (7.105)

rec

RTlnyAaYBZY = xpxyA.G (7.106)

and
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RTlny;icXBZy = x xyA G (7.107)

Using the relationships given in Egs. (7.104) through (7.107), the chemical po-
tentials for the four ternary components read:

Maxz, = Hix,z + RTIn (x%xh) + RTINS (7.108)

Ha,v,z, = Mo nz* RTIn(x5xh) + RTInY'y ;. (7.109)

Mavz, = Wizt RTIn(x%xh) +RTIYy 5, (7.110)
and

Maxz, = Mozt RTIn(xoxb) + RTInY % 7 (7.111)

The reciprocal solution is only ideal if y;ec = 1, which means that there is no in-
teraction between the atoms on the different sublattices and, therefore, the term
A.G ree equals zero. The activity coefficient, y;ec, thus accounts for the intersite in-
teraction.

The last two terms in Egs. (7.108) through (7.111) can be replaced by the activity
of the corresponding component in the reciprocal solution i.e.

a B rec

Ay x,7, = Xa¥xla x,7 > (7.112)
_ o B rec

aBaYBZy = xBnyBaYBZy’ (7.113)
o P rec

aAaYBZy = xAnyAaYBZy (7.114)

and

_a_ P rec

ap x,z. = XBXXVB X7, (7.115)

or
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a4 0,7, = xjxf(exp{xBxY(A,G’“’)/RT}, (7.116)

ap v,z = xgx‘;exp{x AxX(ArGrec)/RT}, (7.117)
a v

a4 v2 = xjx[;exp{xBxX(ArG’“)/RT} (7.118)
ot By

and

ag x,z = xgxgexp{xAxy(A,Grec)/RT}. (7.119)

ot pLy

Example: In garnet, (Mg,Ca);(Al,Cr),Si30,,, mixing takes place over two differ-
ent sites. Magnesium and calcium occupy an 8-fold coordinated dodecahedral site,
whereas aluminium and chromium enter the 6-fold coordinated octahedral site. This
composition, thus, represents a reciprocal solution with the following end-member
components: pyrope, Mg;Al;Si30¢,, uwarowite, Ca3Cr,SizOq,, grossular,
Ca3Al,Si30, and korringite, Mg;Cr,Si301,. The reciprocal reaction that relates
the fourth dependent component to the three independent ones reads:

Mg3A1,Si30(, + CayCrySis 0, = MgyCrySiz 0, + CazAl,Siz04,.

If pyrope, uvarovite and grossular are chosen to describe the thermodynamic

properties of the solid solution, the expression for the molar Gibbs free energy, G,
has the form:

= _ _[8] o [6] o
G = XpgH Mg, 41,5i,0,, T XCrHCayCr,Siy0,,

(61 _[8]y o [81,. [8]
(Y~ Xy caiansiso, RT{3[nglang

#xCalnxgg] + 20 Invly) o nxs) } X A6
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where A .G "¢ is the Gibbs free energy of the exchange reaction given above.

If, in addition to the interactions between atoms on different sites, the interactions
between atoms on individual sites is to be considered, the term for the excess Gibbs
free energy has to be extended as follows:

Consider the two-site reciprocal solid solution (A,B)OL(X,Y)BZy once again and

assume that A-B and X-Y form separate solid solutions that can be modelled by the
simple solution model (see Eq. (5.134)). The excess Gibbs free energy of mixing is
then described by:

—ex G G
MG, xyz) = gl g) + Bluyay Wy D) XA G (7.120)

G G . . . . s
where W, _p and W, _, give the interaction energies between the atoms within

the sites and @ and 8 account for the number of the respective sites. There are four
expressions of the form as given in Eq. (7.120) possible depending on the choice of
the ternary end-members triple. In the above example, A, XgZ, is considered to be

the dependent component. The other three possible equations read:
—ex _ G G rec
AmG(BuYBZY) = a(xxpgW, _ p)+B(xyxyWy ) +xpxyAG (7.121)

rec

—ex G G
AmG(AaYBZy) = a(xxgW i _p) +BOyxyWy_y) —x xyAG (7.122)

and
—ex _ G G rec
AmG(BaXBZY) =a(xxpW, p) T Bxyxy Wy ) —xpxA.G . (7.123)

The activity coefficients for the four components are obtained by differentiating
expressions given in Egs. (7.120) through (7.123) with respect to composition.

2 G 2 .G rec
RTlnyAaXBZy = axpW/_p+BxyWy_ y—xpxyA.G 7, (7.124)
2 2 G rec
RTIHVBQYBZY = axy Wy g+ Bx Wy y—x, 340G, (7.125)
2 G 2 G
RTlnyAaYBZv = axgW, g +BxyWx v+ xBxXArGrec (7.126)

and
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2 G 2 rec
RTInyg y ; = axgWyg+ BXyWYy +x e yA G, (7.127)

From Eqgs. (7.124) to (7.127) it follows that in the case of non-ideal mixing on
sites the activity coefficient of a component in the reciprocal solution has the form:

Yii =Y VT s (7.128)

where i and j designate the different sublattices and @ and § give the number of the
respective sites per formula unit.

Example: Consider the distribution of iron and magnesium between olivine and
spinel that can be represented by the following exchange reaction:

MgAl,0,+1/2Fe,Si0, = Fedl,0,+1/2Mg,Si0, (7.129)

with the equilibrium constant:

KP,T: KD-KY, (7.130)
where
sp ol
XFe *M
K, = SESE -4 (7.131)
sp ol
Mg YFe
and

sp ol 1/2
_ VFedn,0," (Yug,si0,)

(7.132)

Y 1/2°

sp ol
Ymgar,0, (YFe,sio,)
Hence, the equilibrium condition for the exchange reaction reads :

1/2
sp ol
exch

X X
A,G™" + RTIn - + RTIn

sp o sp ol
X X .
Mg “Fe YMgar,0, (YFe,si0,)

sp ol
Vrear,0, " (YMg,si0,)

—=0. (7133

In this example, it is assumed that atomic mixing occurs only on tetrahedral sites
and the chemical formula of spinel solid solution reads: (Mg,Fe)Al,0,. In order to
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use K as a geothermometer for natural spinel peridotites, however, the effect of
chromium in spinel on the partitioning behavior of iron and magnesium between oli-
vine and spinel must be considered. In other words, spinel must be treated as a re-
ciprocal solution, (Mg,Fe)(Al,Cr),0,4, containing iron and magnesium on
tetrahedral sites and aluminium and chromium on octahedral sites. The correspond-
ing reciprocal reaction is given by:

MgAl,O,+ FeCr,O, = Fedl,0,+ MgCr,0,. (7.134)

If the mixing on the individual sites is non-ideal, the activity coefficients for
spinel and hercynite consist of three different terms accounting for three different
energetic contributions. Two of them are necessary to account for the interactions
between the atoms within the sublattice sites (tetrahedral and octahedral), while the
third one accounts for the interaction between the atoms on different sublattices. The
activity coefficients can, thus, be represented by:

sp _ rec
YMgal,0, = YMg v ) “VMgAL,0, (7.135)
and
sp _ . Sp rec
Vredl,0, = Vre " ( ) “YFedl,0, (7.136)

In the case that mixing on both sublattices obeys the simple mixture model, the
activity coefficients have the form:

rec

_ WP &P
RTINY e 1.0, = @2y FeMg+2(x) & xh x - AGC (7.137)

and
_ Sp sp
RTanFeA/O (x ) WFeMg-i-Z(xCr) WCrAl X g xcr A, G, (7.138)

where A,G™ is the Gibbs free energy of the reciprocal reaction given in Eq. (7.134).
W;}; Mg and Wg; 4; are the interaction parameters for the tetrahedral and octahe-
dral sites, respectively.

Substituting the expressions in Egs. (7.137) and (7.138) for the last term in Eq.
(7.133) yields:
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o ol (y"l )1/2
Mg,SiO
A6 "+ RTINLE M Ry s (7.139)
P 0 0
Mg YFe (yFezSi04)
+[(x§l§) (x ) ]W;{‘Mg (ng xCr+xFe xCr)A G =0
or
] 172
A Gexch (YOM ) ) )
_ _°r _ 2,510, _ sp
Ink, 7 n— — (X)) (7.140)
(yFeleO4)

rec

7(x})] Wirtg/ RT+ (K - XG0t Xpho - X006 /RT .

Eq. (7.140) can be used to determine the equilibration temperature of natural oli-
vine- and spinel-bearing rocks.

Energetics of order-disorder

In the foregoing examples, one type of atom always occupied only one specific crys-
tallorgraphic site. In garnet-solid solution, (Mg,Ca);(Al,Cr),Si30;,, for example,
magnesium occupies only the dodecahedral and aluminium only the octahedral site.
The same holds for calcium and chromium. In some crystal structures, however, an
atom can occupy more than one crystallographic site and the question regarding its
distribution over the different sites becomes relevant. If the size and the bonding
character of the sites are similar, the distribution of the atom over the various sites
can be completely random, and the atomic fractions of the respective atom will then
be the same for each site. A crystal with this type of atomic distribution are referred
to as completely disordered.

If there is a significant difference between the different crystallographic sites, an
ordering of atoms can occur. In such a case, a given atom will preferentially occupy
just one crystallographic site and the atomic fractions of various atoms over differ-
ent sites will have different values. The degree of order is generally temperature de-
pendent and it decreases with increasing temperatures and vice versa. On the other
hand, the pressure dependence of ordering is small, because of small differences in
volume between an ordered and disordered state. Perfect order is theoretically
achieved only at absolute zero (i.e.0 K) and thus, a real crystal can never be perfectly
ordered.
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There are two types of long-range ordering described in the literature: convergent
and non-convergent. In the case of convergent ordering, the difference between the
sites disappears above some critical temperature and the partitioning of an atom be-
tween the site is the same. In the case of non-convergent ordering, the differences
between the different sites remain at all temperatures and the partitioning of an atom
between the sites is never equal.

An example for non-convergent ordering is Mg-Fe orthopyroxene,
(Mg,Fe),Si,04. Here, iron and magnesium are distributed over two octahedrally co-

ordinated sites termed M1 and M2 and the chemical formula can be written as fol-
lows:

(Mg, Fe), (Mg, Fe)ySis 0.

Iron occupies preferentially the M2 sites, which are larger and more distorted
than the Mlsites.

In order to discuss the energetic properties of the orthopyroxene solid solutions
the reciprocal solution model can be used.

The four end-member components are:

Mg, Mg, Si,04 enstatite,
Fe,Fey, Si,Of ferrosilite,
Fey Mg, 8i,0, ordered phase and

Mg, Fe,Si,Of 'anti-ordered phase.

The ordered and 'anti-ordered' phases are hypothetical end-member pyroxenes
where iron occupies only the M2 and M1 site, respectively. Three components are
independent while the fourth one is related to the other three by the reciprocal reac-
tion, i.e.

Mg Mgy Si,06+ FeypnFeySinOc = Feypn Mgy $i206 (7.141)
+ Mg pFeSipOc.

The corresponding Gibbs free energy is given by:
rec o o o
= Co o+ - .
AG HFey,Mg,, 8,05 " FMg,,Fe,, 81,06~ Mg, Mg, i, O (7.142)
]
7”FeM2FeM1Si206'

According to Eq. (7.92) through Eq. (7.95), the excess Gibbs free energy associ-
ated with the reciprocal reaction in Eq. (7.141) can be expressed in four different
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ways depending on the choice of the components, namely:

—ex rec
Ay G (Mg, Mgy Six00) = Mg, M2Xmg, 1A G s (7.143)
A (—;ex _ A Grec 7 144
mU(FeynFeynSi0) = ~XFe, M2 Fe, M15y J (7.144)

—ex rec

A G (MgyyFey, Siy0g) = XMg, M2¥Fe, 1A, C (7.145)
and
=ex rec
Ay G(Feyp Mgy, 5i,00) = XFe, M2 Mg, 1 DG (7.146)

The chemical formula given in parenthesis designates the fourth dependent com-
ponent.

The calculation procedure given in (7.96) through (7.99) leads to the following
activity coefficients for the four components, i.e.:

rec rec
RT IHYMgmMngSi206 = Xpo, M2¥Fe, 1A G s (7.147)
rec rec
RTIYE, re, . 5,0, = ¥Mg, M2* Mg, M18:C (7.148)

rec rec

RTINY 0 ke, 81,0, = ~XFe, M2¥Mg, 12,C (7.149)
and
rec rec
RTlnyﬂzMzzvnglSizo6 = Xpgg, M2¥Fe, 1A C (7.150)

Assuming an ideal mixing behavior of atoms on individual sites, the chemical po-
tentials of the four components read:

(0]
. = . + .
Mg, Mg, Si,05 — HMg,, Mg, Si,04 RTln(ng, M2 X Mg, M1) (7.151)
rec
X o, M2XFe, 1 DG
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o]
HFe,,FeySin0y ~ HFeyyFey,Si,0, T RTIMXpe v  Xpe, a1) (7.152)
rec

X e v X mg, 1A G

_ [¢]
HMg,,Fey,5i,0, ~ Mg, pFey,5i,0, T RTIM X ype a1 X e, a1) (7.153)

rec
YFe, M2* Mg, A0

and

o
HFey Mgy, 5,05 ~ ”F6M2M8M15i206+RT1n(xF€, M2 Y Mg, m1) (7.154)
rec
Xt M2XFe, 1D G-

If the mixing behavior of atoms on individual sites is non-ideal, further terms
must be added to the expressions given in Egs. (7.151) through (7.154). Many work-
ers (e.g. Thompson 1969, 1970; Sack 1980; Sack and Ghiorso 1989; Ganguly 1982;
Yang and Ghose 1994; Kroll et al. 1994, 1997) who have addressed the mixing
properties of orthopyroxenes, used a regular solution model. Following them, the
chemical potentials obtain the form:

(o]
L = o+ . )
luMgMzMngStzO6 ﬂMgMzMngSleé RTln(ng, M2 ng, Ml) (7 155)
2 2 G rec
X pe W ¥ Xpe, i Want + Xpe, m2Xpe, DG s

)
HFe,pFeySi0y ~ HFeypFey,Siy0, T RTM X pe ay " Xpe, 1) (7.156)
2 G 2 G rec
X a2 W2 Xpsg, st Want + Xgg, v2Xbig, i1 2G>

(0]
HMg,yFey,Siy0s — MMgypFey, 5,0, T RTM (X g a2 X, a1) (7.157)
2 G 2 G rec
X pe a2 Wan + Xig, it Wan = Xpe, ¥ mg, 120

and
_ (o]
HFeyyMgy 5,05 — HFey, Mgy, 50,04 +RT1n(xF€, M2 g, M) (7.158)
2 G 2 rec
X0 2 W2t Xre W]?/[l_x Mg, M2XFe, 18,0

G G . . .
where W, and W, , are the interaction parameter for the M1 and M2 sites, respec-
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tively.
In order to calculate the Gibbs free energy of an orthopyroxene solid solution, the

degree of order, that is the partitioning of iron (or magnesium) between M1 and M2,
must be known.

The process of ordering is governed by the exchange reaction:
Mg nFey,Si,0 = FeypnMg)ySi,0¢, (7.159)

where iron and magnesium exchange their crystallographic positions. As for all oth-
er reactions, it holds that thermodynamic equilibrium is attained when the chemical
potentials of the anti-ordered and the ordered component are equal, that is

,uMgMzFeMlSizO6 = 'uFeMzMngsizoe (7.160)
or
HFe, Mgy Siy0y ~ HMgypFeySi,0, — O- (7.161)

Substituting the expressions given in Egs. (7.157) and (7.158) for the chemical

potentials u Mg, pFey,Sir0, and up ey Mg,y Sir 04 respectively yields:

o

HFe, Mgy, 5,0, T RTIN (X g a2 Xagg, a1) (7.162)
2wl WY AG

Mg, M2" M2 T XFe, M1 M1 X Mg, M2XFe, M12r

rec
+x

o
— (Mg, Fey 50,0, T RTIN Xy 0 X, p1)
2 2

rec

G G B
X i a2 Wit Xug, it W= e, m2Xmg, 126 ) = 0
or
RTInK, = — (u> —ud ) (7.163)
D HFe,,Mg,,Si,0, P Mg, ,Fe,,Si,0 :

G G
(1 =2xp, 4 Wi — (1 =2xp, 3 Wy

rec
+ X pe, v = Xpe, m)AG

The term on the left side of Eq. (7.163) is the so-called intracrystalline distribution
coefficient, K, that reads:



330 7 Chemical reactions

_ YFe, M2 Mg, M1

Kp = - — (7.164)
Fe, M1 *Mg, M2
or, because
Xpe M2 T Xpe, i1 = 1 (7.165)
and
Xpe, 1 T ¥mg 2 = 1> (7.166)
K, - Xpe m2” (1 =Xpe ar1) (7.167)

XFe, M1" (1 ~XFe, Mm2)
In his discussion on the thermodynamics of order-disorder in pyroxenes, Thomp-

son (1969) introduced an order parameter, O, and a compositional parameter, ». The
two variable are defined as follows:

Q = Xpe a2~ XFe, M1 (7.168)
and
"= Xpe ap T Xpe it — 1 = Xpg— 1, (7.169)

where xp corresponds to the mole fraction of ferrosilite, Fe,Si,0g, in orthopyrox-
ene.

The relationships given in Egs. (7.168) and (7.169) can be used to express the
atomic fractions of iron and magnesium on M1 and M2, respectively, i.e.:

r+1—
Yot = =52, (7.170)
+1+r
T (7.171)
1+0-r
e (7.172)

and
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1-Q0-r
Yygan = L. (7.173)
Replacing the atomic fractions in Eq. (7.163) by the expressions given in Egs.

(7.170) and (7.171) and considering that the difference p;em Mgy, 51,0,

,uj)ugm Feyy,Siy O corresponds to the standard Gibbs free energy of the exchange re-
action given in Eq. (7.159), the intracrystalline distribution coefficient, K, can be

written in terms of composition, r, and the degree the of order, QO:

exch

G G G
RTINKp = — A G "+ (WS — WS yr+[AG+ (W, + W )]0, (7.174)

The molar Gibbs free energy of an orthopyroxene solid solution can, according
to Shi et al. (1992), be written in terms of site occupancies, namely:

G = Xurg 12 g, Mll‘g@MzMgM,Sizos t Xpe, M2 Fe, MlI‘OFeMzFe,m51'206 (7.175)
tXpe, M2 Mg, MlIHOVeMZMngSizo6

* Xpge A2 Fe, MiH g \nFer Siy0g T X Mg, M2XFe, M2 Wi

X Ag, M1XFe, M1 Wz(\;/n T RT[X g a2 MX 010 11

X pe 0% a2t Xasg v 10X 01 a1 T X e a1 10X Ee pp1]-

Substituting Egs. (7.170) through (7.173) into Eq. (7.175) and rearranging gives:

— 1 o 1 0
G= 5(1 +r)”FeM2FeM1Si206+ 5(1 _r)”MgMZMgMISi206 (7'176)

exch

1 1 2 G
F30(8,67 M)+ 21 =18, 6 + WS+ W)

rec G G
AVWCWIA’WCMQ)

1 G 1 .2
310 W - W)+ 070G
+ RT[Xp\g Mo I0X0g Mo + X pe a2 10X 111

X e a1 10X g a1 Xpe a1 10X Eg 115

exch

where A .G
rocal reaction, respectively, as defined in Egs. (7.141) and (7.159).

and ArGrec represent the Gibbs free energy of exchange and recip-

Because



332 7 Chemical reactions

—_
+
~

= Xp, (7.177)

[\

and
L=, (7.178)

Eq. (7.176) can be rewritten as:

o] o]
G = XpsHFe,,Fe,, 51,04 " XEnF Mg, , Mg, Siy O (7.179)

exch

G G 1 G G
Wyt WMI) + EQ[(WM1 - WM2)r+ ArG ]

rec
+ szxEn(ArG

rec

1.2 G G
+ ZQ (AG Wy Wyp) + RT[ng’ leang’ M2

X pe M2 5o v T X agg v 0% agg a1 T X e, 11 10X e a1 ]

where xp,, and xg, are the mole fractions of enstatite and ferrosilite in orthopyrox-
ene, respectively.

The configurational entropy associated with the ordering corresponds to the dif-
ference between the entropies of partially ordered and completely disordered states,
ie.

<conf _

AoraS “RIxprg a2 10% 419 42 T XFe, M2 10X Fe, 112 (7.180)

X e 1 0% g a1 T X e a1 10X R 1]
+2R[xp Inxp +xp, Inxg, 1.

The 'two' in front of the second bracket in Eq. (7.180) accounts for the two crys-
tallographically independent sites in orthopyroxene, which are thermodynamically
equivalent in the case of complete disorder.

Introducing the relationship given in Eq. (7.180) into Eq. (7.179) yields:
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_ o .
G = XpshFe,,Fe,,Si,0 T XEnt Mg, , Mg, Siy O (7.181)

G
+ 2R Tx g Inx g + x5, Inxp, 1+ XX, (A, G + an W)

exch

1 G G 12 G G
+35[(Wypy = Wyp)r + 8,67 + 75 (AG ™ Wy~ W)

FRT[X e A2 0X 010 10 T Xpe a2 10X 50 12 T X p1g, a1 10X g a1
+ XFe. M1 lane, Ml] - 2RT[szlanS + xEnlann].
The first four terms in Eq. (7.181) give the Gibbs free energy of a completely dis-

ordered magnesium-iron pyroxene. The Gibbs free energy due to the ordering is,
thus:

—ord exch

G = %s[(Wf/[lfWg[z)rJrArG 1 (7.182)
12 rec G G
T3 (AG W =Win) T RT[X e I0Xpg0 ap2

X pe w2 0% a2t Xage a1 10X a1 a1 T X e a1 10X Ee pg1]

= 2RT[xpInxp +xp, Inx,, 1.

The entropy due to the ordering, S  can be derived from Eq. (7.182) by differ-
entiating with respect to temperature at constant composition and constant degree of
order, i.e.:

—or
oG d) —ord
= — . 1
( oT /rs 5 (7.183)

The differentiation leads to:

ord exch

< 1 s s
$ = SOLW gy = Wip)r + 8,87 (7.184)
+1oda s _wS VR 1

ZQ( S W W) RIx v a0 40 a0

X g 0% a2 X g a1 10X agg ar1 T X e a1 10X Eg pp1]

+2R[xp Inxp +xp Inxg, 1,

exch rec

where Wiﬂ , Wfﬁ, AS and A S

, are the entropic interaction parameters
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for M1 and M2 sites, the change in entropy associated with the exchange reaction
and the change in entropy associated with the reciprocal reaction, respectively.

The enthalpy associated with the ordering is obtained by extracting the entropy
contributions from Eq. (7.182). The result is:

—ord 1 H H h
7 = EQ[(WleWMz)r+ArHexc ] (7.185)

" }lQZ(ArHr“7WA];17W/’{I/12)'

In Eq. (7.185), ng and W]\}flz designate the enthalpic interaction parameters for
the M1 and M2 sites, respectively. A H exch gives the enthalpy of the exchange re-

action and A H "““ that of the reciprocal reaction.

The derivative of Eq. (7.182) with respect to pressure yields the volume of order-
ing and is given by:

exch

—ord 1 v v 12 v v
P = LWy = Wap)r + A,V 4 25 AV W Wy ). (7.186)
In Eq. (7.186), WLI and W;//Iz are the volumetric interaction parameters for M1

and M2 site, respectively. A, pexeh gives the change in volume associated with the

exchange reaction and A, V" that associated with the reciprocal reaction.

If the entropy contribution is extracted from Eq. (7.181), the molar enthalpy, H,
of orthopyroxene is obtained, namely:

= xFSHFeMZFeMlSiZOG +xEnHMgM2MgM]Si206 (7.187)

exch

X, (AH W W)+ %Q[(Wfﬂ W)+ A H
# 07O H Wy W),

where H erpFey Siy0, and H Mg, Mgy, SiyOf designate the molar enthalpies of

pure ferrosilite and pure enstatite, respectively.

Subtracting the enthalpy of a mechanical mixture consisting of the end-members
ferrosilite and enstatite,
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zfnm

= XpsH e, Fe\ 51,00 T XEnf Mg, Mg, 51,04 (7.188)
yields the enthalpy of mixing or excess enthalpy, A,,H ¢, that is:

A = Xk (8B Wi+ W) + 201 (W iy (7.189)

m

exch

H 1.2
~Wap)r TAH ] 20 (AH" = Wy = W),

The molar volume of orthopyroxene is obtained by differentiating Eq. (7.181)
with respect to pressure i.e.:

V= X5V Ee,FeySiy0s T XEnY Mgy Mg,y Siy 0, (7.190)

rec 14 14
XX gAY W W)

1 2 v v
]+4—1Q (ArVrec_WMFWMz)’

exch

1 v v
5Ol — Wip)r+ AV

and V

where V Mg, Mg, Siy

FeypFeyy;SiyOy 0, are the molar volumes of the pure
end-member components.

The excess volume of mixing is obtained by subtracting the ideal volume of mix-
ing

P

szVFeM2Fe]\/[1Si206 T XEn VMgMzMgM1Si206 (7.191)

from Eq. (7.190). In this manner one arrives at

—ex rec v v 1 v v
AV = xpxp, (ALY W+ W) + 50L0W g = Wapp)r (7.192)

exch

1 2 v v
AV 107 AV W ).

Example I: A synthetic hypersthene containing 50 mol% ferrosilite shows the
following iron site occupation: xg, s = 0.222 and x, 3, = 0.778. After heating the

crystal at 1173 K, the distribution changes to xg, 3,; = 0.318 and xz, 51> = 0.682.
Calorimetric measurements of the enthalpy, A ;H, associated with the disordering

process yielded 1.73 kJmol™! (Cemi¢ and Kihler 2000). What is the enthalpy of the

. exch,
exchange reaction, A H ™7
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The enthalpy of disordering equals the difference between the excess enthalpies
of mixing before and after heating, i.e.

AgieH = AHT(0,) - A0, = B0 -F 0, (1.193)

where s, and s, are the order parameters before and after heat treating, respectively.

AgisH = %(Qa_ Qb)[(Wl;lﬂ - W742)V+ ArHeXCh] (7.194)
12— O (AW - Wiy,

For a pyroxene of composition xz, = 0.5 one has

F=2x05-1=0, (7.195)

and the first term in the bracket of Eq. (7.194) vanishes. The enthalpy of disordering,
A4iH, is then given by:

exch

My F = 30, 08 H "+ 1O - O A H - Wl - W) (7.196)

Solving Eq. (7.196) for A H**" yields:

24,7

exch _ 1 _
AH ©. 0,

; = 300, 0p)(AH™ = Wy = W) (7.197)

Kroll et al. (1997) give for the term (ArHreC— Wf/ll — W’Zz) a value of

- 4162 Jmol™!. The order parameters before and after heat treating are:

0, = 0.778 - 0.222 = 0.556

and

0, = 0.682-0.318 = 0.364,

respectively.
Inserting these values together with the experimentally determined enthalpy of
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disordering, A ;H, into Eq. (7.197), the enthalpy of the exchange reaction is calcu-
lated as follows:

2 x 1730 Jmol !
03640556

exch

1 -1
AH = 5(0.364 +0.556)(—4163Jmol ) — (7.198)

16106 Jmol .

Example 2: Chatillon-Colinet et al. (1983) measured calorimetrically the heat of

mixing, A mITI , for a disordered orthopyroxene. The authors fitted a regular solution

model to their experimental data and obtained

AH = xpxp W, (7.199)

m

where W =7950 Jmol™!. This datum can be combined with the result in Example

1 to evaluate the enthalpy of the reciprocal reaction, A H "““_and to determine the

Intra site interaction parameters Wf/[l and Wﬁz.

Because the enthalpy of mixing determined by Chatillon-Colinet et al. (1983) re-
fers to a completely disordered pyroxene, the value of the order parameter, Q, is ze-
ro. In this case, Eq. (7.189) has the form:

AH = xpoep (AH+ W+ W), (7.200)
A comparison of Egs. (7.199) and (7.200) shows that

AH W el = T = 7950 Jmol . (7.201)

Combining Eq. (7.201) with A H"*“— W — Wl = — 4162 Jmol™" (Kroll et
al. (1997) gives:

AH"™ = %(7950—4162) — 1894 Jmol ! (7.202)
and

Wi+ Wl = 6056 Jmol . (7.203)
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Using Eq. (7.203) and the relationship:
Wi — Wi = 1796 Jmol ' (7.204)
(Kroll et al., 1997) one obtains:

-1 -1
WAF{n _ 6056 Jmol ;1796Jm01 ~ 3926 Jmol " (7.205)

and

Wi, = 6056 Jmol ' —3926Jmol ' = 2130 Jmol . (7.206)

These results enables one to calculate the enthalpy of mixing for any orthopyrox-
ene with any arbitrary distribution of iron over the M1 and M2 sites.

Example 3: In this example we want to calculate the entropy of disordering due
to heating of an ordered orthopyroxene at 1173 K as described in Example 1. The
calculation is carried out using Eq. (7.184) where:

exch

BordS = 20, 0L oy - WMo+ ST+ 2020 (7.207)

rec 9, 9, 9, 9,
x(AS - W}\qllW}\?lz)R{ X Mg, 120X p1g 402 F X Fe, a2 10X Ee ar

+an lnan + X lnan ]—[be Inx,,
Mg, M1 0% a1 T X e (110X pe a1 Mg, 20Xy a2

+Qh ! (03 JrQb 1 9 JrQb 1 9
Xpe, M2 X pe o T X ppg v 10X v a1+ Xpe, vt 0¥ a1 -

In Eq. (7.207), the difference O, - Q) designates the change in the order param-
eter associated with the process of Fe-Mg disordering.

exc

Following Kroll et al. (1997), A .S " has a value of - 2.719 Jmol"'K"". The en-

tropy of the reciprocal reaction, A .S "¢ and the entropic intra site interaction pa-

S S . .
rameters W, and W, are approximately zero. Moreover, the compositional

parameter, r, is zero, because the mole fraction of ferrosilite in the pyroxene is 0.5.
Considering these facts the Eq. (7.207) simplifies to:
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5 1 exch 0, 0,
BgisS = 5(0,= 08,8 - R{[x TS (7.208)

+ Qa 1 Qa + Qa 1 Qa + Qa 1 Qa
Xpe, 210X Fe v T X agg vt 0¥ pgg a1 F X e,y I0Xpe ap1]

0, ! 0y N 0y I 0, N 0, I 0,
~Xagg, 12 0% a2+ Xpe, a2 0% e a2+ X, a1 10X 010, a1

0, 0,
+Xpe a1 0Xp, a1

Inserting the numerical data into Eq. (7.208) yields:
o _ 1 -1.,-1 ~1,,-1
AyiS = 5(0.3647 0.556)(-2.719Jmol 'K ')-8.3144Jmol K (7.209)
x {2[0.3181n0.318 + 0.6821n0.682] —2[0.2221n0.222

+0.7781n0.778]} = 1.86 Jmol 'K .

The Gibbs free energy of disordering can be calculated using the Gibbs-Helm-
holtz equation, according to which, the following relationship holds:

Ay G = Ay H-TA,,S. (7.210)

Inserting the values for the enthalpy and entropy of disordering into Eq. (7.210)
and solving for A ;G at T= 1173 K yields:

A, G = —1730Jmol ' — 1.86Jmol 'K ' x 1173K = —3912 Jmol '. (7.211)

7.2 Problems
1. Consider the reaction:
Mg;Si 0 ,((OH), +4MgSiO; — Mg,SigO,,(OH),.

* Calculate the equilibrium pressure of the reaction at 700°C assuming that the
enthalpy, entropy and the volume of reaction are all pressure and temperature
independent.
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+ Calculate the equilibrium pressure of the reaction at 700°C considering the tem-
perature dependence of the enthalpy and entropy of reaction and the pressure
and temperature dependence of the volume of reaction. Use the data given in
Tab. 7.7.

Table 7.7 Thermodynamic data of the phases involved in the reaction: talc + enstatite —
anthophyllite (Holland and Powell 1998)

Phase A yoq S8 V308 a[Kil] ﬁ[Pafl]
[kJmol'l] [Jmol'lK'l] [cm3mol'1] x10° x10!2
Talc -5896.92 260.00 136.25 2.04 21.94
Enstatite -1545.13 66.25 31.31 232 9.84
Anthophyllite  -12068.59 536.00 265.40 2.75 15.04

= 52 ~1/2
Cp, Mg,8i,0,0(0OH), — 622.2 —63.855x10°T “—-3916.3T
c = 178.1 - 1.495x10 > T—2.9845x10°T > — 1592.657 ' /*
o Mgsio, = 1781 1495x10°T—2.9845x10° T~ 1592.65T

B ) 5,2 ~1/2
ij Mg, Sig0ny(OH), — 1277.3 +2.5825%x10 "T—97.046x10"T ~—-9074.7T

Cp[Jmolflel] ; (Holland and Powell 1998).

2. Consider the degassing reaction:
Mg;8i 0,0(OH), + 5MgCO5 — 4Mg,SiO, +5C0O, + H, 0.

» Calculate the various degassing temperatures at pressures 0.1 MPa. 10 MPa,
50 MPa, 100 MPa, 500 MPa and 1 GPa under the following assumptions: the
enthalpy, entropy and volume of reaction do not depend on pressure and tem-
perature, the gases behave ideally and their pressure equals the total pressure in
the system.

* Draw the P-T diagram.

» Calculate the degassing temperature at 0.5 GPa for the case that the mole frac-
tion of CO, equals 0.1. Use the data given in Tab. (7.7) and (7.8).
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Table 7.8 Thermodynamic data of the phases involved in the reaction: talc +
magnesite — forsterite + CO, + H,O (Holland and Powell 1998)

Phase AjH29_81 S2_918 : '3/298 }
[kJmol™] [Jmol"K™] [em”mol™]
Magnesite - 1111.59 65.10 28.03
Forsterite -2171.85 95.10 43.06
CO, -393.51 213.70 -
H,0 -241.81 188.80 -

3. A mechanical mixture of Ni and NiO is sealed into an evacuated quartz
ampoule and annealed at 800°C.

*  Write the chemical reaction that defines the oxygen fugacity in the quartz
ampoule.

» Assume that the enthalpy and the entropy of reaction are pressure and tempera-
ture independent and that oxygen is an ideal gas and calculate the equilibrium
oxygen pressure at 800°C.

-1

AHgq vip = 2393 klmol
-1,,-1
Syo5 i = 2987 Jmol K,

“1,,-1
S298’ 0, = 205.15Jmol K = and

-1,,-1
108, nio = 37.99 Jmol K

Robie and Hemingway (1995).

4. The distribution of iron and magnesium between olivine and garnet can be used
to calculate the equilibrium temperature of olivine and garnet bearing rocks.

* Formulate the exchange reaction.
* Give the mathematical expression for the distribution coefficient, X, as a func-

tion of temperature and pressure assuming ideal mixing of cations in both
phases.

* Give the mathematical expression for the distribution coefficient in the case
that olivine solid solution is ideal and that of garnet non-ideal.

* Give the mathematical expression for the activity of Mg;Al,Si30;, in the gar-
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net solid solution assuming that the dodecahedral sites are occupied by Mg and
Fe and the octahedral sites by Al and Cr. Further assume that the mixing on
sites obeys the model of a simple solution.



Chapter 8 Geothermometry and geobarometry

The goal of geothermometry and geobarometry is to determine the P-7-conditions
at which a rock equilibrated by using a so-called geothermometer and geobarome-
ter.

Geothermometers are phase or reaction equilibria that depend strongly on tempera-
ture and not or only little on pressure, while geobarometers have significant pressure
and negligible temperature dependencies. The fundamental thermodynamic rela-
tionship that constitutes the basis for geothermometry and geobarometry is given in
Eq. (7.8), namely

o]
A,G° = —RTInK, ;.

The temperature dependence of the thermodynamic equilibrium constant is given

by:
6anP T r[ OJ
= 8.1
( RT2

and its pressure dependence by:

(aanP’T)T_ a{A G“J A 52)

oP oP RT

The total differential of the logarithm of the thermodynamic constant, InK, P.T> 1s,
therefore:

dinkK [A’Hj drT (A’V) dpP (8.3)
n = |- — . .
P, T RT RT

At constant Kp 7 it holds that:
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[%j dT - @D dP =0 (8.4)
or

It is obvious from Egs. (8.1), (8.2) and (8.5) that a reaction with a large A,.H and
a small A,V is suitable as a geothermometer and that a reaction with a large A,V and
a small A, H as a geobarometer. (Note that A H and A,V in Egs. (8.1) through (8.6)
are functions of pressure and temperature).

The principle behind geothermometry and geobarometry calculations is simple.
Thermodynamic functions of state such as A H, A,S, AV, A.C,, activities of the

components, etc., which are measured using different calorimetric and x-ray meth-
ods or derived from experimental phase equilibrium studies, are combined to give
the thermodynamic equilibrium constant, Kp 7, i.e.:

T P
1
InKp 7 = — =) A Hogg + [A.CdT+ [ Av(T)dP (8.6)

298 10°
e

1 r-p

2 AS0s T | L.

298

Eq. (8.6) defines a surface in a three dimensional system having the coordinates
P-1/T-InKp 7. The intersection of this surface with a P-1/T plane at any constant

InKp 7 gives a curve in a P-1/T diagram (see Fig. 8.1).

If the activity coefficients of the components involved in the reaction are known,
the value of the thermodynamic equilibrium constant, Kp 7, can be determined by
measuring the compositions of the coexisting phases. The equilibrium pressure, as
a function of temperature, for the determined equilibrium constant is then calculated
and drawn in a P-T diagram. The coordinates of the curve represent the P-T condi-
tions at which the phase assemblage may have equilibrated. In order to evaluate the
relevant equilibrium pressure and temperature, an analogous P-7-curve of another
phase assemblage from the same rock is required. The intersection of the two curves
then defines uniquely the temperature and pressure of equilibration.
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InKp 1

P

Fig. 8.1 Graphic representation of Eq. (8.6). The dashed curve gives the P-T coordinates
for a constant value of InKp 1.

8.1 Exchange geothermometers

Geothermometers and geobarometers are based on different types of reactions.
One type is a so-called exchange reaction. This is a reaction that involves the ex-
change of two atoms between two different minerals. The volume changes associ-
ated with exchange reactions are generally small and the enthalpy changes relatively
large and, therefore, show a strong temperature dependence and are largely pressure
independent and thus make ideal geothermometers.

An example of an exchange thermometer that is based on the partitioning of iron
and magnesium between garnet and biotite as presented in the foregoing chapter.
Another example is the so-called garnet-olivine geothermometer. It was calibrated
by O’Neill and Wood (1979) and is based on the equilibrium distribution of iron and
magnesium between garnet and olivine. The corresponding exchange reaction
reads:

2Mg3A1,Siy0,, +3Fe,Si0, = 2FeyAl,Si,0,,+3Mg,SiO, (8.7)
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and thermodynamic equilibrium constant given by:

grt
KP T

ol 3
_ (aMg2SiO4) (aFe3A12Si3012

2

)

>

gart

ol 3
(aFezSi04) (aMg3Alei3012

. (8.8)

)

It is important when formulating a geothermometer to relate the distribution co-
efficient, K, which can be determined by measuring the compositions of the coex-

isting phases, to pressure and temperature. In contrast to the equilibrium constant,
the distribution coefficient depends not only on pressure and temperature but also
on the compositions of the phases involved. For the garnet-olivine geothermometer,

the distribution coefficient is defined as follows:

xol xgrt

K. = Mg "Fe
D ol grt’
XFe *Mg

where

xol :( Mg J
Mg Mg +F olivine

and

xol _ ( Fe
Fe Mg +F olivine.

(8.9)

(8.10)

8.11)

In order to account for the effect of the calcium content on the distribution coef-
ficient, O’Neill and Wood (1979) used a ternary Mg - Fe - Ca garnet in their exper-
iments. The atomic fractions of magnesium and iron are, therefore, given by:

ert ( Mg

Mg~ Mg tFet+C garnet
and
W&t ( Fe C)
e Mg tFe+C garnet’

respectively.

(8.12)

(8.13)
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Considering the fact that there are two thermodynamically equivalent sites in oli-
vine and three in garnet, the relationship between the atomic fraction of a component
and its activity reads:

ﬂgzs,o = (ng v%g)z, (8.14)
10'7162S104 = (xFe “/;[e) ) (8.15)
%;3/112&3012 = ﬁ;; %;)3 (8.16)
and
i"ZAlez}Olz = (- %Z)3- (8.17)

Substituting expressions (8.14) through (8.17) for the activities in Eq. (8.8)
yields:

t 1,0
(Xyg Mg> (XFp Vo)
Kp = (8.18)
’ grt  grt 6
(xFe Fe) ( yMg)
or
Yol ygrt
_ /6 Fe M,
Kp = Kp - [ﬁj (8.19)
YMg TFe

Taking logarithms and multiplying by the gas constant, R, and temperature, 7,
leads to:

grt ol
RTINK, = LRTInK, .+ RTIn| 22| _ 71 ng (8.20)
D~ g PT g,t
yFe yFe

O’Neill and Wood (1979) assumed that olivine, as well as garnet, could be rep-
resented by a regular solution. Thus, the activity coefficients are given by:
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2 2
grt grt rt grt rt
RTInYgy = (55p) Wiorse ™ (66a) Weantg (8:21)
grt _grt rt rt rt
T Xpe xCa( Wilg"'eMg + W%aMg - Wi:eCa)’

¢ N t 1.2 ¢
RTInys, = (xﬁ’;g) we Mg+(xgc’a) W (8.22)

grt_grt rt rt rt
+ xCang( Wilg"'eMg + Wilg"'eCa B W%aMg)’

l 1.2 ol
RTINYy1y = (K5o) Wiorsg (8.23)
and
! 1.2 ol
RTInYg, = (¥40) Wiopsg: (8.24)

where I¥; are the interaction parameters.

Considering that the sum of x), + xr, is 1, from Eqs. (8.21) and (8.22) one ob-
tains:

grt
yMg _ . grt grt rt grt rt rt

RTIH(-EF—J - (xFe_ng)VVi‘eMngxCa( CaMg — FeCa) (825)
TFe

and from Egs. (8.23) and (8.24):

ol
T, ol ol 1

ern(ﬁ] = (e = Xa1) Wrerg: (8.26)
YFe

Disregarding the temperature and pressure dependence on the enthalpy, entropy
and volume of reaction, the equilibrium constant is, according to Egs. (7.8) and
(7.16), given by:

Yk, = _ A, Hygg n ASrog B A Vaog
6 BT 6RT 6R 6RT

(P-P,). (8.27)

Eq. (8.15) can, thus, be written as:
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A H AS AV
_ 77298 7298 r’ 298 grt grt rt
InKj = - == o = (P=P,)+ (5 =Xy ) Wioysy  (828)
grt rt rt ol ol /
+xCa( CaMg FeCa)i(xFeing)WgeMg'

If the pressure and temperature dependence on the changes in enthalpy, entropy
and volume of reaction are to be considered, the molar heat capacities, thermal ex-
pansion and compressibility coefficients of the end-member phases must be intro-
duced into the calculation. In addition, the interaction parameters must be given as
a function of temperature and pressure. This leads to complex expressions, but does
not introduce any substantially new aspects and is, therefore, not presented here.

8.2 Solvus thermometry

Solvus thermometry is based on the distribution of a component between two coex-
isting phases occurring on the limbs of a miscibility gap. The boundary of the gap,
which is referred to as the solvus, indicates the temperature dependent degree of
miscibility between two structurally related phases. The composition of coexisting
mineral pairs can, therefore, be used to estimate their temperature of equilibration.
The location of a solvus in a 7-x-diagram is generally determined experimentally.
Based on the experimental results, the equilibrium conditions as a function of tem-
perature, pressure and composition are then expressed by the usual thermodynamic
formulas.

One important mineralogical system with a miscibility gap that has been well
studied experimentally is that consisting of enstatite-diopside. The subsolidus equi-
libria in this mineral pair are governed by the partial immiscibility between Ca-rich
diopside and Ca-poor enstatite. Fig. 8.2 shows the mutual solubility of the compo-
nents as a function of temperature at 1.5 GPa (Lindsley and Dixon 1976).

Several thermodynamic models for the system enstatite-diopside have been pre-

sented in the literature. Here, we want to describe the model developed by Lindsley
et al. (1981).

In a binary system containing two phases there are two equations that relate the
chemical potentials of the components to one another. For coexisting enstatite and
diopside, these relations are:

opx _cpx
Hmg,si,0, ~— HMg,Si,0, (8.29)

and
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opx _ cpx
:uCaMgSiZO6 - 'uCaMgSizOé’ (8.30)

opx cpx opx cpx .
where Hig,si,05 HMg,si,0, HCaMgsi,0, and HCagsi,o, aT€ the chemical po-
tentials of the components Mg,Si,04 and CaMgSi,Og in the phases orthopyroxene
and clinopyroxene, respectively. Egs. (8.29) and (8.30) correspond to the reactions:

(Mg,Si,00)"" — (Mg,Si,04)"" (8.31)
and
(CaMgSi 04" — (CaMgSi,05) ™. (8.32)
1400 —
Enss Diss
1200 —
T[°C]
1000 — P=15GPa
o) O
800 — @)
| | | |

00 02 04 06 08 10
En XcaMgsi 04 Di
Fig. 8.2 T-x diagram of the system Mg,Si,O¢ - CaMgSi,Og at P = 1.5 GPa (after Linds-
ley and Dixon 1976). Eng = enstatite solid solution, Dig = diopside solid solution
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If the chemical potentials are written in their extended form, Egs. (8.29) and

(8.30) read:
0,0px opx
iuMnglz + RTlang Si, O¢ RTlnyMg 8i,04 (8.33)
_o,cpx cpx cpx
= Hatg,si,0, T RTIX 0 g 0 T RTINY 10 550,
and
0,0px opx
Héangsio, t RTYCqurgsi o, t RTINY Caugsino, (8.34)
0,cpx
= Hcamgsi,o, P RT lnxCaMgSl +RT lnyCaMgSl 0,
or
opx yopx
0,cpx 0,0px Mg2S1206 Mg,Si,Oq
= RTln—= 2%+ RTIn—22"¢ 8.35
'uMg251206 ﬂMg2S120 (CPX ycpx ( )
Mg2S1206 Mg,Si,Oq
and
opx y()px
0,cpx 0,0px _ CaMgSle6 CaMgSi, Oy
HCaMgsi,0, ~ M CaMgsi,0, = RTln——-——-——-—Cpx +RTIn————=.  (8.36)
*CaMgSi, 0 YCaMgSi,0,

The differences between the standard potentials in Eqgs. (8.35) and (8.36) corre-
spond to the Gibbs free energy of phase transformation for pure Mg, Si,0¢4 and pure

CaMgSi, 0Oy, respectively. Hence, it holds that

AtrGMngi206 = AtrfIMngz
(OP¥

— RTIn Mngle6
cpx

Mngle6

and

Oy TAtrSMngiZO6 + Atr VMngi206(P_Po) (8.37)

opx

¥ Mg,Si,04
cpx

Y Mg,Si, 04

+ RTIn
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AtrGCaMgSizO A HCaMgSl TAtrSCaMgSt O (8.38)
(OPX yopx
M; CaMgSi, O,
XCa gS1206+RT1n aMgSi, 6

+AtrVCaMgSi206(P_Po) = RTln
xCaMgSi206 YCaMgSi, 0,

Orthopyroxene is considered to be a regular and clinopyroxene a subregular solid
solution. The activity coefficients of the components have, therefore, the form:

opx _ opx G, opx
RTInyye si0, = KCaMgsi,o,) : (8.39)
2
opx _ opx , 0pX
RTINesi0, = Chtasio) W (8.40)
RTIn cpx _ (xcpx ) (W G cpx+2( G, cpx (8.41)
yMg Si, O CaMgSi,O¢ EnDi DzEn :
G cpx, cpx
EnDl )x MngizOG]
and
2 G G cpx
cpx _ cpx , CpX D
RTlnycaMgS’ ( Mngi206) [WDiEn +2( EnDi (842)

, CPX\ CpX
- WIG)iEn )xCaMgSiZOG]‘

Inserting expressions (8.39) through (8.42) into Eq. (8.37) and (8.38), respective-
ly, yields:

Atr}IMngizO6 - TAtrSMngiZO6 Ay VMngleG(P - Po) (8:43)
£ OP*
_ Mg251206 opx 2_G, opx
= RTIn —p (Y Camgsi,o,)
Mg2S1206

cpx G cpx , cpx ,CPX\ _CpX
7(xCaMgSz O¢ ) [, EnDi T 2(VVgt’En B WgnDi )ng2Si206]

for reaction (8.31) and
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AtrHCaMgSi206 n TAtr‘SCaMgSiZO6 tA, VCaMgSiZOG(P - Po) (8:44)

0%
CaMgSi,O opx
= RTIn———22+ (xy, «;
cpx ( Mg2S’2O6)
X CaMgsSi, 04

2_G, cpx

. 2 ) . . .
cpx G, cpx G, cpx G, cpx, cpx
= urg,51,0) WWpikn T 2Wegnpi = Wpikn 3XCamgsi,o )

for reaction (8.32).

Using the compositions of 23 orthopyroxene-clinopyroxene pairs taken from
their experiments, Lindsley et al. (1981) determined the solution parameters and ob-
tained the following values:

-1 —6
A, G si0,Jmol 1 = 3561~ 191 T[K] +0.355x10 "P[Pal,
1 —6
Ay G grgsiyo limol T = 21178 +8.16T[K] - 0.908x10 °P[Pa],

W% °P¥ = 25000 Jmol .,

W P Imol '] = 25484 + 0.812x10 *P[Pa] and

WP Imol '] = 31216 - 0.061x10 ° P[Pa].

Inserting these data into Egs. (8.43) and (8.44) and solving for 7, yields:
—6 opx
T = {3561 +0.355x10 P+ 25000(ng25i206) (8.45)
cpx

2 —6
~ (*Cagsi,o;) {(25484 +0.812x10 P)

+2[(31216 - 0.061x10 °P) — (25484 + 0.812x106p)]x‘j§;‘25i206}}/

opx cpx
[1.91 *R1n(ng2Si206/ng2Si206)]

and
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T {21 178-0.908x10 P + 25000x "o presi, 0, (8.46)

2
cpx 6
_(ng25i206) {(31216—0.061><10 P)
-6 —6 cpx
+2[(25484 + 0.812x10 "P)— (31216 —-0.061x10 P)]ngZSiZOG}}/
opx cpx
[_8‘16_Rln(xCaMgSi206/xCaMgSi206)]s

respectively.

Egs. (8.45) and (8.46) can be used to estimate the equilibrium temperature of en-
statite-diopside pairs at any pressure.

8.3 Solid-solid reactions

Some geobarometers and geothermometers are based on reactions that produce or
consume of phases. Although these reactions generally are both temperature and
pressure dependent, they are preferentially used as geobarometers. This is because
solid-solid reactions often result in large volume changes. The application of these
geobarometers usually requires a chemical analysis of the coexisting phases in order
to account for the effect of solid solutions. This can be, however, also an advantage
because an increased number of components increases the variance of the system.

8.3.1 Reactions in one-component system

The most widely used system to estimate the equilibrium conditions of metamor-
phic rocks is Al,Si0s5. The system comprises the polymorphs kyanite, andalusite

and sillimanite (see Fig. 7.2) and the thermodynamic equilibria are described by the
following three reactions:

(41,5i05)" = (41,5105

(41,510 = (41,5105 and

(41,5i05) = (41,5105

The significance of these reactions for the estimation of P-7 conditions in meta-
morphic rocks was recognized very early. A generation of geoscientists has tried to
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determine experimentally the location of the univariant reaction (transformation)
curves in P-T-space. The results of their investigations are, however, inconsistent.
These discrepancies or problems are related to the small Gibbs free energies of tran-
sitions and to the variation in the composition and structural state of the synthetic
versus natural phases. Thus, several phase diagrams have been published. Field pe-
trologists prefer the triple point at 0.376 GPa and 501°C as determined by Holdaway
(1971), which is consistent with the calorimetrically determined thermodynamic
properties of natural andalusite (Anderson et al. 1977). Another phase diagram that
is cited often, gives the triple point at 0.55 GPa and 622°C (Richardson et al. 1969).
The usefulness of this system as a geobarothermometer is related to the frequent oc-
currence of the three polymorphs in metapelitic rocks and the fact that some isograd
reactions correspond to polymorphic transformations. Al,SiOs phases are used

sometimes to calibrate other geothermometers and geobarometers.

8.3.2 Reactions in multicomponent systems

One key geobarometer for medium-grade pelitic rocks is based on the assemblage
plagioclase, garnet, Al-silicate and quartz. The reaction describing thermodynamic
equilibrium between the phases reads:

3CadlySi0f = CazAlySiy0,, +241,8i05+ Si0,. (8.47)

where anorthite and grossular are components in plagioclase and garnet solid solu-
tions, respectively. Aluminium silicate can occur as kyanite or sillimanite. The re-
action was first proposed as a geobarometer by Gent (1976). Several experimental
studies have been made on the end-member reaction (e.g., Hays 1976;Harriya and
Kennedy 1968;Schmid et al. 1978;Goldsmith 1980;K0ziol and Newton 1988). Fig.
8.3 shows the results of Koziol and Newton (1988).

The pressure dependence of the reaction is given by:

~AH+TAS—RTIKp, 1
AV

r

P[Pa] = +1x10°, (8.48)

where A, H, A,S and A,V are the enthalpy, entropy and volume of reaction, respec-
tively. Kp ris the thermodynamic equilibrium constant that reads:

grt ky/sill 2 gtz

ACaal,si,0,, (@4rsio) 9sio
K _ 3469013V 2 5 2 8.49
P, T~ 3 s ( . )

Sp
(a/;‘aAleQOg)
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28 1

grossular + v
kyanite +
quartz

26 1

24 +

22+

P[GPa]

204 anorthite

1.8 T

1.6 T

1100 1200 1300 1400 1500 1600
TIK]

Fig. 8.3 Experimental results for the reaction 3an = grt + 2ky + gtz (Koziol and Newton
1988). The reaction curve is calculated using P[GPa] = 0.00227TK] - 0.62 from McK-
enna and Hodges (1988).

where the superscript ky/sill indicates the two possible modifications of aluminium
silicate.

All phases except garnet and plagioclase are pure. Therefore, their activities
equal 1 and the expression for the equilibrium constant reduces to:

grit grt 3

a 3 grt
o fCaabsi0, (*cq) - (reg)
P, T

LT 3 2 3
(e 5oy AD(L/a(U+xRP) /4yl

(8.50)

p. 2
The term [1/4(1 + % =P)" /4] is the entropy correction factor that takes into ac-

count the aluminum avoidance principle, which says that adjacent aluminium con-
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taining tetrahedra are energetically unfavorable and are, therefore, avoided.

Berman (1990) developed a model for the activity coefficients of quaternary
Ca-Mg-Fe-Mn garnets, whereby the activity coefficient for grossular reads:

3RT1anCZ3AIZSi3012 = Wip(2xyxy = 23‘?352) + lez(’é - 2x1x§) (8.51)
+W3(2x x5 - 2x§x3) + W133(x§ - 2x1x§)
142X x4 - 23‘?354) + W144(x421 - 2x1x421)
+ W223(—2x§x3) + W233(—2x2x§)
+ W224(*2x§x4) + W244(*2x2x421) + W334(*2x§x4)
+ W344(—2x3xi) T Wia3(X9x5 = 2X1x5x3)
W04 (g = 2x12504) + W (X304 — 2X1X5X,)

W 34(x3x4 = 2X1x3x4) + W) (=2x,5x3%4).

In Eq. (8.51), Wy are the ternary interaction parameters and the numbers in the
subscripts designate the components: 1 = CazAl,Si301,, 2 = Mg3A1,Si50¢,, 3 =
Fe3A125i3012 and 4 = MH3A12813012.

Tab. 8.1 gives the values for the interaction parameters.

Table 8.1 Interaction parameters for garnet solid solutions (Berman 1990)

Parameter W [ Jmol ™ W S[Imol 'K W emPmol 1]
112 21560 18.79 1.0
122 69200 18.79 1.0
113 20320 5.08 1.7
133 2620 5.08 0.9
223 230 - 0.1
233 3720 - 0.6
123 58825 23.87 2.65
124 45424 18.79 1.0
134 11470 5.08 1.3

234 1975 - 0.35
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The activity coefficient for CaAl,Si,Og in a ternary feldspar solid solution is giv-
en by Fuhrman and Lindsley (1988) and has the following form:

RTIn éZAleiQOS = Worapl¥apXo(1/2 =x 0, =2x 43)] (8.52)
W porlxapx o (1/2 =X 4, = 2x0,)]
W 0ranl2% 0% 4n(1 =% )1 X 4% 0, (172 = x )
Wy o lxe (1= 2% ) 4 X 30 (1/2 =% )]
W gy an2X 45X (1 =% 4) + %4550, (1/2 =2 4,)]
W g ol (1= 2% ) 4 X %0 (1/2 =%, )]

W orapanlXoXap(1 =2x4,)1,

where An = CaAl,Si,0Og, Ab = NaAlSi;Og and Or = KAISi;Og. Note that Eq. (8.52)
represents just another form of Eq. (5.172) that is given on page 210.

The interaction parameters required in Eq. (8.52) are given in Tab. 8.2. The stan-
dard thermodynamic functions including heat capacities, thermal expansion and
compressibility coefficients that are required to calculate the pressure according to
Eq. (8.48) can be taken from Berman (1988) or Holland and Powell (1990).

Table 8.2 Interaction parameters for ternary feldspars (Fuhrman and Lindsley 1988)

Parameter WH[Jmol ™! W Imol 'K W em’mol ]
Ab-Or 18810 10.3 3.94
Or-Ab 27320 10.3 3.94
Ab-An 28226 - -
An-Ab 8471 - .
Or-An 52468 - -
An-Or 47396 - -1.20

OrAbAn 8700 - -10.94

8.4 Reactions involving gaseous phases

Systems involving gaseous phases are generally less useful in geothermometry or
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geobarometry studies because a knowledge of fugacity of the gas involved in the
metamorphic reaction is required. This information is, however, rarely available. In
order to circumvent the problem, it is often assumed that the pressure of the partic-
ipating gas equals the total pressure. This simplification can, however, introduce
significant error in the determination of equilibrium conditions, especially if the
gaseous phase consists of several different species. In such cases, the fugacities of
each separate species should be known. Occasionally, other independent reactions
in the same sample can be used to determine the composition of the fluid phase and
the fugacities can be calculated.

One of the widely used geothermometers involving oxygen as the gaseous phase
was proposed by Buddington and Lindsley (1964). It is based on coexisting magne-
tite-ilmenite pairs and it allows a determination of equilibrium temperature and ox-
ygen fugacity. Both minerals, magnetite and ilmenite are binary solid solutions
occurring in the systems Fe;04-Fe, TiO,4 and Fe,03-FeTiO3, respectively. Thermo-

dynamic equilibrium is defined by a temperature-dependent exchange reaction and
an oxidation reaction (Spencer and Lindsley 1981). The exchange reactions reads:

Fe O + FeTiO\"™ = Fe,TiO}" + Fe, 0" (8.53)
and the oxidation reaction reads:
4Fe 00"+ 0, = 6Fe,0!". (8.54)

The superscripts 'mf and ' ilm' designate the cubic magnetite-ulvospinel and the
rhombohedral hematite-ilmenite solid-solution phase, respectively.

For the system at equilibrium it holds:

amt ailm
Fe,TiO4 9Fe,0
AG™" = R —210% 60 (8.55)
mt ilm
9Fe,0, 9FeTio,
and
ilm 6
(apy.0.)
AG™ = 7RT1ne;34+RT1nf02. (8.56)
mt
(aFe304)

In the ilmenite structure, Fe and Ti are ordered in alternate layers perpendicular
to the c-axis. The layers are termed 4 and B, respectively. Spencer and Lindsley

(1981) assume that Fe?t occupies exclusively the 4 layers and Ti*t exclusively B
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layers and that Fe** mixes randomly in both layers showing no preference neither
for 4 nor for B. The activity of ilmenite is, therefore, given by:

ilm ilm2 ilm)2

a; = (x; ) (y; (8.57)

Magnetite, Fe;0,, and ulvospinel, Fe,TiOy4, have an inverse spinel structure. For
the magnetite-ulvospinel solid solution, Spencer and Lindsley (1981) adopt a
so-called molecular mixing'model. Octahedrally coordinated Ti 4t is linked to oc-
tahedrally coordinated Fe?" and each octahedrally coordinated Fe?" is linked to oc-
tahedrally coordinated Fe**. The activity of magnetite can, therefore, be written as:

g™ = M (8.58)

Substituting the activities in Eqs. (8.55) and (8.56) by expressions (8.57) and
(8.58), respectively, lead to:

xmt ) (xilm ) ymt ) (yilm )
A},GQXCh = _RTIn Fe,TiO4 Fe, 0, _RTIn Fe,TiO4 Fe,0;4 (8.59)
mt ilm 2 mt ilm
XFe,0,” YFerio,) Yre,0,” (YFetio,)
and
ilm 12 ilm 12
(Xpe.0.) (VFe.0.)
AG™ = —RTIn—L2%" __ gprjp L% —+RTInf,, (8.60)
t t
(x?€304) (Y?%O)

Spencer and Lindsley (1981) express the activity coefficients of the components
in terms of a regular solution model. They have the form:

2 G G G
RTny; = (1-x;) [sz+2(Wji_ Wl.j)xl.], (8.61)

where the subscripts 7 and j designate the components of the binary system i-j. Thus,
the activity coefficient of the end-member component Fe,TiO,4 reads:

mt mt 2 G G
RTlnyFezTiO4 = _xFezTiO4) [Wusp—mt+ Z(Wmt—usp (8.62)
G

mt
B Wusp - ml)xFezTi04]’
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and that of Fe,03 in the rhombohedral ilmenite phase:

ilm ilm

RT1 - (1 twC (W 8.63

nyFezO3 - ( _xFezO3) [ hem—ilm ( ilm—hem 8. )
G ilm

- Whemfilm)xFeZO3]'

The activity coefficients of magnetite and ilmenite have similar forms.

Inserting the activity coefficients into Eqs. (8.59) and (8.60) and replacing the
Gibbs free energy of reaction by the enthalpy and entropy of reaction yields:

xmt (xilm )2

> > Fe,TiO4  \"Fe,0

AH" A 87" = _ RTIn—2" o (8.64)
mt ilm

XFe,0,” XFerio,)

2
mt G G mt
- _xFezTiO4) [Wusp—mt + 2(Vth—usp - ngp—mt)xFezTiOﬂ

ilm 2. G G ilm
-2(1 _xFezO3) [Whemfilm + 2(I/Vi/mfhem - Wl?emfilm)xFezOJ
2
mt G G mt
+(1 7xFe304) [Wmtfusp + 2(Wfsp7mt7 Wmtfusp)xFe304]
ilm 2 G ilm
+2(1 _xFeTiO3) [ng—hem + 2(VVhem—ilm - ng—hem)xFeTiO3]

and
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ilm 12
Hox ox (xFeZO3
AH - TAS™ = - RTIn—22— + RTInf,, (8.65)
mt
(xFe3O4)
ilm ilm

_12(1 xFe 0) [Whem zm+2(Wlm hem — Whem—zlm) Fe203]

G G mt
+a(l - xFeO)[ mt— usp+2(Wusp mt Wmtfusp)xFe304]'

The temperature dependence of the interaction parameters is given by:

Wi = Wi TW,,. (8.66)

Y

Using the relationship in (8.66), the equilibrium temperature can be calculated as
follows:

T=(AH""+a,w" A, (8.67)

usp — mt mt—usp

A AW )/(RanEXCthS

ilm—hem

+AWH +AWH +A3WhH lm+AW7

exch

usp —mt mt—usp em— m— hem
where
A, = 30 ) o 8.68
1= =30%Fe,0,) T2Xpe 0, (8.68)
mt 2 mt

Ay = 3(¥g0) ~4%5e 0, t 1, (8.69)

ilm ilm
Ay = =6(xpp o, ) + 8% 0, = 2, (8.70)
A, = 6™ gyl 8.71
4= 06(xpe,0.) ~HMpe 0, (8.71)

and
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mt ilm

Xpe Tioa" (X )
h Fe,TiO4 Fe,O
Ky = mtz — = (8.72)
XFe,0,” XFerio,)
The oxygen fugacity is then given by:
AH” AS”
X r 7
= + - .
Inf, InK}) Ta = (8.73)
ilm 2. G
+ {12(1 _xFezO3) [Whemfilm + 2(I/ngfhem
G ilm mt 2 G
- Whemfilm)xFeZO3] -4 7xFe304) [Wmtfusp
G G mt
+ 2(Wusp7mt7 Wmlusp)xFe304]}/RT’
where
ilm 12
(x;; 0)
X €,U3
InK7 = —= (8.74)

mt
X
( Fe304)

Spencer and Lindsley (1981) assume ideal mixing behavior for the magnetite-ul-

vospinel solid solution above 800°C. Thus , the values for WZF usp and Wfsp —mt

are zero for temperatures higher than 800°C. Other solution parameters were deter-
mined as follows:

Wfspfm, = 64835 Jmol ' Wfsp,m, ~ 60.296 Jmol 'K
Woni sy = 20798 Jmol Woi - usp = 19652 Jmol 'K
W = 102374 Jmol ' WS = 71.095 Jmol 'K '
wh = 36818 Jmol ' Wy, g = 17714 Jmol 'K '
AHT" = 27799 ] ASM = 4192 5K

The enthalpy and the entropy of the oxidation reaction can be calculated using
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the data given in the usual thermodynamic tables (e.g. Robie and Hemingway 1995).



Solutions to problems

Chapter 01
2 2
0z _0z _ _a
" Ox0y  Oyox y2
2. oo = 0667, ¥, = 0333
Xygo = 0300, xgio = 0.500
4 20 = 0222, Xy = 0222, xG6 = 0.556
wi%(MgO) =13.78,  wi%(Al,0;)=34.86,  w1%(SiO,)=51.36
ky =0 qtz 0.3
7. xyp,si0, = 07, Xsio, = V-
Chapter 02

1. Vippe=8.913 dm>mol’!

2. a=2RT.V. = 0339 Jm’mol 2, a =3PV = 0208 Jm mol >
8 c C c C
4 RT
_ _¢ _ 3 _ c _ 3
b = 3 18.67 cm™, b P 30.49 cm

c

* The formulas are based on simplified assumptions.
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3. ¥=131x10*m’mol’!
4. Vg=579.84 A°,

« ¥=34918x 10 m®mol! =34.918 cm>mol’!
5. V=1.139 cm®

6. Ay andsill = -3 047 cmmol™!

T Vimgsio, = 66043 em’mol ', VST o = 63.603 em’mol
. Vg;MgSizoé ~ 65.960 cm>mol ', ngmgsl.zaﬁ — 65.523 cm’mol !
) VCC;AZZSiO(, = 63416 cm’mol . VCC;ATiZOSOi06 = 63.083 cm’mol
‘ Vg;’;;st'zoé = - 0.083 em’mol ", VCC;ATZ,;I%6 = ~0.187 cm’mol '
C Varasno, = —0.520 em’mol |, VG = ~ 0520 em®mol

cpx cpx

—ex
: AmVe = _xCaTs)'xCaTsX(_ 0.52)

8. A V=679 cm?

Chapter 03

1. Wy pa=545x107]

® W2.5 GPa = 63.5Jor
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® W2.5 GPa— 64.0]
* The formulas are based on simplified assumptions.
2. vp=1.589x 103 sec’!

* Upg 309 = 456.476 kimol!

* C,300=612.52 kJmol!
* C, 500 =845.36 kJmol™!

3. AH=-6.815x10°kJ

4. subregular

« Hoy, = —0811klmol ', Hip = 7.239 kimol |
. Hen = 24288 kImol |, Hop” = 0.502 kimol

« A A = 1.6kImol
5. AHyg = 1227k, AH, gy = 926 kI

6. ArH298 =-21.74KkJ
® AVH]073 =-36.664 kJ

7. AHES = 29970 kimol ', A, HD'Y = 6.82 kimol ',

A HSP = 32760 kimol ', A, HYY = 9.40 kimol !



368  Solutions to problems

. Afogg = 21402 kJmol ', AHY = ~2130.8 kJmol !

Chapter 04

herc

1. STS7¢ = 338.537 Jmol 'K
2. S;>0=10JK!

conf _ 1.
3. Syparaisizo,, = 47:61 Jmol K

. 8~ 60.68 Jmol 'K

rand

1

—conf

! 1.
4. S(Ca, Mg)(Mg, Al)(41, 5i)0, = 422 Jmol K

5. ASgp=701.2JK!

Chapter 05

1. A, G = —15.237 kimol '
2. Au=56.652 kJmol’!
ex 2 G 2 G

3. A,G = (1-x,,) X, W, +(1-x - x

m pg—mu mi) " Xmu mu—pg

- A B = 1386 kimol '

e AT =0429cm’mol ', A S = 004IK
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* Vpg 5.152, dpe = 0.773

.y, = 1.028, a, = 0874
« A G =-1.114KkImol '

gr _ 1
4 Hegansiio, = ~6976.149 kimol

12
5. A,G=55.46 kJmol!

* The educts are more stable than the products at 0.3 GPa and 600 K. Therefore,
the reaction can not proceed in the given direction.

Chapter 06

1. P, =6.61 GPa

2. T,=1203K =930°C
« x; = 02814,  x, = 07186

3. Ty= 1808 K
an
* YCadn,si,0, = 1049

o - Y —
4. Xposio, = 06150, xp, o = 0.8644

Chapter 07

1. P, =0.47GPa



370  Solutions to problems

* P,,=0.68 GPa

Px10°[Pa] TIK]

0.1 519
10.0 659
50.0 723
100.0 750
500.0 778
1000 737

© T, _o, = 699K

*co,
3. P, =3.73x10" Pa
2
4. 3Mg,Si0, +2Fe Al,Siy0,, — 3Fe,Si0, + 3Mg,A1,Siy0,,

. AH AS AV s
. = — + o— —
"Kp = k7T SR " 6RT" )

AH AS AV
. - T T _ 5 4 grt_ gart
InK erT OR 6RT(P 107) RTlnyMg RTInyg,

o’ G
. gt 3 2 2 W 2 W
Mgy 41,8150, — Mg Ya1| EPY\YEe R (| X | XPYYCr g

ArGrec
X OXPY XX oy Ry

2
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Subject index

A

Activity, 180

Activity coefficient, 179, 180, 184
pressure dependence, 190
temperature dependence, 189

Adiabatic changes, 218

Aluminum avoidance principle, 356

Ambient pressure, 181

Avogadro’s constant, 46

B

Binode, 240

chemical or strain-free, 247
Birch-Murnaghan equation, 27, 34
Boltzmann’s constant, 94, 145
Boltzmann’s equation, 145
Boltzmann’s statistics, 93
Boyle’s law, 35
Boyle-Mariotte’s law, 35
Bulk modulus, 27, 32

C

Cahn energy, 245

Calorie, 78

Celsius temperature scale, 8
Characteristic temperature, 95

Chemical potential, 168, 173

excess, 192

ideal gas, 168

standard, 168, 169
Clausius-Clapeyron equation, 224
Coefficient of thermal expansion, 26
Coherent, 244
Component, 3
Composition, 10

eutectic, 259
Compositional projection, 19
Compressibility coefficient, 26
Compressibillity factor, 43
Critical compressiblity factor, 41
Critical pressure, 39
Critical temperature, 39

D

Dalton’s law, 177, 299
Debye T 3 law, 97
Debye temperature, 96
Degrees of freedom, 272
Differential

exact, 7

total, 6
Diffusion

downhill, 243

uphill, 243
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Disorder
complete, 325
partial, 325
Distribution coefficient, 307, 309
intracrystalline, 329
Dulong-Petit’s law, 96
Dulong-Petit’s rule, 90, 92

E

Einstein heat capacity function, 95
Einstein temperature, 95
Enthalpy, 84
partial molar, 106
partial molar excess, 108
Enthalpy content
standard, 102
Enthalpy of a solution, 106
Enthalpy of formation
standard, 117, 138
Enthalpy of fusion, 105
Enthalpy of mixing, 108
excess, 108
Enthalpy of reaction, 117, 118
standard, 118, 279
Enthalpy of solution, 107
Enthalpy of transition, 140
Entropy, 129, 130
configurational, 150
molar, 137, 154
partial molar, 154
partial molar excess, 159
thermal, 145
third law or conventional, 138
third law or conventional stan-
dard, 138
Entropy of formation
standard, 216
Entropy of mixing, 152
excess, 193
Entropy of reaction, 160
standard, 279

Entropy of transition, 139
Equation of state, 24
Equilibrium, 7

divariant, 274

invariant, 273

thermal, 7, 218

univariant, 274
Equivalent of heat, 78
Eutectic, 260, 263
Extent of reaction, 74, 117, 214

F

First law of thermodynamics, 7, 78
Free volume, 37
Fugacity, 170
partial, 178, 181
Fugacity coefficient, 170
partial, 179, 305
pure gas, 178
Function of state, 5

G

Geobarometer, 344
solid-solid reaction, 349
Geothermometer, 344
Geothermometry amd geobarometry
exchange reaction, 345
Geothermometry and geobarometry,
343
enstatite-diopside, 349
garnet-olivine, 345
reactions involving gaseous phas-
es, 358
solid-solid reactions, 354
multicomponent systems,
355
one-component systems,
354
solvus thermometry, 349
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Gibbs compositional triangle, 16
Gibbs free energy, 166
excess, 232
molar, 168, 174
partial molar, 175
total, 174
Gibbs free energy of formation
standard, 215
Gibbs free energy of mixing, 191
excess, 192
ternary system, 206
Gibbs free energy of reaction, 214
standard, 215
Gibbs phase rule, 273
Gibbs-Helmholtz equation, 214
Griineisen constant, 88
Guy-Lussac’s law, 34

H

Harmonic oscillator, 92

Heat, 78

Heat capacity
constant pressure, 86, 133
constant volume, 85, 133
Debye function, 96
Haas-Fisher polynomial, 98
Holland polynomial, 98
Maier-Kelly polynomial, 97, 98
molar, 86

Heat capacity change, 119

Heat content function, 102

Heat of transition, 104

Heat reservoir, 8

Helmbholtz free energy, 166

Henry’s constant, 185

Henry’s law, 185

Henry’s law region, 185

Hess’s law, 122

Ideal or perfect gas, 35
Incoherent, 244
Infinite dilution, 186
Instable area, 251
Integrating factor, 130
Interaction
intersite, 320
intrasite, 337
Interaction parameter, 196
enthalpic, 110, 115, 199
volume, 60, 69
Intermediate region, 186
Internal energy, 78
Internal equilibrium, 138
Isobar, 24
Isobaric changes, 219
Isochore, 24
Isochoric changes, 218
Isotherm, 24
Isothermal change, 81, 219

K

Kelvin temperature scale, 9
Kirchhoff’s law, 119, 142

L

Lagrange multiplier, 148
Lagrange’s method, 147
Lambda transition, 231
Landau constants, 236
Landau theory, 231
Landau’s expression, 232
Lever rule, 12
Lewis and Randall
fugacity rule, 181
Liquidus, 259
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M

Macrostate, 138, 144, 145
Margules parameter, 198
Mariotte’s law, 35
Maxwell-Boltzmann distribution, 149
Metastable, 243
Microstate, 144, 145
Mixing on sites, 157
Mixtures
asymmetric, 60
simple binary, 110
symmetric, 60, 69
Molality, 11
Molarity, 11
Mole fraction, 10
critical, 250
Mole percent, 11
Molecular mixing, 158

N

Nernst distribution law, 307
Neumann-Kopp rule, 90
Nucleation, 243

0]

Order parameter, 231

Ordering, 325
convergent, 326
non-convergent, 326
partial, 332

P

Partition function, 149
Phase, 2
Phase transition

Ehrenfest’s classification, 231
first-order, 227
second-order, 229
tricritical, 233
Planck’s constant of action, 93
Polymorphs, 2
Pressure
definition, 10
Process
adiabatic, 8, 136
cyclic, 79
irreversible, 130
isothermal, 8
natural, 129
Property
extensive, 5
intensive, 5
macroscopic, 5
microscopic, 5
molar, 6
specific, 6
Pure phases
stability conditions, 220, 222

R

Raoult’s law, 184
Raoult’s region, 184
Reaction
between pure phases, 278
between solids, 288
endothermic, 117
exchange, 308, 329
exothermic, 117
reciprocal, 316
standard, 215
Reciprocity relation, 36
Redlich-Kister equation, 195
Redlich-Kwong equation, 42
modified, 42, 43
Reversible process, 130
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S

Second law of thermodynamics, 7,
129
Semi-coherent, 244
Simple solutions, 254
Solution

asymmetric, 198

reciprocal, 313

regular, 196

simple, 194

stability conditions, 237

sub-regular, 198

symmetrical, 194
Solvus

coherent, 251

critical conditions, 251

strain-free or chemical, 250
Spinodal

coherent, 251

strain-free or chemical, 250
Spinodal decomposition, 242
Spinode, 242

coherent, 247

strain-free or chemical, 247
Standard pressure, 169
Standard P-T-conditions, 45
Standard state, 107, 186
Stirling’s approximation, 146
Strain, 243
Supercritical fluid, 39
Surface energy, 243
Surroundings, 1, 165
System, 165

binary, 3

closed, 1

heterogeneous, 2

homogeneous, 2

isolated, 1

open, 1

ternary, 4

thermodynamic, 1

unary, 3

T

Temperature, 7

critical mixing, 250

eutectic, 259

phase transformation, 223

thermodynamic, 9, 35
Temperature scale, 8
Thermodynamic equilibrium con-
stant, 278, 293
Thermodynamic probability, 144,
145
Thermometer, 9
Third law of thermodynamics, 138
Triple point, 274

U

Universal gas constant, 36

\%

van der Waals equation, 38
Variable of state, 5
dependent, 5
independent, 5
Vibrational energy
zero point, 95
Virial coefficient, 43
Virial equation, 43
Volume, 23
critical, 39
excess, 56
molar, 28
partial molar, 48, 52, 55
partial molar excess, 56
standard, 45
total, 49
Volume as function of state, 36
Volume coefficient, 23
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Volume of a binary solution, 51
Volume of a non-ideal solution, 51
Volume of a solution, 47, 50
Volume of an ideal solution, 48
Volume of mixing, 56

partial molar, 56
Volume of reaction, 74, 279

W

Wall
adiabatic, 8
diathermal, 8
Weight percent, 11
Work, 78, 79

Z

Zeroth law of thermoynamics, 7
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